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Derivation numerical method by using simpson rule to evaluate
triple integrations with singular partial derivative integrands
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Abstract

The main aim of this research is to derive rule to find values of douple integrals,
numerically its integrands have singular partial derivatires not on the end of the region of
integration by using theSimpsonrule with the two direction x and y. and the derive the
correction error terms and we used Romberg acceleration to improve the results when the
number of subintervals on the direction of dimension equal to subintervals on the direction of
dimension y . and we will use the symbole RSS to indicate this method and we can depend on
this method because it gave high accuracy on the results with respect to the analytical values of
integrations and with little subintervals.
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_%hsfXXX (xz,y2n2)+%h5fyyy (xz,y2r12)+§h5fXXy (X5, Y on2)
_ghf‘fxw (xz,y2n2)+%h6fxxxx (Xz,y2n2)+%h6fwyy (X2 Yana)
+%h6fxxyy (xz,yZn_z)—%hsfXxxy (xz,y2n_2)—%h6fnyy (X50 Y ans)
—f—?h7fxxxxx (><2,y2n2)+16i:3h7fyyyyy (XY gn o)+ .21

2ol deend (20) sl B Y, L, 2 Y Oms Xy 2 X 0e sl
8
f (XO’yZn—Z):f (X2’y2n—2)_2hfx(XZ'y2n—2)+2h2fxx(XZ'yZn—Z)_ghsfxxx (X27y2n—2)

16, 32,
+mh fxxxx (Xz’y2n—2)_ah fxxxxx (Xz’yZn—2)+'” (22)

Slo duani (20) Aapall 2 Yy 2 Y Ges Xy 2 X Ge sl

f(y.)=F (x..y...)+2hfy (x,y,,.)+2h?f, (xz,y2n2)+%h3f wy (X2 ¥22)
2h

51 51: yyyyy (sz yzn—2)+"' (23)

SRy (o) +
—ile deani (20) Apall By, L +h oy Ges X,y 2 X g pamidlX
f (XY, +h)=f (xz,yZn2)+hfy(x2,y2n2)+%h2fyy (XZ'y2n2)+%h3fyyy (X,, Y0 0)
+%h4fywy (xz,y2n2)+éh5fyyyyy (X,, Y, )+ ..(24)
sle dhani (20) Axpall (3 Y 5, =y 025 Xg+h 2 X 0o pasi

1 1
f (Xo+hvyA2n72):f (XZ'yZn—Z)_hfx(X2’y2n—2)+5h2fxx (Xz,y2n72)—§h3fxxx (Xz’yznfz)

1 1
+Eh4f XXXX (XZ’ y2n—2)_ah3f XXXXX (XZ' y2n—2) +.. (25)

le duand (20) &raall G Y, 2 Y s X+ h 2 X oo Gl
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1
f (XO—i_h’yZn):.f (XZ’yZn—Z)_hfx (Xziy2n—2)+2hfy (XZ'yZn—Z)—'_Ehzfxx (XZ’yZn—2)

1
+thfyy (Xz’y2n72)_2h2fxy (Xz’y2n72)__

3!h3fxxx (X2'y2n—2)

8
+§h3fyyy (X2’y2n—2)+h3fxxy (leyZn—Z)_Zthxyy (X2’y2n—2)

1 16
+mh4fxm (xz,yzn_2)+mh“fyyyy (XY 20z )+ Dy (X20 Y 20z

2 8 1
_§h4foxy (szyznfz)_ah‘lfxyyy (X21y2n72)_ah5fxx>‘xx (XZ’yZH*Z)
32
Jrahsfywyv (X2 Y onz) o +(26)

soele deani (20) Bl & Y, L HN Sy el Xy 2 X 0s Gl
f (XO’yZn—2+h):f (X21y2n—2)_2hfx (X21y2n—2)+hfy(XZ’yZn—2)+2h2fxx (XZ’yZn—Z)

1 8
+§h2fyy (szyzn—z)_thfxy (XZ'yZn—z)_gthxxx (XZ’yZH—Z)

1
+§h3fy)’y (Xz’yZn—2)+2h3fxxy (XZ'yZn—Z)_h3nyy (XZ'yZ”’Z)

16 1
+Eh4fxxxx (XZ’yZn—2)+Eh3fyyyy (Xz,y2n_2)+h4fxxyy (XZ’yZn—z)
° 32

2
__h4fxxxy (XZ'yZn—Z)__h4fxyyy (X27y2n—2)_ hsfxxxxx (XZ'yZn—Z)

3! 3! o!

1 16 2
+§h5fyyyyy (XZ’yZn—2)+Zh5fxxxxy (XZ'yZn—Z)_Zthxyyyy (XZ’yZn—Z)

+... ..(27)

- le i (20) daall Ay, 2y 0ms X 2 X os s il
f (XO’yZn):f (X21y2n—2)_2hfx(X21y2n—2)+2hfy(X21y2n—2)+2h2fxx (XZ’yZn—Z)

8
+2h2fyy (X27y2n—2)_4h2fxy (XZ’yZn—Z)_ghsfxxx (X2’y2n—2)

8
+ah3fyyy (XZ’yZn—2)+4h3fxxy (X27y2n—2)_4h3fxyy (X27y2n—2)

16 16

+Eh4fxxxx (X27y2n—2)+ﬂh4fyyyy (X21y2n_2)+4h4fxxyy (X27y2n—2)
16 16 32

_ah4fxxxy (XZ’yZ”*Z)_ah[lfxyyy (XZ’yZHfZ)_athxxxxx (XZ’yanz)
32

+ah5fyyyyy (X21y2n72)+"' ..(28)

e dani (20) Brall B Y, L, N S Y se s X +Hh 2 X e s 1l
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1
F(XothYano+0)=F (0¥ o0 2) =Ny (6o Van2) Ty (a0 Y0 0) #5000 (X2 Y a)
1 1
+Zh2fyy (Xziyznfz)_hzfxy (X2'Y2n72)_ah3fxxx (XZ'yZn—Z)
Lot L L st
+3_ yyy (X21y2n—2)+_ XXy (XZ’yZn—2)_§ Xyy (XZ'yZn—Z)

1
+4|h4fxxxx (Xziyzn 2)+ h4f yyyy (XZ’yZn—2)+Zh4fxxyy (XZ'yZn—Z)

1
ath XXXXX (X21 y2n—2)

+§h5fyyyyy (XZ’yZn—2)+”' (29)

1
__h4fxxxy (X2’y2n—2)_§h4f Xyyy (Xz’yZn—z)_

Ll Jeani (29) 5 (28)¢(27)¢(26) «(25) «(24) <(23)¢(22 )¢(20) grall a5

= ][t 0y ey =%[f KoY om 2)+F KnY ) +F (K50 Y on 2) +F (X32Yn)

Y2n-2 Xo

+4((f Xo+h,y,, ,)+f (Xg+h,y, ) +f (Xg Yo +N)+F (X5, Y5, , +0))+F (X,,, Y, —h)) }

{ 5h (D(4)+D(4 h (DO - D;S)—D;4)Dy(2)+DX(2)Dy(4)) }_...]f (X5, Y 5n.2) ...(30)

Yan-2 X2n

L=| [f(x, y)dxd——[f (%20 Y 6) + (€50 on )+ (Ko Vo) +F (Ko Yo )
Yo X2
+4Z f(x,+@2i =Dh,y)+f (x,+(2i =1)h,y, 2) +2E f (x,+(2i)h, yo))

+4Zn:(f (X, +(2i =Dh,y,)+f (x,+(2i —1)h,y2n_2))+2nii(f (x,+(2i)h,y,))

i=1

(6, + QDN Y o))+ A (F (6, Yo + (@0 —Dh)+ (X5, Yo +(2] ~Dh)

+4Zn:f X, +(2) -h,y, +(2i —l)h)+2§f X, +@i)h,y,+(2] —1)h)}

+znf(f (X5, Yo+ (2])) +f (xzn,yo+(21)h)+4if (x,+ (2 —Dh.y,+(2))h)

i1

+2nif (x2+(2i)h,yo+(21')h)ﬂ+elh“+ezh6+“' ~(3D)

i=1

Yon n—1X2k+2 n-1

|4: J Z I f (X y)dey __|: Z; f 2k1y2n 2 +f( 2k’y2n)+f (X2k+2'y2n—2)

Yan-2 K71 x5
+f (X2k+2’y2n)+4(f (X2k'y2n—2+h)+f ( 2k +h y2n)+4f ( 2k +h’y2n—2+h)
+H (X0 Yano +N)+F (Xy +h,y 50 ,) ) ]+th* +t,h %+ ..(32)

[8] 5=
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i =1,2,... 5 k& f (x,y) Dalldijal cliiial e wiai Cul by, et ... Sus
-t le Jhani (32) 5 (31)¢ (30)¢ (20)ieall g
2

Yon Xon h
L= [ [T 0cyxxdy =] f 0o yo) +f (oY) 4T (KannYo) +F (X0, ¥20)

Yo Xo

+4Zn:(f (Xo+ 2 =Dh,y, ) +f (x,+(2i —1)h,y2n))+2§(f (X, +(2i)h,y,)

+4Z(f (X, + (21 =Dh,y ) +f (x,+(2i —1)h,y2n))+22(f (X, +(21)h,y,)

i=1

+ (XO+(2i)h,y2n))+4Zn:[ f (X, Yo+ (2] =Dh)+f (x,,,y,+(2] —1)h)

+4Zn:f (X, + (21 =Dh,y,+(2] —1)h)+2n§‘f (Xo+(21)h,y,+(2] —1)h)j

i=1 i=1

+2§( f (Xo’yo+(2j)h)+f (in’yo+(2j)h)+4zn:f (Xo+(2i _1)h’y0+(2j)h)

-1 i-1
n-2 _

+2)°F (X, +(2i)h,y, +(2] )h)ﬂ+{4—;h6 (DY + Dy(4))+4i5h7(DX(5) -D®-D¥D,

i=1

+D,D®)+... }f (X, Y 3n5) +B;h* +B,h® 4. .(33)

Ol Bl S B B, S
Ay 3

11
| = j j J1+x —ydxdy =0.975161133197907 1 Jla
00

Adlall ) Asiial 8 (0,1)AkE) (gt aie 43Y) (0,1) Akl A el ciliniall Jiee 48] aiae La JolS4l
Al (g 23,58 e 5 (1 o5 JSl) 4 (ol s Il graca s WS( e e 05 @ 0 F (x,y) = fl+X —y
A 45 el Ay AaUate Ll L3l O0Lal) i yy 8 4l s (Alialall ey 455 50 e Gay )l ) &y i) JalSall dllasl
Ly (2.5,4,6,8,10,....) gemesi 2535 a5 5 iml aladild 2y (and) 3E e 5 n1=m=64 Loic ALalill 2y e
138 Jiars (1) o) distadl (b e LS opanddl IS o ¢ sessans 2ol pladinls & plie iy Aay Y Aapnaa el il

(A0 4.242) S Slaall 3l el e (A B aall B G Mlale (2 Aia jaall) Al AN M
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| =H‘Jl+x —ydxdy
00

(1) #, 84

s
(0,1) Akl b A jall cliidial) Aline Ui JalSall Al

O'—.H

.lH1+x — y dxdy
0
let f (X, y)_~/1+x -

0
= —f X, I —
OX x.¥)= 2ﬂ/1+x -y

— £ (0,1) iis undefined
OX

Lldas oDle ) JolSiill dad alagY

~/1+x — y dxdy
3 3 3
JL+x —ydx :§[1+x -y]2 |z :g{(Z—y)z —(l—y)Z}

1

5
~(1-y )z} = 0.975161133197907

0

O L

(1)

5

wIlN

A
N—"
Ot P Ol O

[ 2] (2-y) -@-y): foy = @-y):
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10
=[x Jx?+y dxdy =0.48758056659899 2 Ja

0-1

A5l ie 5 (2 ad Jal) 4l ) a1l e ga LS (0,0) el A sl caliiiall i 430 jaine Lia JalSAl
Alad Ao Ll Jaa S CMUlal) el ya (A a5 (Alealdll aay 485 j e day ) (A 4 Hia) Jalll blasl) dadll g
gl gy & e g daaad aladial 2z (paad) IS e 5 n=m=512 Lexie Alalill a2y e Al Hll A al)

Oeand) I8 e ¢ guanans 32018 patily 4y pie )y il A fail) il Lk (2.5,3.5,4,4.5,5.5,6,6.5,...)
ULl el s (A (5 atusall S Gl O Mlale (T Ada puall) (V) ANAN "lipdat 138 Jiay g (2) ) Jsaad) B (s LS
(36 5,122) S sl

| :—j‘j‘xalx2+y dxdy
0 -1

I :ﬂ«/x‘%y“dxdy 3L

10
Jine a1 jaiiee JulSall GlIXS (3 a8 5 JRAIL prm go ad  Slall s )l "LLAS "Os L G ) DN e L il
e DA e OIS (e g sall Vg A 55 o ol 8 6 yLall 638 50l (4S5 Lin 5 (0,0) sl 8 s Jal) clEiial
g3 & yaa gy dunat pladiul e N=M=64 Ledie (B0l zali ) Jsaadl (8 3 AV Ay )Y Saec Y 8 Al ) )SS
il e Gl Angaia dal) CilS iy (0,0) Adadl) e Adiiall 8 eV gy 0w ae L (4,6,8,10,12,..)) sl
ANl Mt 138 e, (3)eds Uil (b e LS Aoniil) o3 o & e (el S e (5 s 33016 o251, Byl

(2 A3a yaall) A0
(3l 4,21) S laall LA grali_y 48 jaciad 530 < gl ) Male
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| =jj x*+y* dxdy

(3):
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n=m SS K=2.5 K=4 K=6 K=8 K=10
2 0.968584077305505
4 0.973969981104293 0.975126535187852
8 0.974948606555092 0.975158753877376 0.975160901790011
16 0.975123437252195 0.975160979912483 0.975161128314824 0.975161131910456
32 0.975154461480968 0.975161123538038 0.975161133113075 0.975161133189237 0.975161133194252
64 0.975159953295807 0.975161132592934 0.975161133196594 0.975161133197920 0.975161133197954 0.975161133197957
11
| = [ [l+x —ydxdy =0.975161133197907
00
(1) e, ds>s
n=
m SS k=2.5 k=3.5 k=4 k=4.5 k=5.5 k=6 k=6.5 k=7.5
0.4854851182143
2 0
0.4873422834194 | 0.4877410859384
4 7 4
0.4875486478088 | 0.4875929619269 | 0.4875786000695
8 4 8 1
0.4875755895488 | 0.4875813749435 | 0.4875802514889 | 0.4875803615835
16 1 3 1 4
0.4875797307484 | 0.4875806200182 | 0.4875805468219 | 0.4875805665108 | 0.4875805759861
32 7 3 3 0 4
0.4875804217415 | 0.4875805701234 | 0.4875805652857 | 0.4875805665166 | 0.4875805665169 | 0.4875805663029
64 3 6 5 7 4 7
0.4875805411806 | 0.4875805668286 | 0.4875805665091 | 0.4875805665907 | 0.4875805665941 | 0.4875805665959 | 0.4875805666005
128 1 3 7 3 6 0 5
0.4875805621177 | 0.4875805666137 | 0.4875805665929 | 0.4875805665985 | 0.4875805665988 | 0.4875805665990 | 0.4875805665990 | 0.4875805665990
256 9 8 5 3 9 0 5 3
0.4875805658076 | 0.4875805665999 | 0.4875805665985 | 0.4875805665989 | 0.4875805665989 | 0.4875805665989 | 0.4875805665989 | 0.4875805665989 | 0.4875805665989
512 0 3 9 7 9 9 9 9 9
10
| :—j j X \[x?+y dxdy =0.48758056659899
0-1
(2) 0 Js>
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n=m SS K=4 K=6 K=8 K=10 K=12
0.536591085086133
4 0.544241609194910 | 0.544751644135495
8 0.544685188710617 | 0.544714760678331 | 0.544714175226630
16 0.544712863680265 | 0.544714708678241 | 0.544714707852843 | 0.544714709941573
32 0.544714591460261 | 0.544714706645594 | 0.544714706613329 | 0.544714706608468 | 0.544714706605210
64 0.544714699415890 | 0.544714706612932 | 0.54471470661241 | 0.54471470661241 | 0.54471470661241 | 0.54471470661241
01
I :”«/x“+y4 dxdy
-10
(3) Ao ds

235




2014 / ale /al )l aand) - e AU Alaall — dalad) ¢34 S daals dlaa

JALAA!‘

[1] Fox L.," Romberg Integration for a Class of Singular Integrands ", comput. J.10 , pp.87-
93,1967.
[2] Hans Schjar and Jacobsen ," Computer Programs for One- and Two-Dimensional Romberg
Integration of Complex Function ", The Technical University of Denmark Lyngby , pp. 1-12
,1973
[3] Phillip J. Davis and Phillip Rabinowitz , " Methods of Numerical Integration ", BLASDELL
Puplishing Company, pp. 1-2 ,599,113, chapter ~ 5,1975.
[4] Sastry S. S. , " Introductory Methods of Numerical Analysis ", New Delhi , pp 5-7 , 2008.
[5] Shanks J. A., " Romberg Tables for Singular Integrands " comput J.15,
pp. 360, 361, 1972.
45 Al ) Ladia yivale Al ¢ " AEDA 5 AL ST Gl Al 3k sy M ila J i ¢ \Se [6]
. 2010

dlu, ¢« " Matlab & e\.:ilm\_) A 5 A0l 4713\;\ MK O] naell 33 Hhall (amy " ¢ dasa 6] He :«1-\-4[7]
2009 ¢ 48 &l dnala ) dedie jisale
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ALy Jad eiil.n\ Lﬁﬂ\ Gﬂu‘)-.\“ 94 g Ul G.AU),\

clear all
clc
% find double integral of function g(x,y) on the [a,b]*[c,d]
% using RSS
% g(x,y) may by given ing.m. file
% a is the lower end ,b is the upper end of internal integral and c is the lower end ,d is the
upper end of external integral
% eps is an Absolute Error
% n is the number subintervals of [a,b] and [c,d] (must be even)
% D is the values k by using RSS
% his length of any subintervals of internal integral , hl is length of any subintervals of
external integral
% s 1s the matrix of integral® s values by using RSS
a=-1;b=0;c=0;d=1;eps=10"(-14);
D=[4,5,5,6,8,10,12,14,16,18,20,22,24,26];
n=2;h=(b-a)/n;h1=(d-c)/n;
s(1,1)=2;
s(1,2)=h*h1*(g(a,c)+g(a,d)+g(b,d)+4*(g(a,c+hl)+g(b,c+hl)
+4*g(a+h,c+hl)+g(a+h,c)+g(a+h,d)))/9;
for k=2:10;
n=2"k;s(k,2)=0;
h1=(d-c)/n;h=(b-a)/n;
s(k,2)=s(k,2)+g(a,c)+g(a,d)+g(b,d);
for i=2:2:n-2
s(k,2)=s(k,2)+2*(g(a+i*h,c)+g(a+i*h,d));
end
fore=1:2:n-1
s(k,2)=s(k,2)+4*(g(a+e*h,c)+g(a+e*h,d));
end
for m=1:2:n-1
s(k,2)=s(k,2)+4*(g(a,c+tm*h1)+g(b,c+m*h1))
for L=1:2:n-1
s(k,2)=s(k,2)+16*g(a+L*h,c+m*h1l);
end
for p=2:2:n-2
s(k,2)=s(k,2)+8*g(a+p*h,c+m*hl);
end
end
for g=2:2:n-2
s(k,2)=s(k,2)+2*(g(a,c+q*h1)+g(b,c+q*hl));
for w=1:2:n-1
s(k,2)=s(k,2)+8*g(a+w*h,c+q*hl);
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end
for v =2:2:n-2
s(k,2)=s(k,2)+4*g(a+v*h,c+q*h1);
s(k,1)=n;
end
end
s(k,2)=s(k,2)*h1*h/9;
for z=3:k+1
clc
s(k,2)=(s(k,z-1)*2"D(z-2)-s(k-1,z-1))/((2"D(z-2))-1);
end
if abs(s(k,k+1)-s(k,k))<=eps;
sprintf('%5.0f%2.13f",n,s(k,k+1))
break
else
end
end
xIswrite('E:/(RSSaliaaa - EXali.xlIs',s,1,’A2")
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