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Abstract  
Our aim in this paper is to study the equivalence hesitant soft relations . We introduce and 

discuss the closures of equivalence hesitant soft relations . 
 

 المستخلص
هدفنا في هرا البحث هو دزاست العلاقاث الناعمت المتسددة. علاوة على ذلك قدمنا وناقشنا الانغلاق لتكافؤ العلاقاث الناعمت      

 المتسددة.
 

1. Introduction 
        The concept and basic properties of soft set theory were presented in [2,3]. In the classical soft 

set theory, a situation may be complex in the real world because of the fuzzy nature of the 

parameters. With this point of view, the classical soft sets have been extended to fuzzy soft sets 

[4,5], intuitionist fuzzy soft sets [6,7], vague soft sets [8], interval valued fuzzy soft sets [9], and 

interval-valued intuitionist fuzzy soft sets [10], respectively. 

      There are the uncertainties of various types in economics enginee- ring, environmental science  

sociology, and computer engineering, environmental science, sociology and computer science. But 

classical mathematical approaches are often insufficient to derive effective or useful models 

because the uncertainties appearing in these domains are of various types, highly complicated and 

difficult. To avoid difficulties in dealing with uncertainties, many tools have been studied. These 

are fuzzy sets, rough sets and vague set. In 1999, Molodtsov [2] introduced the concept of soft sets 

to solve complicated problems and various types of uncertainties. He introduced the concept that a 

soft set is an approximate description of an object precisely consisting of two parts, namely 

predicate and approximate value set. 

The latest development to this area would be the introduction of “hesitant fuzzy sets” by Vicenc 

Torra. As the name suggests this allows scope for hesitancy. Hesitant fuzzy sets allow us to give 

room for imprecision in assigning the membership values by considering all the possible 

membership values. 
 

2.Preliminaries  
In this section ,we recall some basic notions in hesitant soft set and hesitant soft relations . 

 

Definition 2.1 [1] 

Let   be the reference set and        by fuzzy power set then we define hesitant soft set by     
       such that           is measurable simple function on      . 
 

Definition 2.2[1] 

        Empty set:                    

Definition 2.3 [1] 

         Full set :                      

Definition 2.4 [1] 

A hesitant soft subset   of      is called a hesitant soft relation   from   to   

              i.e.              
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Note 2.5 [1] 

        denotes the family of all hesitant soft relations from       . 

Definition 2.6[1] 

       Identity relation on   ,              

       {
{    }                  
{    }                

 

Definition 2.7[1] 

       Let   be the hesitant soft relation on   then we say   is  

1) Reflexive if             

2) Symmetric if               

3) Anti-reflexive              every    . 
 

3. Equivalence hesitant soft relations 
        In this section, we will introduce the concept of transitive hesitant soft relation and equivalence 

hesitant soft relations , and we study their properties.  

Definition 3.1 

         Let    and    be a hesitant soft relations on  . Then  

a) The inverse of    can be defined as:            then              such that 

                  

b) The union of two hesitant soft relations    and    on    to  , denoted      , is defined by 

      {                                                 } 
c) The intersection of two hesitant soft relations    and    on    to  , denoted by      , is 

defined by  

      {              }                                     } 
 d)      if for any                         .Then 

                       . 

Definition 3.2 

         Let    be  a hesitant soft relation from   and    (i.e.               ) and    be  a 

hesitant soft relation from   and    (i.e.              ). Then the composition of    and   , 

denoted      , is a hesitant soft relation from   and    (i.e.                 ) defined as 

follows: if                 if and only if                  
                                           . 

Definition 3.3 

          Let    be a hesitant soft relation on   then we say    is  

(1) Reflexive if              

(2) Symmetric if                   

(3) Transitive if         . 

(4) Equivalence hesitant soft relation if it is reflexive, symmetric and transitive. 

Proposition 3.4  

     Let                  and     be  hesitant soft relations on X .Then 

1) if                 
      

    
2)          

      
      

             
      

      
  . 

3) if         and        , then                 

4)                      
      

      
   

Proof: 

1) Let         . Then    
                             

       . 

    Hence    
      

  . 

2)          
                                         

     
           

        

       
      

        . 

         
      

      
   is similar. 
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3) Clear 

4)                                 

         
                                         

    
           

            
      

         

Theorem 3.5 

         Let HR , H  and    be two hesitant soft relations on X , then  

1)                     
2)                   . 
3)                                    
Proof: 

(1) and (2) clear. 

3) Suppose                , 
                                                    .  

Hence         . 

Theorem 3.6  

         Let    and    be two hesitant soft relations on  . 

(1)    is equivalence relation if and only if      is equivalence relation also. 

(2) If    and    are equivalence, then so are       and      . 

(3) If    is equivalence ,then         . 

(4) If    and    are equivalence relations , then      is equivalence if and only       
      and            . 

Proof.  

(1) Since    is reflexive,              if and only if                if and only if  is 

reflexive. By proposition 3.4(4),    is symmetric if and only if                   
              if and only if        is symmetric. 

By proposition 3.4(1)    is transitive if and only if          if and only if           
     if and only if        is transitive. 

(2) We show that       is an equivalence hesitant soft relation. Since    is reflexive, 

            , therefore                  .  

Hence       is reflexive. Since    is symmetric,                         
                         ,  hence  is symmetric. Since  is transitive,           and 

hence by proposition 3.4(3), 

                                    , 

so       is transitive. 

Now, we show that       is an equivalence hesitant soft relation. Since    and     are 

reflexive,              and             , and hence                  , thus       

is reflexive. Since    and     are symmetric,                   and                  , 

and hence by proposition 3.4(2), 

                                        , thus is transitive. 

(3) Since  is transitive,         . To prove         . Let         . Since   is 

reflexive,           and then             , Thus        . Therefore       
  . 
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4.  Closures of equivalence hesitant soft relations 
         In this section, we will introduce the concepts closures of equivalence hesitant soft relations , 

and study their properties . 

Definition 4.1 

           Let R be hesitant soft relation on X. The minimal reflexive hesitant soft relation containing 

HR is called reflexive hesitant closure , denoted by  ̅     . 
 

Definition 4.2 

           Let R be hesitant soft relation on X .The minimal symmetric hesitant soft relation containing 

HR is called symmetric hesitant closure , denoted by  ̅     . 

Definition 4.3 

           Let R be hesitant soft relation on X .The transitive hesitant soft relation containing HR is 

called transitive hesitant closure , denoted by   ̅    , defined as follows :    ̅             
                   
Theorem 4.4 

Let R be a hesitant soft relation on X . Then 

(1)               

(2)               

Proof. 

(1)  By Theorem 3.5(1),                                , so       is 

reflexive. i.e., if    is a reflexive Hesitant soft relation on   and       . By reflexivity of    , 

    , then by Proposition 3.4 (1), we have       . Thus               

(2)  By Proposition 3.4(2), 

                                           is symmetric Hesitant soft 

relation. i.e.,         is a symmetric Hesitant soft relation on   and            by 

Theorem 3.5 (1).

  If     is a symmetric Hesitant soft set relation on  and      . By Proposition 3.4 (1),      
     . According to Proposition 3.4 (3),               . Then 

             . 
 

References  
1- D. Rout and T. som , On hesitant soft relations , Int. Journal of Adv. Res. ,(3013) 341-346 . 

2- D. Molodtsov , Soft set theory – first results , Computer Math. Appl. 37 (1999) 19-31 . 

3- P.K. Maji, R. Biswas, A.R. Roy, Soft set theory, Comput. Math. Appl. 45 (2003) 555–562. 

4- P.K. Maji, R. Biswas, A.R. Roy, Fuzzy soft sets, J. Fuzzy Math. 9 (3) (2001) 589–602. 

5- P. Majumdar, S.K. Samanta, Generalized fuzzy soft sets, Comput. Math. Appl. 59 (4) (2010) 

1425–1432. 

6- P.K. Maji, More on intuitionistic fuzzy soft sets, in: H. Sakai, M.K. Chakraborty, A.E. 

Hassanien, D. Slezak, W. Zhu (Eds.), Proceedings of the 12
th

 International Conference on Rough 

Sets, Fuzzy Sets, Data Mining and Granular Computing, RSFDGrC 2009, in: Lecture Notes in 

Computer Science, vol. 5908, Springer, 2009, pp. 231–240. 

7- P.K. Maji, A.R. Roy, R. Biswas, On intuitionistic fuzzy soft sets, J. Fuzzy Math. 12 (3) (2004) 

669–683. 

8- W. Xu, J. Ma, S. Wang, G. Hao, Vague soft sets and their properties, Comput. Math. Appl. 59 

(2) (2010) 787–794. 

9- X.B. Yang, T.Y. Lin, J.Y. Yang, Y. Li, D. Yu, Combination of interval-valued fuzzy set and soft 

set, Comput. Math. Appl. 58 (3) (2009) 521–527. 

10- Y. Jiang, Y. Tang, Q. Chen, H. Liu,   J. Tang, Interval-valued intuitionistic fuzzy soft sets and 

their properties, Comput. Math. Appl. 60 (3) (2010) 906–918. 

 

 


