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Abstract
The group of all Z-valued characters of a finite group G over the group of induced unit
characters from all cyclic subgroups of G forms a finite a belian group, called Artin Cokernel of
G ,denoted by AC(G).The problem of finding the cyclic decomposition of Artin cokernel
D,n xC3 has been considered in this paper ,the cyclic decomposition of D,n xCs IS :
2n
AC(D,, xC3)= @ C,.
i=1

Also we give the general form of rational character and Artin's characters tables of
D, x Czgroup.
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Introduction:

The problem of determining the cyclic decomposition of AC(G) seem to be untouched. we
use the concepts of invariant matrix in linear algebra to find the cyclic decomposition of AC(G), G
is considered to be the group D,n xCz.In 1968 T.Y Lam [8] defined AC(G) and he studied
AC(G),when G is a cyclic group.

In 2000 H.R .Yassin [4] studied the cyclic decomposition of AC(G) when G is an elementary
abelian group . In 2006 A.S. Abed [2] found Ar(C,) when C, is the cyclic group of order n .

In this paper ,we find the rational valued character table and the artin's characters table of the

direct product group D,n xC3 ,where D, is the dihedral group of order 2™ and C; is the cyclic
group of order 3 ,we also find the cyclic decomposition of the factor group AC(D,» x C3).
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1. Some Basic Concepts:

In this section, we give basic concepts, notations and theorems about matrix representation,
characters and Artin characters.
Definition (1.1) [3]

The general linear group GL(n,F) is a multiplicative group of all non-singular n x n matrices over
the field F.

Definition (1.2) [3]

A matrix representation of the group G is a homomorphism of G into GL(n,F) ,n is the degree
of matrix representation T .In particular , T is called a unit representation (principal) if T(g) =1 ,for
all g €G.

Definition (1.3) [3]

The trace of an n x n matrices A is the sum of the main diagonal elements, denoted by tr(A).
Definition (1.4) [3]

Let T be a matrix representation of degree n of a finite group G over the field F. The character y
of degree n of T is the mapping x:G—F defined by y(g)=tr(T(g)) for all g €G. In particular ,the
character of the principal representation if (y(g)=1 ,for all g €G) is called the principal character.
Definition (1.5) [3]

Two elements g and h inagroup G are said to be conjugate if h=xgx™ for some
x € G.The relation of conjugacy is an equivalence relation on G . The equivalence classes
determined by this relation are referred to be as the conjugate classes, denoted by CL ¢,

g €G is the conjugate class of the element g.
Definition (1.6) [3]
The centralizer of x in G is the subgroup Cg(x)={acG: ax a™ = x}.
Definition (1.7) [3]
Let H be a subgroup of G and ¢ be a character of H ,the induced character on G is given by

¢TG (g)_ Z ¢ (xgx ) where QEG and ¢ is defined by ¢ (h) {¢(h)-lf heH .
|H X G if hegH

Theorem (1.8) [4]

Let H be a cyclic subgroup of G and hy h, hs,...,hy, are chosen representatives for the m-conjugate

classes of Hin CL 4,9 €G ,then

$1° (9)= |CG((g))||Z( ) if hy eH NCL(g)

$1° (9)=0 if H NCL(g)=¢
Definition (1.9) [4]

Let G be a finite group ,any character induced from the principal character of a cyclic subgroup of

G is called Artin character of G.
Definition (1.10) [5]

Two elements of G are said to be I'-conjugate if the cyclic subgroups they generate are

conjugate in G, this defines an equivalence relation on G .Its classes are called I'-classes.
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Proposition (1.11): [8]
The number of all distinct Artin valued characters of a finite group G equal to the number of

all distinct I'-classes on G .
Definition (1.12): [2]
The complete information about Artin valued characters of a finite group G is displayed in a

table called the Artin characters table of G.denoted by Ar(G) which is Ix I matrix whose columns
are TI'-classes and rows are the values of all Artin characters of G, where | is the number of TI'-
classes.
Definition (1.13): [3]

A rational valued character 6 of G is a character whose values are in Z, that is 6(g) € Z, for all g
eG.
Proposition (1.14): [6]

The number of all distinct rational valued characters of a finite group G is equal to the number

of all distinct I'-classes on G .
Definition (1.15): [6]
The complete information about rational valued characters of a finite group G is displayed in a

table called the rational valued characters table of G.denoted it by = (G) which is Ix | matrix
whose columns are T'-classes and rows are the values of all rational valued characters of G, where
| is the number of TI'-classes.

Theorem [Artin] (1.16): [5]
Every rational valued character of G can be written as a linear combination of Artin characters

with coefficient rational numbers .
Theorem (1.17):[5]

Let T,: Gi—GL(n ,K)and T,:G,—GL(m ,K) are two irreducible representations of the group
G, and G, with characters y, and y, respectively , then T, ® T, is irreducible representation of
the group Gy X G, with the character y, y, .

Proposition (1.18):[6]
The rational valued characters 6 = Z o(y; ) form basis for R(G),
o e Gl Q () R )

where y; arethe irreducible characters of G and their numbers are equal to the number of

all distinct I"- classes of G.

2.The factor Group AC(G):-

The definition of the group AC(G) was introduced by T.Y Lam [8] in 1967. The applications of the
factor group AC(G) not only in the mathematics but also in physics and chemistry .In this section
we shall study AC(G), dihedral group D, and = (Dy).
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Definition (2.1): [8]
Let r(G)be the group of Z-valued generalized characters of G under the operation pointwise

addition and T(G) is the normal subgroup of R(G) generated by Artin characters .The abelian

group R(G)/T(G) is called Artin cokernel of G , denoted by AC(G) .
Definition (2.2): [6]
Let M be a matrix with entries in a principal ideal domain R . A k — minor of M is the
determinant of kxk sub matrix preserving row and column order .
Definition (2.3): [6]
A k-th determinant divisor of M is the greatest common divisor (g.c.d) of all the k—minors of

M , this is denoted by D, (M) .
Theorem (2.4): [6]
Let M be an kxk matrix with entries in a principal ideal domain R, then there exits matrices P
and W such that :
1- P and W are invertible .
2- PM W=D .
3- D is adiagonal matrix .
4 -If we denote Dj; by d; then there exists a natural number m ; 0 <m <k

such that j>mimpliesd;=0andj<m impliesd ; #0 and 1 <j<mimpliesd; /d;_4

Definition (2.5): [6]
Let M be matrix with entries in a principal ideal domain R, equivalent to matrix D = diag

{d,,d, ,....dm ,0,0,..., 0} suchthat dj /dj_; for 1< j<m ,we call D the invariant

factor matrix of M and d,,d,, ... ,dn the invariant factors of M.

Remark(2.6) :
According to the Artin theorem (1.16) there exists an invertible matrix M ™ (G) with entries in

the set of rational numbers such that : ;(G) =M*(G) .Ar (G)

and this implies, M (G) = Ar(G) . (;(G))
by theorem (2.4) there exist two matrices P(G), W(G) such that P(G).M(G).W(G)=

diag {dy,d,...,di} =D(G) ,where dj:i D j M(G)) | Dj ,(M(G)) and I is the number of I'- classes.
Theorem (2.7): [4]
|

AC(G) = @ Cgj where dj = = D;j(M(G)) \ Dj.1(M(G))
J:

Definition(2.8)[9]

The group of all symmetries of the regular polygon with n sides , including both rotations and
reflections , is called dihedral group and denoted by D, .

The set of rotations generated by r - counterclockwise rotation with angle 27 /n of order n, and the
set of reflections are of order 2 and every element s’ generates {1, s’ }, where 1 is the identity
element in Dy,

In general we can write D, as:

D={s'r*:0<k<n-1,0<j<1}

Where r" =1,s? =1,sr¥s =r*,

The element r generates the group C, which is a cyclic subgroup of D, .

Theorem(2.9) :[16]

n—1
The cyclic decomposition of AC(D,n) is: AC (D2n )= @ C,
i=1
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Remark (2.10):[5]

In this work we consider the direct product group D, xC3 ,where Cj is a cyclic group of the

order 3 consisting of elements {1, r’, r'* Jwith (r’' )*=1.
The order of the group | D, xC3 |=| D, |- | C5|=2.2"3=3.2""

Proposition (2.11): [6]
The rational valued characters table of the cyclic group (=" Cp), where p is a prime number can
be given as follows :

I'-classes | [1] | [r]

(=" Cp)= 0, p1| -1
0, 1 |1

Proposition (2.12): [6]
The rational valued characters table of the cyclic group Con of the rank n +1 which is

denoted by (="(C,"), is given as follows:

I-classes | [1] Ir 2"'1] Ir 22 1 [r’] | [1]
0, -2 o 0 |0
e ) 2”-2 2!’] 2 2 n-2 O O
0 . 2n 3 2n-3 2 n-3 0 0
On-1 1 1 1 -2 0
o 1 |1 1 T 1
On+1 1 1 1 1 1

Theorem(2.13) :[4]
The rational valued character table of the dihedral group D, is equal to =" (D,n) =

I'-classes of C," [s] [sr]
0, 0 0
0 * 0 0
2 =(Cy") :
0, 1 1
6n+1 1 1
One2 11 - 1| -1 1
6n+3 1 '1

where n is the number of T'-classes of the group C,", 0n:3(r)=1 if k is an even number and
Ons3(r)= -1 if k is an odd number .
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Theorem (2.14): [2] [3]

The general form of Artin character of C," is given by table:

Ar(CZ”):

- [1] l:rzn—l:| [rzn—z} [r]
classes

o, 2" |0 0 |0
¢2 2“-1 2“-1 0 . 0
¢3 2”-2 2”-2 2n-2 . 0
@, n n n |0
Pra 11 1 ol 1

And the general form of Artin characters table of C, when p is a prime number is given by:

ArC,)=

Proposition (2.15): [7]

1 -1 0
01 -1
00 1
-]l i
00 0
0 0 0

I'- classes [1 } [r }
CH RN ERNE
c..cr) |P P

o P 0

(pé 1 1

0 0 i

o

o
- O O O
o O O

0 0 ... 1 41

0 0 ..0 1]

which is (n+1)x(n +1) square matrix .

W (Czn )=In+1 where 1,1 isan identity matrix and DC,)={L1..3
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Remark :(2.16) :

We can write m (C,n) as the following :

1

0 00 ... 1

which is (n+1)x(n+1) square matrix .

Theorem(217.):[1]

The Artin’s character table of the dihedral group D," when n is an

even number is given as follows :

] {r;} I — Classes of Cp, [s] | [sr]

|CLa| 1 1 2 2 .. 2 | 2"y2 | 2" /2

‘ch (CLa)‘ on+l on+l on on on 22 22
Ar(D;") = | @, 0 0

; 2.Ar(C,") : :

D, 0 0

D, ., on 0 0

D, on 0 0 2 0

Where | is the number of I'-classes of C," and @ ;1< ] <1 +2 are the Artin’s characters of the
group D," .
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Proposition (2.18):[1]

2M (C.n)
00

M (D) =

00
11
11

Proposition (2.19):[1]

L n-1xn-1
Whichis (n+3)x(n+3) square matrix .

1111
: Sbntimes
1111

= =)
L
o o K
o - o

The matrices P(D,,) and W (Dzn) are taking the forms :

PCy)
P(Du)=

and W(D2n )=

I R |
00 ..
[0 0

11
01

o O O

= O O O

Where Iy, is an identity matrix of the order n, P(D,)and W(D,,) are (n+3)x(n +3)

matrices.
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3.The Main Results
In this section we give the general forms of rational valued character table , Artin's characters

table and the cyclic decomposition of the factor group of the group D,, xC,.

Theorem(1.3) :-

The rational valued character table of the group D,, xC,is equal to the tensor product of the
rational valued characters table of D," and the rational valued characters table of C; that is
='( D, xC,)==(D,,) ®=(C,)
Proof :-

We denote by y; to the irreducible characters of D, and 6,, 1<i <n+3 to the rational
valued characters of D, .

Since the character table of C, is equal to

CL, [[9: |[92]|[9s]

w=e*"":i =1,2,3 and by proposition(2.11) ,the rational valued character table of Cs is equal to

I-Clases | [g;] | [95]
0! 2 | 1

*(C3)=

0, 1 1

From definition of D,, xC;and by theorem (1.17) we have each elementg,, in D,, xC;can be
written as follows g, -9, g, where g, D, ,h=123,....,n+land g, ¢ C5,k =12 and
each irreducible character y;of D,, xCscan be written as follows

Zij= Xi Z;

where y; is an irreducible character of D
of C;,j=1,2.

o i=1.2,...,n+3and y] is the irreducible character

then Zij (Onc )=9-zi(9n) if j=2 and k=1
zi(gn) if j=12 and k=2

denote by 6; to the rational valued characters of D,, xC,.

From Proposition (2.18)
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[1] 61 = > a(%i2)

oeGal Q(72)/Q)

then 6, (g, )= > o(%i2(9nk )
oeGal Q (i 2(9nk ))/Q)

(a) Ifk=1.
G, (gnk )= z (2% (9n))=26,(9,)=6.(9,) - 2=6,(9,) . & (9;)
oeGal Q (7 (9r))/Q)
(b) k=2
01 (9nk )= > o(xi (9n) = > o(x (9n))

oeGal (Q (% (94))/Q) oeGal (Q (% (94))/Q)
= > o(zi(9n)). (1) =6,(9,) . & (g9¢) -
oGal Q (7 (95))/Q)
[ &> = > o (%i1)

oeGal Q(7i1)/Q)

then 6, (gnk )= > o(#i1(9nk )
oeGal Q (zi1(9nk ))/Q)

@ Ifk=1.

6 2(9nk )= > o(xi (@) =6,(gn)=6,(9,).1=6,(g9n). 6, (9k)
oeGal Q (i (9n))/Q)

(b) k=2

62 (gnk )= > o(=x (9n) =-6,(9rn) =6,(9n) - -1=6,(9n) . 62 (9k)
o<Gal Q (7 (9n))/Q)

From [I] and [II] we have &; =6 - 6;

Then ="(D,n xC3)= =" (D) ® = (C3).

Example(3.2) :

To find the matrix =" (D3 xC3)
From theorem (2.13) and proposition (2.11), we have
[ 4 4 0 0 0 O
2 2 2 0 0 O
1 1 1 -1 -1 1 {2 —1}

and Cj=

1 1 1 1 1 1 1 1
1 1 1 1 -1 -1

1 1 1 -1 1 41

By theorem (1.3) we get =" (D3 xC3) = =" (D3) ® =" (C3)

=* (D23) =
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8 8 0 0 0 0 -4 40 00 0
4 4 -4 0 0 0 -2 2 2 0 0
2 2 2 2 2 2 -1 -1 -1 1 -1
2 2 2 2 2 1 -1 -1 -1 -1 -1
2 2 2 2 2 2 1 -1 -1 -1 11
B 2 2 2 2 2 2 1 -1 -1 1 -1 1
- 4 4 0 0 0 0 4 -4 00 00
2 2 2 0 0 0 2 2 2 0 00
1 1 1 1 -1 1 1 1 -1 -1 1
1 1 1 111 1 1 1 1 1
1 1 1 1 -1 1 1 1 1 1 -1
11 1 -1 1111 11 1 -]
Theorem(3.3):

The artin character table of the group D,n x Csis equal to the tensor product of the artin characters
table  of D,n and  the  artin  characters  table  of Cs that  is
Ar( D, x C3)=Ar(D,n ) ® Ar(C3)

Proof :-
We denote by y; to the irreducible characters of D,, and 6, 1<i <n+3 to the rational

valued characters of D, , Since the character table of C; equal to

2ﬂ1

CL, | [9:]1|[95]]|[9s]
¢1' 1 1 1

1l
@]
w

]

’ 2
¢2 1 w In)

¢2’ 1 a)z w

w=e""";i =1,2,3 and by proposition(2.14) ,the artin character table of c, is equal to

I-Clases | [g;] | [9;]
Ar(C3)= 6; 3 0
0, 1 1

From definition of D, x Czand by theorem (1.17) we have each elementg,, in D,, xCzcan
oo N =123, n+3and g, € C; ,k =1,2
and each irreducible character ¢; of D,, xC,can be written as follows

¢|j =4 -¢j'

whereg is an irreducible character of D," ,i=1,2,....., n+3 and ¢; is the irreducible character
of C3,j=12.

be written as follows g,, -9,.g; where g, e D
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3¢ (9,) if j=1 and k=1
then ¢ (9 )=1 0 if j=2 and k=1
¢(9,) if j=12 and k=2
denote by @ ;, to the artin characters of D, xCs.
If H is a cyclic subgroup of the group D, xC3 , we use theorem(1.8) to find each

C . (g ) m
‘ Do > Cs 15hk Z ¢(x¢) if HNCL(g) =&
| Ch (gnk ) | t=1

and CD(i’j)(g):O if HN CL(g)= ¢ where 1<i <I,1<j <2

(D(i,j)(ghk)z

‘CDZnX c, (9nk ) ‘ m

#i (x¢ )then
|CH(9hk)| éj(t)

[N 5 (9nk ) =

(o) ‘%f'“M 3 (x) 3 #(x)
D 2y (9nk ) = / X (X
A T N I A I =R =R

(a) Ifk=1then @ ;,(g)=0 (since HN CL(9)= ¢)

= ol T8 ) B ) o, > a5 o)
oy = X 2 (Xt) = T X3
(1.2) 9 [Ch (o) - [Cu (i) 3 h t=1 fe e [Chon)| &7 13
=®; (gp ).0=D; (g )P, (91)
(b) Ifk=2thend;; ;, (g) =3 (since H NCL(Q)={(9.1).(3.r).(a.;)})
(1) co, | - lcd 3 4 (k) D5 (x0) o %ﬂ(%sﬁ
D = , X (Xt) = T T )13
(1.2) 9k [Ch(an)| - [Culez)| 3 t t=1 t [Ch(an)| & S s
=®; (gn).0=D; (g, )D,(97)
[I1] ‘CDgn . |Cs] m, m;
o _ ,
(l,l)(ghk) |CH (gh)| . |CH (gll()| é%(xt)éﬁ(xt)
(2) If k= 1then @, ;, (g) =1 (since H N CL(g)={(g.1)} )
o2y (O ) o, | 1! > (0) X ) Fo. > 4 (2 1]
) — p (X Xt)=r——/—"7—"3 i (X a2
(1190 [Ch(an)| - Jen@)] &7 &7 e G713

=@ (gn ) 1=D; (gn )Py (91)
(b) If k=2 thend; ,j)(g)zl (since H N CL(g)={(9.r)}
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i1)(9nk ) = , X Xt) = Xt 3
(143 [Ch(an)| - |ch(e2)| 3 et [Ch (on) | {5 © s

=®; (gp )-1=P; (9n ) P1(92)
From [I1] and [II] we have
Then  Ar( D,n xC3)=Ar(D,n ) ® Ar(C3) .

Example(3.4):
To find the matrix Ar(D s xC3) from theorems (2.17) and (2.14)

6 00 0 0 0
8 8 0 0 0 0
4 4 4 0 0 0 30
Ar(D.3)= and Ar(C3) =
Ol 5 22 2 0 0 (Ca) L 1}
8 00 0 2 0
8 00 0 0 2

Which is E3+3)x(3+3) square matrix .
Using theorem (3.3) , we have

48 0 0 0 0 0 0 0 O 0 0 O
24 24 0 0 0 0 0O O 0 0 0 O
12 12 12 0 0 0 0 O O O O O
6 6 6 6 0 0 0 0 0 O O O
24 0 0 0 6 0 0O OO 0 0O
Ar(D 3 x C3)=Ar(D.s ) ® Ar(Cs) = 24 0 0 0 0 6 0 0O O 0 O O
2 2 16 0 0 0 0 016 O O O O O
8 8 0 0 0 0O 88 0 0 0 O
4 4 4 0 0 0 4 4 4 0 0 O
2 2 2 2 0 0 22 2 2 0 O
8 0 0 0O 2 0 80 0 0 2 O
| 8 0 0 00 28 0 00 0 2|
Proposition (3.5):
M(D_n ) | M(D_n )
M(Dys xC3)=| — M©,,
which is[2(n +3)] X [2(n +3)] square matrix .
Proof : By theorem(3.1) we obtain the Artin characters table Ar(Dn xC3) and from
theorem(3.1) we find the rational valued characters table = (D,n ®C3)
Thus by  definition  of M(D,s x C3) we find the  matrix M(D s x C3)
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M(D,n x C3) = Ar(D,n x Cg). (=" (Do x C3))'1_[

Example (3.6):
To find (M(D,» xC,) we must

2 2

M(D23 ) =

P P O OO0 O OoON
R P, O O NDNDNNDN
R O O R, kP PP Rk P
e

R O O O O N
R P O O O NMNDN

O O R PR Rk P P

O R O R R R R -

Whichis 2(3+1)x2(3+1) square matrix .

Then by proposition (3.5) we have

2
0
0
0
1
M(Ds) | M(Ds)) 1
M(Dar XC3):[ 0| M(Dzs»iz 0
0
0
0
0
0
Theorem (3.7):
2n—-times
D(D2r1 ®C3) = diag {2, 2, 2,111,111}

Proof :the matrices

1 -1
P(D2n®C3)={O 1}®P(D2n)

which is[2(n +3)] X [2(n +3)] square matrix.

10
and the form of W(D,, ®C,)is: W(D,, ®C,) :{0 1}@W(Dzn)

O O O OO Ok kP OoOoDNdDDN

P(D,, ®C;)and

which is[2(n +3)] X [2(n +3)] square matrix.

By using theorem(2.4) we have M(D,, ®C,).

O O O OO Ok O O F - Pk

M(D,) | M(D,)

0 ‘ M(D,;

O OO0 OO0 O Fr P P P P B
O O OO0 0 O O O Fr P B Bk
O O 0O 00 OO Fr OFr B B,
P P OO ONEPREREPROOON
P P OO NNIERPRPRPLOONNDN

W(D,, ®C;)are

P O O FR B P P OO R Rk B

|

R e e T = =T = T SN S
O O R P P FP OORPRP R B,
O R, OFRP P RFP ORFR OPR R B,

taking the  forms

From proposition(3.3) and the above forms of P(D,, ® C;)and W(D,, ®C;)) then :
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2n-times

—_—

P(D,n ®C3) . M(D,n ®C3) W(D,, ®Cg) = diag {2, 2, -+ 2,1111L%= D(D,, ®Cs)

which is[ 2(n +3)] X [2(n +3)] square matrix.
Now we can find the invariant factors matrix of the group D,, ®C,, D(D,, ® C;) and the cyclic
decomposition of the factor group AC(D,, ® C,) by using theorem(3.7).

Corollary (3.8):

2n
The cyclic decomposition of AC(D,, ®C;)is: AC(D, xC3)= _®1C2
| =
Proof :
By theorem (3.7) , we have

2n
f—/%
DD, ®C,)=diag{2,2,2,...,2,111111}
Then by theorem (2.7) we have

2n
AC(D2n ®C,)= i@lCz )
Example(3.9)

2(5) 10

l_AC (D25 ®C3) = @ CZ :C‘BCZ
i=1 i=1

2(3) 6

2_AC (D23 ®C3): (‘D CZ = ®C2
i=1 i=1
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