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Abstract 
        The group of all Z-valued characters of a finite group G over the group of induced unit 

characters from all cyclic subgroups of G forms a finite a belian group, called Artin Cokernel of 

G ,denoted by AC(G).The problem of finding the cyclic decomposition of Artin cokernel 

n 32
D C  has been considered in this paper ,the cyclic decomposition of n 32

D C  is :  

  n 32
AC(D C ) = 

2

2
1
C

n

i 
 . 

        Also we give the general form of rational character and Artin's characters tables of   

n 32
D C group. 

 

 المستخلص  :
عيى شمسة اىشىاخص اىمحتثت مه اىشىاخص  Gإن شمسة مو اىشىاخص اىعمىميت ذاث اىقيم اىصحيحت ىيصمسة اىمىتهيت 

ويسمص ىها  Gآزته ىيصمسة  –تنىن شمسة ابيييت مىتهيت و تسمى اىىىاة اىمشازك  Gالأحاديت ىيصمس اىجصئيت اىدائسيت مه اىصمسة  

 .(AC(G))باىسمص 

nقد اعتبسث في هري اىسساىت ىيصمسة  AC(Gإن مسأىت إيجاد اىتجصئت اىدائسيت ىصمسة اىقسمت )  32
D C حيث وجدوا إن,

nاىتجصئت اىدائسيت ىيصمسة  32
D C  : 

n 32
AC (D C ) = 

2

2
1
C

n

i 
  

. n 32
D Cومرىل وجدوا اىصيغت اىعامت ىجدوه اىشىاخص اىىسبيت وجدوه شىاخص ازته  ىيصمسة 

 

Introduction: 
 

The problem of determining the cyclic decomposition of AC(G) seem to be untouched. we 

use the concepts of invariant matrix in linear algebra to find the cyclic decomposition of AC(G), G 

is considered to be the group n 32
D C .In 1968 T.Y Lam [8] defined AC(G) and he studied 

AC(G),when G is a cyclic group. 

In 2000 H.R .Yassin [4] studied the cyclic decomposition of AC(G) when G is an elementary 

abelian group . In 2006  A.S. Abed [2] found Ar(Cn) when Cn is the cyclic group of order n . 

In this paper ,we find the rational valued character table and the artin's characters table of the 

direct product group  n 32
D C ,where n2

D  is the dihedral group of order n+12  and 3C  is the cyclic 

group of order 3 ,we also find the cyclic decomposition of the factor group n 32
AC(D C ) .          
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1. Some Basic Concepts: 
   In this section, we give basic concepts, notations and theorems about matrix representation, 

characters and Artin characters. 

 Definition (1.1) [3] 

    The general linear group GL(n,F) is a multiplicative group of all non-singular n  n matrices over 

the field F. 

Definition (1.2) [3] 

     A matrix representation of the group G is a homomorphism of G into  GL(n,F) ,n is the  degree 

of matrix representation T .In particular ,T is called a unit representation (principal) if T(g) =1 ,for 

all g G. 

Definition (1.3) [3] 

     The trace of an n  n matrices A is the sum of the main diagonal elements, denoted by tr(A).  

Definition (1.4) [3] 

   Let T be a matrix representation of degree n of a finite group G over the field F. The character  

of degree n of T is the mapping :GF defined by (g)=tr(T(g)) for all g G. In particular ,the 

character of  the principal representation if ((g)=1 ,for all g G) is called the principal character. 

 Definition (1.5) [3] 

    Two  elements   g   and   h   in a group  G   are  said  to  be   conjugate   if  1 xgxh   for some   

Gx .The relation of conjugacy is an equivalence relation on G . The equivalence classes 

determined by this relation are referred to be as the conjugate classes, denoted by  CL g , 

g G is the  conjugate class of the element g. 

Definition (1.6) [3] 

   The centralizer of  x in G is the subgroup CG(x)={aG: a x a
-1 

= x}. 

Definition (1.7) [3] 

   Let H be a subgroup of G and  be a character of H ,the induced character on G is given by  

11
( ) ( )G

x G

g xgx
H

  



    where gG and   is defined by 
( )

( )
0

h if h H
h

if h H





 


. 

  Theorem (1.8) [4] 

    Let H be a cyclic subgroup of G and h1,h2,h3,…,hm are chosen representatives for the m-conjugate 

classes of H in  CL g ,g G ,then 

1

( )
( ) ( ) ( )

( )

m
GG

i i
H i

C g
g h if h H CL g

C g
 



       

( ) 0   if  ( )G g H CL g      

Definition (1.9) [4]  

  Let G be a finite group ,any character induced from the principal character of a cyclic subgroup of 

G is called Artin character of G. 

Definition (1.10) [5] 

     Two elements of G are said to be Г-conjugate if the cyclic subgroups they generate are 

conjugate in G, this defines an equivalence relation on G .Its classes are called  Г-classes. 
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Proposition (1.11): [8] 

        The number of all distinct Artin valued characters of a finite group G equal to the number of  

all distinct Г-classes on G . 

Definition (1.12): [2] 

        The complete information about Artin valued characters of a finite group G is displayed in a 

table called  the Artin characters table of G.denoted by  Ar(G)  which is  l l matrix whose  columns 

are  -classes and rows are the values of all  Artin characters of G, where  l  is the number of  -

classes. 

Definition (1.13): [3] 

     A rational valued character  of G is a character whose values are in Z, that is (g)  Z, for all g 

 G . 

Proposition (1.14): [6] 

        The number of all distinct rational valued characters of a finite group G is equal to the number 

of  all distinct Г-classes on G . 

Definition (1.15): [6] 

        The complete information about rational valued characters of a finite group G is displayed in a 

table called  the rational valued characters table of G.denoted  it  by ≡
*
(G)  which is  l l matrix 

whose  columns are  -classes and rows are the values of all rational valued characters of G, where  

l  is the number of  -classes. 

Theorem [Artin] (1.16): [5] 

        Every rational valued character of G can be written as a linear combination of Artin characters  

with coefficient rational numbers .  

Theorem (1.17):[5] 

        Let T 1 : G1→GL( n ,K) and T 2 :G2→GL( m ,K) are two  irreducible representations of the group  

G1 and G2  with characters 1  and 2  respectively , then T 1 T 2   is irreducible representation of 

the group      G1 G2 with the character 1 2  . 
 

Proposition (1.18):[6] 

        The rational valued characters 
( ( ) / )

( )

i

i i

Gal Q Q 

  



  form basis for ( )R G , 

where  i  are the  irreducible  characters  of  G  and  their  numbers  are  equal  to  the number of 

all distinct - classes of G. 

2.The factor Group AC(G):- 

The definition of the group AC(G) was introduced by T.Y Lam [8] in 1967. The applications of the 

factor group AC(G) not only in the mathematics but also in physics and chemistry .In this section 

we shall study AC(G), dihedral group Dn and ≡
*
(Dn). 
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Definition (2.1): [8] 

Let )(GR be the group of Z-valued generalized characters of G under the operation pointwise 

addition and T(G)  is the normal subgroup of  )(GR  generated by Artin  characters .The  abelian 

group )(/)( GTGR  is called  Artin  cokernel of G  , denoted by  AC(G)  .  

Definition (2.2): [6] 

        Let  M be a matrix with entries in a principal  ideal domain R . A k – minor of M  is the 

determinant of  k×k  sub matrix preserving row and column order . 

Definition (2.3): [6] 

        A k-th determinant divisor of M is the greatest common divisor (g.c.d) of  all the  k–minors of 

M , this is denoted by  )(MDk . 

Theorem (2.4): [6] 

        Let M be an  k×k matrix with entries in a principal ideal domain R , then there exits matrices P 

and W such that : 

1 -   P  and  W  are invertible . 

2 -   P  M  W = D  . 

3 -   D  is  a diagonal matrix  . 

4 -If we denote jjD  by jd  then there exists a natural number m ; 0  m  k     

     such that  j > m implies d j =0 and j  m  implies d j  0  and  1  j  m implies 1/j jd d   

Definition (2.5): [6]  

   Let M be matrix with entries in a principal ideal domain R,  equivalent to matrix D = diag  

{d 1  , d
2

 , … ,d m  , 0, 0, … ,  0}  such that  1/j jd d    for  1   j < m  ,we  call  D the invariant 

factor  matrix of  M  and  d 1 , d
2

, … ,d m  the invariant factors of M. 

Remark(2.6) : 

  According  to the Artin theorem (1.16) there exists an invertible matrix  M 1 (G)  with entries in 

the set of rational numbers  such that :   


 (G) = M 1 (G) .Ar (G) 

and this implies,  M (G) = Ar(G) . (


 (G)) 

by theorem (2.4) there exist two matrices P(G), W(G) such that  P(G).M(G).W(G)= 

diag {d1,d2,…,dl} =D(G) ,where dj=


D j (M(G))│D 1j (M(G)) and l is the number of - classes.  

Theorem (2.7): [4] 

     dj j j j+1
1

AC(G) = C  where d  = D (M(G)) \ D (M(G))  
l

j 
    

Definition(2.8)[9]           

 The group of all symmetries of the regular polygon with n sides , including both rotations and 

reflections , is called dihedral group and denoted by Dn . 

 The set of rotations generated by r - counterclockwise rotation with angle 2 / n of order n, and the 

set of reflections are of order 2 and every element  js  generates {1, js  } , where 1 is the identity 

element in Dn. 

In general we can write Dn as: 

Dn=
j ks r :0  k  n-1 , 0  j  1 

Where 21, 1, .n k kr s sr s r     

The element r generates the group Cn which is a cyclic subgroup of Dn . 

Theorem(2.9)  :[16] 

        The cyclic decomposition of  
2

( )nAC D  is: 
1

22 1
( )n

n

i
AC D C




     
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Remark (2.10):[5] 

        In this work we consider the direct product group  n 32
D C ,where 3C  is a cyclic group of the 

order 3 consisting of elements {1,
2,r r  }with ( r  )

3
=1 . 

The order of the group │ n 32
D C │=│ n2

D  │ │ 3C │=2.2
n
.3=3.2

n+1
  

 

Proposition (2.11): [6] 

The rational valued characters table of the cyclic group ( )pC , where p is a prime number can 

be given as follows : 

 

 

     
( )pC   

 

 

Proposition (2.12): [6] 

        The rational valued characters table of the  cyclic group n2
C  of the rank n +1 which is 

denoted by (≡
*
(C2

n
)), is given as follows: 

 

                             

 

 

 

 

 

 

 

 

 

Theorem(2.13) :[4] 

The rational valued character  table of  the dihedral group n2
D  is equal to n2

(D )    

 sr   s  Г-classes of C2
n 

 

 0 0  

 

≡
*
( C2

n
)   

 

 

     

1 1 1 

 1  

0 0  2  

    

3 -1  n  

3 3 n+1 

-1 -1  1 1 1 n+2 

-1 3  n+3 

where n  is the number of  Г-classes  of  the group C2
n
, n+3(r

k
)=1 if k is an even number and  

n+3(r
k
)= -1 if k is an odd number .  

 

-classes [1] [ r ] 

 1  p-1   -1 

 2  1 1 

-classes [1] 12[ ]
n

r


 
22[ ]

n

r


 
 

… 

 

 [r
2
] [r] 

  2
n-1 

- 2
n-1

 0 … 0 0 

 2  2
n-2

 2
n-2

 - 2 2n  … 0 0 

 3  2
n-3 

2
n-3 

2 3n  … 0 0 

  ┇ ┇ ┇ ┇   ┇ ┇ 

n-1 1 1 1 … -2 0 

n 1 1 1 … 1 -1 

n+1 1 1 1 … 1 1 

1
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Theorem (2.14): [2] [3] 

The general form of Artin character of C2
n
 is given by table: 

 

 

 

 

 

 

Ar(C2
n
)= 

 

 

 

 

 

And the general form of Artin characters table of   pC when p is a prime number is given by: 

 

 

 

 

( )pAr C   

 

 

 

Proposition (2.15): [7] 

2
( )nP C 

1 1 0 0 0 0 0

0 1 1 0 0 0 0

0 0 1 1 0 0 0

0 0 0 0 0 1 1

0 0 0 0 0 0 1

 
 


 
 
 
 
 
 

 
   

 which is   (n+1)×(n +1)  square matrix .  

  12n nW C I   where 1nI    is an  identity matrix and 
2

( ) {1,1,...,1}nD C   

 

 

 

-

classes 

 1  12n
r

 
 
 

 

22n
r

 
 
 

  

 

r    

1
  2

n 
0 0  0 

2
  2

n-1 
2

n-1 
0  0 

3
  2

n-2 
2

n-2 
2

n-2 
 0 

  ┇ ┇ ┇ ┇ 
 

┇ 

n  n n n  0 

1n   1 1 1  1 

- classes 1 
 

 r 
 

 

CL  1 1 

5
( )CC CL  P P 

1  P 0 

2  1 1 
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Remark :(2.16) : 
 

    We can write 
2

( )nM C  as the following :  

 

1 1 1 1

0 1 1 1

0 0 1 1

0 0 0 1

 
 
 
 
 
 
 
 

 

which is (n+1)(n+1) square matrix . 

 

Theorem(217.):[1] 

 

        The Artin’s character table of the dihedral group D2
n
  when  n  is an  

even number  is given as follows  :  

 

 

 

 

Ar(D2
n
) = 

          

Where l  is the number of Г-classes of  C2
n
 and ,1 2j j l     are the Artin’s characters of the 

group D2
n
 . 

 

 

 
 

 

 
 

 

 
 

 

 
 

 

 

 

 

 
 

 

 
 

 

  1  








2

n

r
 Г – Classes of Cn   s   sr  

CL  3 3 22  2  2 / 2n  2 / 2n  

)( CLC
nD

 12n  12n  2 2n n  2n  
22  22  

1   

2.Ar(C2
n
) 

0 0 

       

l  0 0 

1 l  2n  0 … 0 0 2  

2 l  2n  0 … 0 2  0 
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Proposition (2.18):[1] 

   

2

2

1 1

1 1 1 1

2 ( )

1 1 1 10 0 0

( )
0 0 0 0 1 1 0

1 1 1 0 1 0 1

1 1 1 1 1 0 0

n

n

n n

M C n times

M D

  

 
 

 
 


 
 

  
 
 
 
 
 
  

 

  Which is ( 3) ( 3)n n       square matrix  . 

   

Proposition (2.19):[1] 

        The matrices 
2

( )nP D  and   2nW D  are  taking the forms  : 

2

2

0 0

0 0

( )

( ) 0 0

1 1

0 0

0 0 0 1 1

0 0 0 0 1

n

n

P C

P D

 
 
 
 
 
 
 
 
 
 
 
 
 
  

 

2

0 0 0

0 0 0

and  W( )

0 0 0

-1 -1 1 1 0 0 1

0 0 1 1 1 0 1

0 0 0 1 0 1 0

n

nI

D

 
 
 
 
 
 
 
 
 
  
 

 
 
  

 

Where nI  is an identity matrix of the order n, 
2 2

( )and  W( )n nP D D  are  ( 3) ( 3)n n      square 

matrices. 
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3.The Main Results  
      In this section we give the general forms of rational valued character table , Artin's characters 

table and the cyclic decomposition of the factor group of the group n 32
D C .  

Theorem(1.3) :- 

        The rational valued character table of the group n 32
D C is equal to the tensor product of the 

rational valued characters table of D2
n
 and the rational valued characters table of C3 that is                      

≡
*
( n 32

D C ) = ≡
*
( n2
D )  ≡

*
( 3C ) 

Proof :-   

        We denote by i  to the irreducible characters of n2
D  and i , 1 3i n    to the rational 

valued characters of n2
D  , 

Since the character table of 3C  is equal to  

 

                

                     ≡ 3C  = 

 

 

 

 

2 \ ; 1,2,3i ne i     and by proposition(2.11) ,the rational valued character table of C3  is equal to   

                               

 

                               *(C3)=            

 

 

From definition of n 32
D C and by theorem (1.17) we have each element hkg  in n 32

D C can be 

written as follows hkg  = hg . kg     where hg  n2
D  , h= 1,2,3,….., n+1 and kg    C3 , k =1,2  and 

each irreducible character ij of  n 32
D C can be written as follows   

ij = i . j   

where i  is  an irreducible character of n2
D  , i = 1,2,….., n+3 and  j   is the irreducible character 

of  3C  , j=1,2 . 

then                       
 
 

 

2 1 1

2 1

1, 2 2

i h

ij hk i h

i h

g if j and k

g g if j and k

g if j and k



 



  


   
  

 

denote by ij  to the rational valued characters of n 32
D C . 

From Proposition (2.18) 

CL  [ 1g 

] 

[ 2g  ] [ 3g  ] 

1   1 1 1 

2   1   2  

3   1 2    

Γ- Clases [ 1g  ] [ 2g  ] 

1   2 -1 

2   1  1 
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[I] 1i  =

2

2

( ( ) / )

( )

i

i

Gal Q Q 

 



  

      then  1i  ( hkg )=

2

2

( ( ( )) / )

( ( ))

i hk

i hk

Gal Q g Q

g

 

 



  

     (a) If k= 1 . 

        1i ( hkg )=

( ( ( )) / )

(2 ( ))

i h

i h

Gal Q g Q

g

 

 



 =2 i ( hg ) = i ( hg ) . 2 = i ( hg ) . 1  ( kg  ) 

     (b) k=2 

         1i ( hkg )=

( ( ( )) / )

( ( ))

i h

i h

Gal Q g Q

g

 

 



 =

( ( ( )) / )

( ( ))

i h

i h

Gal Q g Q

g

 

 



   

                      =

( ( ( )) / )

( ( ))

i h

i h

Gal Q g Q

g

 

 



 . (1) = i ( hg ) . 1  ( kg  ) . 

[II] 2i  =

1

1

( ( ) / )

( )

i

i

Gal Q Q 

 



  

      then  2i  ( hkg )=

1

1

( ( ( )) / )

( ( ))

i hk

i hk

Gal Q g Q

g

 

 



  

     (a) If k= 1 . 

      2i ( hkg )=

( ( ( )) / )

( ( ))

i h

i h

Gal Q g Q

g

 

 



 = i ( hg ) = i ( hg ) . 1 = i ( hg ) . 2 ( kg  ) 

     (b) k=2 

      2i  ( hkg )=

( ( ( )) / )

( ( ))

i h

i h

Gal Q g Q

g

 

 



 =- i ( hg ) = i ( hg ) . -1 = i ( hg ) . 2 ( kg  ) 

From [I] and  [II] we have  ij i j      

Then   n n3 32 2
(D ) = (D )  ( )C C       . 

 

Example(3.2 ) : 

To find the matrix 3 32
( )D C   

From theorem (2.13) and proposition (2.11), we have 

32

     4    -4     0     0     0     0

     2     2    -2     0     0     0

     1     1     1    -1    -1     1
(D ) = 

     1     1     1     1     1     1

     1     1     1     1    -1    -1

     1    

 3

2 1

1 1

 1     1    -1     1    -1

and C

 
 
 
   

   
  

 
 
  

 

By theorem (1.3) we get  3 33 32 2
(D ) = (D )  ( )C C        
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     8    -8     0     0     0     0    -4     4     0     0     0     0

     4     4    -4     0     0     0    -2    -2     2     0     0     0

     2     2     2    -2    -2     2    -1    -1    -

=  

1     1     1   -1

     2     2     2     2     2     2    -1    -1    -1    -1    -1   -1

     2     2     2     2    -2    -2    -1    -1    -1    -1     1    1

     2     2     2    -2     2    -2    -1    -1    -1     1    -1    1

     4    -4     0     0     0     0     4    -4     0     0      0    0

     2     2    -2     0     0     0     2     2    -2     0      0    0

     1     1     1    -1    -1     1     1     1     1    -1    -1     1

     1     1     1     1     1     1     1     1      1     1     1     1

     1     1     1     1    -1    -1     1     1     1     1    -1    -1

     1     1     1    -1     1    -1     1     1     1    -1     1    -1

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
   

 

 

Theorem(3.3):  

The artin character table of the group n 32
D C is equal to the tensor product of the artin characters 

table of n2
D  and the artin characters table of 3C  that is                    

n 3 32 2
 Ar( D C )=Ar(  ) Ar(C )   nD   

Proof :-   

        We denote by i  to the irreducible characters of n2
D  and i , 1 3i n    to the rational 

valued characters of n2
D  , Since the character table of 3C  equal to 

  

             

 

≡ C3 = 

 

 

 

 
2 \ ; 1,2,3i ne i     and by proposition(2.14) ,the artin character table of 3C   is equal to  

  

                               

 

3Ar(C )=   

 

 
 

From definition of n 32
D C and by theorem (1.17) we have each element hkg  in n 32

D C can 

be written as follows hkg  = hg . kg     where hg  n2
D  , h  = 1,2,3,….., 3n  and kg    3C  , k =1,2  

and each irreducible character ij of  n 32
D C can be written as follows   

.ij i j    

where i  is  an irreducible character of D2
n
 , i = 1,2,….., 3n   and  j   is the irreducible character 

of  C3 , j=1,2 . 

 

 

 

 

CL  [ 1g  ] [ 2g  ] [ 3g  ] 

1   
1 1 1 

2   
1   2  

2   
1 2    

Γ- Clases [ 1g  ] [ 2g  ] 

1   3 0 

2   1  1 
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then                       
 

 

3 1 1

0 2 1

1,2 2

i h

ij hk

i h

g if j and k

g if j and k

g if j and k







  


  
  

 

denote by  ,i j
  to the artin characters of n 32

D C . 

 If  H is a cyclic subgroup of the group n 32
D C  , we use theorem(1.8) to find each 

   
 

 
 

32
 

,
1

   

        if  H CL(g) =    
   

n
mD C hk

hk ti j
H hk t

C g

g x
C g






     

and   
   ,

0
i j

g   if H CL(g)=  where 1 i l  ,1 2j   

[I]    
 

 
 

32

,2
1

  

   
  

n
mD C hk

hk ij ti
H hk t

C g

g x
C g






   then 

   
   

   
1 2

2
3

2,2
1 1

 .  

      
  .   

n
m mD

hk i t ti
H h H k t t

C C

g x x
C g C g

 

 

 


   

     (a) If k= 1 then 
   ,

0
i j

g   (since H CL(g)= ) 

       

   
   

   
 

 
1 2 1

2 2
3

2,2
1 1 1 1

 .    
3

            0
3 .    

n n
m m mD D

hk i t t i ti
H h H H ht t t

C C C

g x x x
C g C g C g

  

  

 
    

  
  

 

=      2 1.0 .i h i hg g g     

     (b) If k= 2 then
   ,

3
i j

g   2(since H CL(g)= {(g,1 ),(g,r ),(g,r )})     

       

   
   

   
 

 
1 2 1

2 2
3

2,2
2 1 1 1

 .    
3

             (3)
3  .       

n n
m m mD D

hk i t t i ti
H h H H ht t t

C C C

g x x x
C g C g C g

  

  

 
    

  
  

 

=      2 2.0 .i h i hg g g     

[II]     
   

   
1 2

2
3

1,1
1 1

  .   

        
  .   

n
m mD

hk i t ti
H h H k t t

C C

g x x
C g C g

 

 

 


   

(a) If k= 1then
   ,

1
i j

g  (since H  CL(g)= {(g,1 )}  ) 

       

   
   

   
 

 
1 2 1

2 2
3

1,1
1 1 1 1

  .     
3

            1   
3   .     

n n
m m mD D

hk i t t i ti
H h H H ht t t

C C C

g x x x
C g C g C g

  

  

 
    

  
  

 

=      1 1.1 .i h i hg g g     

     (b) If k= 2 then    , 1i j g   (since H  CL(g)= {(g,r )}   
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   
   

   
 

 
1 2 1

2 2
3

1,1
2 1 1 1

  .     
3

              (1)
3  .     

n n
m m mD D

hk i t t i ti
H h H H ht t t

C C C

g x x x
C g C g C g

  

  

 
    

  
  

 

=      1 2.1 .i h i hg g g     

From [I] and  [II] we have 

.ij i j     

Then   3 32 2
 Ar( C )=Ar(  ) Ar(C )n nD D  . 

 

Example(3.4 ): 

To find the matrix 3 32
Ar(D C ) from theorems (2.17) and (2.14)   

32

    16     0    0     0     0     0   

     8     8     0     0     0     0 

     4     4     4     0     0     0 
Ar(D )=

     2     2     2     2     0     0 

     8     0     0     0     2     0  

     

3

3 0
  and Ar(C ) =  

1 1

8     0     0     0     0     2

 
 
 
   
   

  
 
 
  

 

Which is (3 3) (3 3)       square matrix  .   

Using theorem (3.3) , we have 
 

 

 

3 33 32 2
 Ar( C )=Ar(  ) Ar(C )D D   

    48     0     0     0     0     0     0     0     0     0     0     0

    24    24    0     0     0     0     0     0     0     0     0     0

    12    12   12    0     0     0     0     0     0  

=  

   0     0     0

     6     6     6     6     0     0     0     0     0     0     0     0

    24    0     0     0     6     0     0     0     0     0     0     0

    24    0     0     0     0     6     0     0     0     0     0     0

    16    0     0     0     0     0   16     0     0     0     0     0

     8     8     0     0     0     0     8    8     0     0     0     0

     4     4     4     0     0     0     4    4     4     0     0     0

     2     2     2     2     0     0     2    2     2     2     0     0

     8     0     0     0     2     0     8    0     0     0     2     0

     8     0     0     0     0     2    8     0     0     0     0     2

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
   

 

 

Proposition (3.5): 

 3

n n2 2
32

n2

M(D ) M(D )

M(D C )
0 M(D

 
  
 
 

 

which is  2 3n    2 3n    square matrix . 

Proof :        By theorem(3.1) we obtain the Artin characters table  n 32
Ar(D C )    and from 

theorem(3.1) we find the rational valued characters table n 32
(D C )   

Thus by definition of  3 32
M(D C ) we find the matrix 3 32

M(D C ) : 
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n n n

n n2 2-1
3 3 32 2 2

n2

M(D ) M(D )

 M(D  C ) = Ar(D  C ). ( (D  C ))
0 M(D


 
     
 
 

  

 

 Example (3.6):  

To find (
32

M( C )nD   we must   

32

    2    2    2    2    1    1    1    1

    0    2    2    2    1    1    1    1

    0    0    2    2    1    1    1    1

    0    0    0    2    1    1    1    1
M(D  ) =

    0    0    0    0    1    1    1    1

    0    0    0    0    0    1    1    0

    1    1    1    1    0    1    0    1

    1    1    1    1    1    1    0    0

 
 
 
 
 
 
 
 
 
 
 
  

  

 

Which is 2(3 1) 2(3 1)       square matrix  .   

Then by proposition (3.5) we have  

 

3 3

3

2 2
32

2

    2    2    1    1    1    1    2    2    1    1    1    1

    0    2    1    1    1    1    0    2    1    1    1    1

    0    0    1    1    1    1    0  

M(D ) M(D )) 
M( C )=

0 M(D ))
nD

 
  
 
 

  0    1    1    1    1

    0    0    0    1    1    0    0    0    0    1    1    0

    1    1    0    1    0    1    1    1    0    1    0    1

    1    1    1    1    0    0    1    1    1    1    0    0

    0    0    0    0    0    0    2    2    1    1    1    1

    0    0    0    0    0    0    0    2    1    1    1    1

    0    0    0    0    0    0    0    0    1    1    1    1

    0    0    0    0    0    0    0    0    0    1    1    0

    0    0    0    0    0    0    1    1    0    1    0    1

    0    0    0    0    0    0    1    1    1    1    0    0

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 




 

 

Theorem  (3.7):  

n

2

32
D(D C )   {2, 2, 2,1,1,1,1,1}

n times

diag



   

Proof :the matrices n 32
P(D C ) and n 32

W(D C ) are taking the forms :    

n 32 2

1 1
P(D C ) ( )

0 1
nP D

 
   

 
 

  which is  2 3n    2 3n    square matrix.  

and the form of  n 32
W(D C ) is : n n32 2

1 0
W(D C ) W(D )

0 1

 
   

 
 

which is  2 3n    2 3n    square matrix. 

        By using theorem(2.4) we have n 32
M(D C ) . 

From proposition(3.3) and the above forms of n 32
P(D C ) and n 32

W(D C ) ) then : 
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n n n n

2

3 3 3 32 2 2 2
P(D C )  . M(D C ) .W(D C )   {2, 2, 2,1,1,1,1,1}  D(D C )

n times

diag



       

  which is  2 3n    2 3n    square matrix.  

Now we can find the invariant factors matrix of the group n 32
D C , n 32

D(D C ) and the cyclic 

decomposition of the factor group n 32
AC(D C ) by using theorem(3.7). 

 

Corollary  (3.8): 

       The cyclic decomposition of n 32
AC(D C ) is :  n

2

3 22 1
AC(D C ) C

n

i 
    

Proof : 

        By theorem (3.7) , we have 

 n 32
D(D C ) = diag{

2

2, 2, 2,..., 2

n

,1,1,1,1,1,1}  

Then by theorem (2.7) we have  

n 32
AC(D C ) = 

2

2
1
C

n

i 
  . 

Example(3.9)  

 5

2(5) 10

3 2 22 1 1
1 ( )

i i
AC D C C C

 
        

3

2(3) 6

3 2 22 1 1
2 ( )

i i
AC D C C C

 
           
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