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Abstract.

In this paper, we introduce and study some adjoint pairs of covariant functors. The first adjoint pair
of covariant functors is constructed between the category of profinite crossed modules and the
category of profinite transformation groups, which explains how to construct a profinite crossed
module from a given profinite transformation group. The second adjoint pair of covariant functors
is constructed between the category of free profinite crossed modules and the category of
continuous maps (from profinite spaces into profinite groups) which explains how to construct a

free profinite crossed module on a continuous map from a profinite space into a profinite group.
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1. Introduction

Crossed modules were introduced by [J.H.C.
Whitehead 1949] in his study on
combinatorial homotopy theory. During the
research work (1984-1987) of F.J. Korkes and
T. Porter, they entered a topological structure
on the theory of crossed modules and they
chose the category of profinite groups that
occur in problems relating to number theory,
commutative algebra, algebraic geometry and
algebraic topology, and they introduced the

definition of a profinite crossed module.

Although the category of profinite groups
form a natural extension to the category of
finite groups; it carries a richer structure in
that it has categorical objects and notions
which do not exist in finite case such as
projective (inverse) limits and free products.
The existence of such notions in the extended
category leads to the definition of the
profinite analogues as free groups and
presentation of groups by generators and

relations.

Profinite groups are compact, Hausdorff

and totally disconnected topological groups.

The open normal subgroups of such a group
constitute a neighbourhood basis of the
identity element. From this, it was impliesed
that any profinite group can be represented as
a projective (inverse) limit of a projective
(inverse) system of finite groups where each
finite group is given the discrete topology.
[F.J. Korkes and T. porter 1987] were
pointed that many results in combinatorial
group theory are fail to have a nice profinite
analogues, which are required to be re-worked

completely by using profinite technique.

2. An adjoint pair of covariant
functors between the category of
profinite crossed modules and the
category of profinite transformation

groups

Let us consider the category of topological
transformation groups, i.e. triples (X,G,0)
where X is a topological space, G is a
topological group and 6:G xX — X is a
continuous map (usually written 6(g,x) =

9%) such that:

! g ! -
(i) "x = x forall x € X and (ii) %9'x = " (Y'x) forall x € X and g, g’ € G. Such amap @ is called

a continuous left action of G on X. A continuous morphism in this category, say (u,1): (X,G,0) —

(Y, H, @) consists of a continuous map u: X — Y and a continuous homomorphism n: G — H such

that u8 = p(n x p),i.e.u(’x) = "9y (x) forall x € X and g € G.
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Definition 2.1. [Haran and Jarden 1985] A profinite transformation group is a topological

transformation group (X, G, 8) in which X is a profinite space and G is a profinite group.

Definition 2.2. [Haran and Jarden 1985] A continuous morphism (i, 1): (X,G,08) — (Y, H, ¢) of
profinite transformation groups is the same data as a continuous morphism of topological
transformation groups.

Profinite transformation groups and their continuous morphisms as defined above form a

category, ProfTGrps. There is a subcategory ProfTGrps of ProfTGrps which has as objects
those profinite transformation groups (X, G, 8) with X as a profinite group and having as continuous
morphisms from (X,G,0) to (Y,H, ) just those (u,n) in ProfTGrps in which u: X - Y is a

continuous homomorphism from a profinite group X to a profinite group Y. We shall remark her
that in case (X, G, 0) € ProfTGrps, the continuous left action 8 of G on X necessarily satisfies the

condition 9 (xx") = 9x 9x' forall x,x' € X and g € G.

Definition 2.3. [Korkes and Porter 1986] A profinite crossed module (N, G, d,8) consists of a

profinite transformation group (N,G,60) € ProfTGrps and a continuous homomorphism

d: N— G such that the following conditions are satisfied:
(CM1)foralln e N, g € G,

a(n) = ga(n)g™ (i.e.a is G-equivariant)
(CM2) forall n,n' € N,

a(nl)nz = ninyn,~* (Peiffer identity).

Examples 2.4.

(1) Let H be a closed normal subgroup of a profinite group G with a continuous left action 6: G x
H — H of G on H by conjugations. It is obvious that (H, G, 8) is a profinite transformation group.
If i: H — G is the inclusion map, therefore i is a continuous homomorphism and (H,G,i,0) is a

profinite crossed module.

In the above example, if either H = G or = {15} , then (G,G,1;,0) and ({15},G,i,0) are
profinite crossed modules. Thus each profinite group G can be viewed as a profinite crossed module

by any one of the above two cases.
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Definition 2.5. [Korkes and Porter 1986] A continuous morphism (u,n): (N, G,d,08) — (C,H, &, @)

of profinite crossed modules (N,G,0,0) and (C,H,8,¢) is a continuous morphism

(w,m):(N,G,08) - (C, H, @) of profinite transformation groups in ProfTGrps such that 6u = nad.
Profinite crossed modules and their continuous morphisms form a category, ProfCMod.

There is for fixed profinite group G, a subcstegory ProfCMod /G of ProfCMod consists of all
profinite crossed modules with G as the "base", i.e. all (N, G, d, ) for this fixed G and continuous
morphism from (N, G, 0,6) to (C,H, 8, ¢) just those (u,n) in ProfCMod inwhichn =1;:G — G
is the identity homomorphism on G.

A structure with the same data as a profinite crossed module and satisfying (CM1) but not
(CM2) is called a profinite precrossed module. A continuous morphism of profinite precrossed
modules is the same data as a continuous morphism of profinite crossed modules. Profinite
precrossed modules and their continuous morphisms from a category, ProfPreCMod. In this case,
ProfPreCMod is a full subcategory of ProfCMod.

There are two covariant functors, the forgetful functor F: ProfCMod — ProfPreCMod and
the left adjoint functor L:ProfPreCMod — ProfCMod, which assigns to each profinite
precrossed module (N,G,0,60), a profinite crossed module (N, G,0¢,0¢") where N¢ =
N/[[N, N] ,0":N" — @ is a continuous homomorphism induced by d,i.e. 3" (n[N, N]) = d(n)
and 6°:G x N — N is a continuous left action of G on N¢ induced by
0,i.e.0(9(n[N,N])) = 9n[N, NJ. In the above description [N, N] is a closed G-invariant normal
subgroup of N generated by all peiffer elements of the form [n,n'] = nn'n~t 2™n'~1 for all
n,n' € N, and assigns to each continuous morphism (u,7n): (N,G,d,0) — (C,H, 8, ) of profinite
precrossed modules (N,G,d,08) and (C,H,8,¢) a continuous morphism of profinite crossed
modules (u¢",n): (N, G,0°,0") — (C,G,5°, "), where u‘":N — C induced by
wi.e.u"(n[N,N]) = u(n)[C, CJ.

To construct an adjoint pair of covariant functors between ProfCMod and ProfTGrps, we
establish the following five results whose proofs are straight forward.

Theorem 2.6. If (N, G,0) € ProfTGrps, then we can form (N, N x G,dy,0) € ProfCMod, where
dy:N — N % G is a continuous group homomorphism defined by dy(n) = (n,1;) for all n € N
and 6: (N » G) x N - N is a continuous left action of N x G (the semidrect product of N and G)

on the left of N by ®9n'=n9n'n' for all n,n' €N and g € G. Furthermore, if

(f,D:(N,G,8) = (C,H,p) is in ProfTGrps, then (f,f xl): (N,N o G,aN,E) - (C,Cx
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H,A., @) is in ProfCMod, where f x [: N x G — C x H is a continuous homomorphism defined
by (f,D(ng = (f(n),l(g)) forallne Nand g € G.

Corollary 2.7. Let (N,G,0) be in ProfTGrps and (C,H,A,¢) be in ProfCMod . If
(Lk):(N,N = G,dy,0) > (C,H,A,¢) is in ProfCMod, then the mapping k*: G > H defined by
k*(g) = k(ly, g) forall g € G is a continuous homomorphism, and ([, k*): (N,G,8) - (C,H, ) is
in ProfTGrps .

Corollary 2.8. Let (N,G,0) be in ProfTGrps and (C,H,A,¢) be in ofCMod . If
(L,k): (N,G,8) — (C,H,¢) is in ProfTGrps, then the mapping V:C x H — H defined by
V(c,h) = A(c)h is a continuous homomorphism and (LV(IxkK):(N,Nx
G,dy,0) — (C,H,A,¢) isin ProfCMod .

Lemma 2.9. There is a covariant functor (forgetful functor)
F:ProfCMod — ProfTGrps defined by:
(F1) F:(N,G,0,08) = (N,G,0) forall (N,G,d,6) in ProfCMod,
(F2) F(u,m) = (u.m): (N,G,8) — (C, H, ¢) forall

(1,m) € MOTprofcmoa((N, G,0,6), (C,H, 4, 9)).

Lemma 2.10. There is a covariant functor L: ProfTGrps — ProfCMod defined by:

(L1) L(N,G,0) = (N,N x G,dy,0) forall (N,G,0) in ProfTGrps,

(L2) L(F, 1) = (f, f x D:(N,N x G,dy,0) — (C,C x H,Ay, ) forall

(f, l) € MOTW ((N, G, 9), (C,H, (p))

Theorem 2.11. The covariant functors F and L as defined above represent an adjoint pair of
functors, i.e. L is a left adjoint functor of F.

Proof: We shall show that there is a natural isomorphism ¢: Morpyoremoa(L——) —

MoriprofTGrps(_rF —),where Morpyorcmoa(L—)—), Morm(—,F —):ProfTGrps X

ProfCMod — S are bifunctors, the notation ProfTGrpsOp denotes the opposite (or dual) category

of ProfTGrps, and S is the category of sets, defined respectively by the following compositions;

LP XIprofcMod EprofcMod

ProfTGrpsopXProfCMod > ProfCMod°? xProf CMed——» S and

EProfTGrps

xF
ProfTGrpsop X ProfTGrps ———— S,

—  op
ProfTGrps

I
ProfTGrpsop XProfCMod
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where L°P: WOp — ProfCMod° is a functor assigns to each profinite transformation group
(N, G,0)°P, a profinite crossed module L°P(N,G,8)°? = (L(N,G, 9))0p = (N,N % G, aN,E)"p
and to each continuous morphism (1, k)°P: (N, G,0)°? — (C, H, ¢)°P of a profinite transformation
groups, a continuous morphism LP (I, k)P = (L(L, &))" = (1,1 x k)°P: (N,N % G,8y,8) —
(C,C > H, A, @)% .
Moreover, Ep,orcmoa 1S @ bifunctor assigns to each object ((N,G,d,6)°7,(C,H,A,¢)) a set
Motproremoa((N, G,8,0), (C,H, 2, ) and to each morphism
(£, 0%, (wm): (N, 6,9,0)°P,(C,H,2,9)) —
(N, 6',0',6"),(C',H', 2, ¢")) afunction
Eprofcmoa((f, )P, (1,1)): MOTerofcmoa((N, G, 0,6, (C, H, A, 9)) —
MorpmeMod((N’,G',6’,9'), (C',H',l’,(p')) which is defined by
Eprogemoa((fr )P, (,m) (LK) = (u,m) (LK) (f, t) for all
(L k) € MoTprorcmoa((N,G,0,0),(C,H,2,)). Also, Eprorrorps Can be similarly defined. Now

Define a function ¢: Morpyrcpoa(L—, —) — Mor (- F —) as follows: for all A=

ProfTGrps
((N,G,8)°,(C,H,1,9)) € ProfTGrps . x ProfCMod , $(A): MOTpropcrsoq (N, N
G,dy,0),(C,H,A, (p)) -
Morm((N,G,H), (C,H,)) is a function defined by ¢(A)(, k) = (Lk*) for all

continuous morphism (l,k):(N,NxG,aNﬁ)—>(C,H,/l,qo) of profinite crossed modules,
where (1, k*) is a continuous morphism of profinite transformation groups as defined in corollary
(2.7). We shall show that ¢ is a natural transformation. To do this, let ((f,t)°P,(un)) €
Mor— o (4,B), where A= ((N,G,0)°P,(C,H, 2 ¢)) and

ProfTGrps p><ProfCM0d
B=((N,G,d',00°,(C",H,2,¢"). It is enough to show the commutativity of the following

diagram with respect to ¢:

_ o(4)

MOTPTOfCMOd ((N'N A G! aN' 9)! (C; H; /1! @))4— MOTPTOfTGTpS((N G 0) (C H (p))
Y(4)

MOT‘PT'OfCMOd( )((f t)op (u'l )) MOTProfTGrps( ) _)((f’ t)op’ (nu’ 77))

((fr t)op: (u, 77)) = EProfCMod((f!f X t)Op’ (H! 7])) = Em((ﬂ t)Op' (#’77))
v ¢‘(B) v
MoTprofcuoa ((N N'x G dy,0 ) (C' H X, 0 )) > Morsrres (N, 61, 6),(C H' o)
Y(4)

18



Basrah Journal of Science (A) Vol.32(1),13-27, 2014

Let (I, k) € MoTp,orcmoa(N, N ¥ G,dy,0) — (C,H, A, ¢) . Therefore
Em((f, £)°P, (u,1m))@(A) (L, k) = (ulf, nk*t). On the other hand,

D (B)Eproscmoa((f, f ¥ O, (wm) (L k) = (ulf, (nk(f x D))").
Butnk*t = (nk(f X t))* on G', therefore ¢ is a natural transformation.

Likewise, define W: Morm(—,F =) — MoTpyorcmoa(L—, —) as follows;

forall A = ((N,G,0)°°,(C,H,2,¢)) € ProfTGrpsop X ProfCMod ,
lP(A) MOTW((N, G, 9), (C, H, (p)) —_— >

MoTprorcmod ((N,NxG,(’)Nﬁ),(C,H,)l,<p)), is a function defined by ¥(A)(Lk) =

(LV(Ixk)), for all (I,k) € Mor (N,G,0) > (C,H,¢p)where (L, V (Ixk)):(N,N

ProfTGrps
G, 6,\,,5) — (C,H, A, ) is a continuous morphism of profinite crossed modules as defined in
corollary (2.8). ¥is a natural transformation according to the commutativity of the above diagram
w.r.t. ¥ as follows:

Let (I, k) € Mor ((N,G,0),(C,H,1)). Therefore, we have

ProfTGrps

Eprorcmoa((f f 2 9)°P, ()P (A (LK) = (ulf,nV (1< k)(fx g)).  On  the  other
hand; ¥ (B) Eprorrarps (F, 9)°F, (wm)) (L k) = (ulf, V' (w =)A< k)(f x g)).  Since  V'(u
n) =nV on C x H. Therefore ¥ is a natural transformation.

To complete the proof, we show that

Yo = Iy, and QY = I,

L—,— (- F-
ProfcMod! ) ProfTGrps( )

Let A = ((N,G,0)°P, (C,H, A, )) € ProfTGrps | X ProfCMod and let
(L k) € MoTpropcroa (N, N % G,0,8), (C, H, 2, 9)), we have

(D)D) K) = (f,V(fx k™). But V(f xk*) =konN x G, therefore

(W))W k) = (Lk) = <1Mor (A)) (L k).

profcMod(L—=)

Likewise, let (r,s) € Mor ((N,G,0),(C,H,2),

ProfTGrps

(@¥)(A)(r,s) = (r,(V(rxs))"). Infact (V(r x s))" = s on G, therefore

(@V)W)(r,s) = (r,5) = <1Mor . (A)) (r,s).

ProfTGrps

Hence L is a left adjoint functor of F.
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3. An adjoint pair of covariant functors between the category of free profinite
crossed modules and the category of continuous maps from profinite spaces to
profinite groups
Definition 3.1. [Ribes and Zalesskii 2000] Let X be a profinite space. A free profinite group on X is
a profinite group F(X) together with a continuous map f:X — F(X) satisfying the following
universal property: if h: X — G is any continuous map from X to a profinite group G, there exists a

unique continuous homomorphism ¢: F(X) — G such that ¢f = h.
Now we define a free profinite crossed module in an analogous manner.

Definition 3.2. [Korkes and Porter 1986] Let (N,G,0,60) in ProfCMod and f:X — G be a
continuous function, where X is a profinite space, we say that (N, G, d, 0) is a free profinite crossed
module on f if there is a continuous function v:X — N such that f = dv together with the
following universal property: Given any (4, G, 38, ¢) in ProfCMod and any continuous function
[: X - A such that 61 = f, there exists a unique continuous morphism (a,I;): (N,G,0,0) —
(A,G,6,¢) in ProfCMod such that av = [.

N % A
\ / z
9 X 5
f f
A 4 v
6 > G
Ig

Free profinite crossed modules and their continuous morphisms from a category, FProfCMod.

Free construction 3.3. [Korkes and Porter 1986] Suppose given a continuous function f: X — G
from a profinite space X into a profinite group G. Let F(G x X) be the free profinite group on the
profinite space G x X. Define a continuous left action 0:G x F(G x X) — F(G x X) of G on
F(GxX)by9(g',x) =(gg',x) forallx e Xand g,g" € G.

The continuous function f induces a continuous function f: G x X — G defined on generators by
f(g,%x) = gf(x)g~1. The continuity of f is impliesed from the continuity of f as well as from the

continuity of the left action of G on itself by conjugations. Now, as f: G x X — G Is a continuous
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function, therefore from the universal property of the free profinite group F(G x X) on G x X, there

is a continuous homomorphism f* extending f, f*i = f,

F(G % X)
loxx ~_ fr
.~
f ¢
From above, (F(G x X),G,f*,0) isin ofPreCMod . Let [F, F], where F=F(G x X) be

the peiffer subgroup of F generated by the peiffer elements [u,v] = uwvu™1 7 @yt yve

F(G x X). In fact [[F, F] is a closed G-invariant normal subgroup of F(G x X). Hence the quotient

group F(G x X)) = F(G % X)/[[F FJ is a profinite group. The continuous left action ¢ induces a

continuous left action a" of G on F(G x X)°" defined by: g((g’,x) [F,F]) = (gg’, x)[F, F]. Also,

the continuous homomorphism f* induces a continuous homomorphism f*":F(G x X)" — G
defined by

£ ((g,0)[F,F1) = gf (x)g~* = f*(g, x). From above (F(G x X)", G, f*",0°") isin of CMod

Definition 3.4. [Korkes and Porter 1986] Let G be a fixed profinite group. If we take as objects the
continuous functions f: X — G, where X a profinite space, which we denote it by (X, G, f), and as
continuous morphisms between these objects the pairs (1, 1;): (X,G,f) — (X',G,f") where
l: X — X' is a continuous function such that 'l = f, then the above data consititute a category,

ContMap ¢ » called the category of continuous functions.

In the following, we shall give an interpretation to the description of the above free construction

(3.3) by constructing an adjoint pair of covariant functors between the categories FProfCM Od/G

and ContMap/G . To do this let us first establish the following five results whose proofs are

straight forwards.
Proposition 3.5. Let X and X' be profinite spaces and G be a profinite group. If f: X — G

and f": X' — G are continuous functions such that f'# = f, then there is a unique continuous
homomorphism 2 F(G x X)" — F'(G x X)°" defined by
2 ((g,9)[F,F]) = (g,£(x))[F',F'] such that

(‘g*cr,lc): (F(G % X)CT, G,f*cr, O.cr) N (FI(G % X’)CT, G'fl*cr,o.lcr) isin PTOfCMOd/G )
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ProfCMod/
G

Proposition 3.6. Let (N,G,4,0) be in and f:X — G be a continuous function,

where X a profinite space. If (aCT,IG):(F(GxX)Cr,G,f*cr’Gcr)_)(N,G,A,H) is in

PrOfCMOd/G , then there is a continuous function

Y:X — F(G x X)°" defined by Y(x) = (14, x)[F, F] such that A a" Y = f.

ProfCMod/
G

Proposition 3.7. Let (N,G,A,0) be in and let f:X — G and B:X — N are

continuous functions, where X is a profinite space, such that A8 = f, then there is a unique
continuous homomorphism g*“: F(G x X)°" — N defined by 5*" ((g,x)[F,F]) = 98(x) such

that (8", 15): (F(G x X),G,f*,0°") — (N, G,4,0) isin "TO/ Moy .

Lemma 3.8. There is a forgetful functor F: meCMOd/G — ContMap/G defined by:

(F1) F(N,G,1,0) = (N,G,A) forall (N,G,2,0) e P/ CMod .

(F2) F(u, 1) = (u,Ig): (N, G, 1) — (N',G, A")
forall (u,1;) € Morerofcmod, ((N,G,2,0),(N',G,2,8").
G

Lemma 3.9. There is a covariant functor L: ContMap/G — meCMOd/G defined by:

(Ll) L(X,G,f) = (F(G x X)°T, G,f*cr,O'CT) for all (X, G,f) € COTltMap/G .

(L2) L) = (¢ 16):(F(G x )7, 6, ,07) = (F'(GxX)7,G,f"",0'"")  for
a” (f, IG) € MOTContMap/G((X, G, f)’ (X’, G, f’))

Theorem 3.10. The covariant functors F and L as defined above represent an adjoint pair of
functors, i.e. L is a left adjoint functor of F.

Proof. We shall follow the same procedure described in the proof of theorem (2.11).
)
Define two functions @: MOTprofCMod/ (L—,-) ﬂorwnwap/ (=, F —) as follow: For any
G 1/ G

Map°?,  ProfCMod
= ((X,G, )%, (N, G, 2,0)) € ContMap™ . ProftMod; -

@(A): MorprofCMod/G ((F(G X X)CT’ G,f*cr, O-CT); (N’ G' /1' 9)) - 5
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Morcontmap) ((X,G,f),(N,G,2)) is a function defined by: ®(4)(a“",I;) = (a°"Y,I;) for
G
all (a“",1;): (F(G x X)CT,G’f*cr’a") — (N, G, 2,0), where (a"Y,I;): (X,G,f) — (N,G, 1) is

in ContMap/G as defined in proposition (3.6). Also, ¥ (C): Mor contmap) ((X,6,/),(N,G,2))
G

CT'—>
MOTprofMod/G ((F(GxX)CT,G,f* ,a"),(N,G,A,H)) is a function defined by:

wOB 1) = (B 1), for all (B1):(X,Gf)— IN,GA) in COMMP/ . where

(8", 15): (F(G x X)",G, f*",) — (N,G,A,6) is in meCMOd/G as defined in proposition

(3.7).
Let ((£,1.)°P, (w.1)): A = ((X, G, )P, (N, G, 1,0)) ———»

B = ((X',G, )P, (N',G,X',6") in MorCOntMap/GopXpmeMod/G. To show @

and ¥ are natural transformations, we need to show the commutativity of the following diagram:

o(4)
A M cr T _cr - >
OrPTOfCMOd/G ((F(G X X) ) Glf !0- )J U) < MOTContMap/G((X. G!f)l])
Y(4)
(({), IG)OPJ(MJ IG)) EPrOfCMOd/G (({)*CT! IG)Op’(M’ IG)) EContMap/G(({), IG)Op'(M' IG))
y v N ®(B) v
B MorProfCMod/G (((F/(G % Xl)cr‘ G, fl* , O.Icr)) , Y) MOTContmap/G((X” G,f/)’ Q)
Y(4)
Where U = (N,G,4,0),] = (N,G,2),Y = (N',G,2,0"),and Q = (N',G,A"). Let (a",I;): (F(G x
X),G, £7,0) — (N, G, 2,0) be in PO/ CMod

Therefore, Econtmap / ((i’, 1:)°P, (u, IG))r,D(A)(a", I) = (ua"y¢,1;) . On the other hand
G

@ (B)Eprofcmod n <(£*",IG)°”, (u,la)> (@, 1) = (paT¢ "Y', I5). But Ye=¢7Y on X,

therefore @ is a natural transformation. Also, let (B8,1;): (X, G, f) — (N,G,A) be in ContMap/G :

therefore
EProfCMod/G <(f*cr, Ia)op, (u, 1@)) YA (B, 1g) = (u "¢, I;). On the other hand,

Y (B)Econtmap; ((4,16)°7, (1, 16)) (B, 1g) = (s, 15). Since
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(B = u B¢ on F'(G x X")°. Thus ¥ is a natural transformation. Finally, we show that
Yo = Iy, and ¢¥ = I,y . Let

r g — F—
ProfCMod/ @&=-) ContMap/ (=F-)
G G

op
A=((X,G,)°,(N,G,20)) € ContMap /G % ProfCMod/G . and

(@, 15): (F(G x X)",G,f*",0°") — (N, G, 4,8). Thus
(W)(A) (@, 1) = ((@TY),Ig). In fact (@)™ =a on F(G x X)°", therefore,

(FHD) @ 16) = | Iyor (@ | @10,

ProfCMod/G
Likewise, let (B,1;): (X, G, f) — (N, G, A), therefore
((@¥)(A) (B, 1) = (BY, I). But B~"Y = p on X, therefore
(@WYD)B.10) = Bo1) (Inorconia, 7)) 6.1
G
Hence L is a left adjoint functor of F.

Theorem 3.11. If (X,G,£) in C“™™MP/ . then (F(G x X)°",G, f*,0T) is a free profinite

crossed module on (X, G, f).

Proof. Let v': X — F(G x X) be a function define by v'(x) = (14, x) for all x € X. Therefore, v' is
a continuous map of profinite spaces according to the following commutative diagram:

!

X 14 F(G x X)

- ] .

(Ige¥— 4% G x X

since the quotient homomorphism q: F(G x X) — F(G x X)°" is also continuous, therefore
v=qv:X — F(G x X)" is a continuous map defined by v(x) = (1, x)[F, F] for all
x € X. Note that f*“ v = f on X.

Now, we prove the universal property of the free profinite crossed module. Given a profinite
crossed module (4, G, 6, ¢) and a continuous function I: X — A such that §] = f. The continuous
function [ and the continuous left action ¢ induce a continuous map K:G x X — A defined by

9 .

K(g,x) = (I(g)) for all x € X and g € G. Therefore, from the universal property of the free
profinite group F(G x X), there is a unique continuous homomorphism K™: F(G x X) — A such

that K'igx = K, i.e. K*(g,%) = K(g,x) = (1(g)).
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* _1
Since K((g, x)(g’,x) (g, x)‘l(f (g'x)(g’,x’)) > =1y,i.e.[F,F] € KerK,
Therefore, from the universal property of the quotient homomorphism q: F(G x X) — F(G x X)",
there is a unique continuous homomorphism K*“: F(G x X)" — A
such that K q = K', i.e. K ((g,x)[F,F]) = K" (g,x) = %1 (x).

Now, Consider the following diagram:

*CT

F(Gxx)r K A

\v/‘l
f*cr X
/f\ f
y C Ic,‘:‘

*CT

&
<«

ProfCNod/
G

We need only to show that (K™, I5): (F(G x X)",G,f*7,0) — (4,G,8,¢) isin

, where, the uniqueness of (K™, I;) is followed from the uniqueness of K*“ and I, .
Forall (g,x)[F,F] € F(G x X)°",
5K ((9,01F, F1) = 6 (1))
= g6l(x) g™
=gf(x)g™
= f"(g,%)
= " ((g. 0)IF, FI).
Also, forany g € G and (g', x)[[F,F] € F(G x X)°",
«cr (9 , ,
K ("((g"0IF,F1)) = K7 (99", )[F, F])

_ gg’l(x)

- g(K*"((g',x)[[F, FI))

= IG(Q)K*CT((g’,x) IF, F]).

The following result can be deduced from lemmas (3.8), (3.9) and theorems (3.10),(3.11).
ContMap/G - FProfCMod/G is a

«CT

Theorem 3.12. The covariant functor L: left adjoint functor of

the forgetful functor :FPTOfCMOd/G — ContMap/G _
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