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ABSTRACT 

  An incompressible three dimensional continuity and Navier-Stokes (momentum 

equations)  equations are numerically solved to obtain the pressure drop and fluid friction in 

laminar steady state micro-channel flow of water. The governing equations are solved by 

using SIMPLE algorithm with finite volume method and FORTRAN code to obtain pressure 

field in rectangular micro-channel and then from the pressure field both friction factor f and 

friction constant Cf are obtained. 

  The results showed that the factors affecting the pressure drop, friction factor f and 

friction constant Cf are; channel length L, Reynolds number Re, aspect ratio α, channel 

volume chV  and hydraulic diameter hD . Increasing of channel length L leads to increase 

each pressure drop, f and Cf. On other hand, increasing of Re leads to increase pressure drop 

and decrease the f, while the Cf increase with low value of Re (Re less than 50) and then 

nearby with approximately constant value. Moreover, increasing of α, chV  and hD each 

separately leads to decrease pressure drop and increase both f and Cf.  

المائع في جريان طباقي لقنوات مايكروية  واحتكاكدراسة عددية لهبوط الضغط 

 مربعة الشكل

 سياراتالمعهد التقني في الشطرة/ قسم المكائن والمعدات/ ال،  م.م حيدر محمد حسن

 الخلاصة
( تة) لهاةا رياة ة  momentum equationsومعةادلا  الةم )    (continuity equation)الاسةمرااية   معادلة       

 frictionوثارة  الالماةا    (friction factor f  ومعامة  الالماةا  (pressure drop  هبةط  الغة   عددةة  يةاةاد

constant Cf)  ةاةا  فةي قاةطا  ماةااوةة  مارعة   لرةا فةي لالة  الاسةم ااي ولا ااغة ا ي ثلاثي الأرعةاد لااةان  باقي

وقةد تة) تيطةة  الرعةادلا   SIMPLE method)  راسةمددا   اة ة  ومعةادلا  الةم )لة  معادلة  الاسةمرااية   ت) .الشا 

وراسةةمددا  ل ةة  فةةطيتاان  (finite volume methodالياكرةة  ىلةةش الشةةا  العةةدد  راسةةمددا   اة ةة  الياةةط  الريةةدد   

 FORTRAN)  تطزةةع الغة    ىةاةاد , ومن  لالفي الرائع الغ  ةع  ة   ت) ىةااد تطز. راذه اليات) ل  هذه الرعادلا

 .وثار  الالماا  ةران اةااد معام  الالماا 

عهش هبط  الغة   ومعامة   الي  العدد , تبين رأن هاالك  مارطع   من  العطام   المي  تؤثا امائج لال ملالظ  من      

اسةب  و (Reynolds number Reعدد يةاطلدز ( وchannel length L طل ال اطا    :وهي وثار  الالماا  ماا الال

 hydraulic  وال يةا الراةاف   chV(channel volume( ولاة) ال اةطا    αaspect ratioالةش العةا)   الايتفةا 

 hD diameter).   عاد زةادL عاةد زةةاد  و فأن ك  من هبةط  الغة   ومعامة  وثارة  الالماةا  ةةمدادRe    ةةمداد هبةط

( ومةن ثة) ةبةدو ثارمةاد رعةد Re<50ةمداد عاد قي) صة يا  لعةدد يةاطلةدز   ثار  الالماا ريارا  الغ   وة   معام  الالماا 

 .هبط  الغ   وةمداد معام  وثار  الالماا ة     ك  عهش لد   hD و chV و α وعاد زةاد   ذلك

KEYWORDS: laminar flow, rectangular micro-channel, numerical solution, pressure 

drop, friction factor and friction constant 
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1. Introduction 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

English symbols 
Dh         hydraulic diameter .  .. . . . .  .. . .. m 

Hch        channel height  . . . . . . . . . . . . . .  m 

L           channel length . .. . . . .. . . . . . . . . m 

p           pressure . . .. . . . . . . . .. . . . . . . . . Pa 

∆p         pressure drop . . . . . . . .. . . . . . . . Pa 

u           fluid x-component velocity   . . . m/s 

v           fluid y-component velocity . . . . m/s      

w          fluid z-component velocity ... .. .m/s 

Wch        channel width . . . . . . . . . . . . . . ..m 

x            axial coordinate . . . . . . .  . . . . . ..m 

y            horizontal coordinate .  . . . . . . . . m 

z            vertical coordinate . . . . . . . . . . . .m 

 

Greek symbols 

μ           dynamic viscosity . . . . . . . .. . Pa/s 

ρ           density . . . . .  . . . .   . . . . . . . kg/m3 
 

Dimensionless groups 

Cf = f Re             friction constant 

𝑓 =
∆𝑝𝐷ℎ

2𝐿𝜌𝑢𝑖𝑛
2            friction factor 

Re = ρuin Dh / μ   Reynolds number 

α = Hch / Wch        aspect ratio 

Subscripts 

ch        channel 

in         inlet 

m         mean 

     The fast development of high density of 

very large scale integration (VLSI) 

microelectronic circuit required more and 

more effective ways of cooling the 

microchips. In principle the higher level of 

integrity (responsible for the computer 

processor unit CPU speed) the more heat is 

released as shown in Fig. 1 [1]. The 

tendency presented here makes it clear that 

further progress in VLSI systems 

development is limited by the capabilities in 

heat removal from microprocessors. As a 

possible solution micro-channel based 

circuits with liquid cooling media can be 

employed as providing very high heat 

transfer coefficient. Although such systems 

are being already constructed (see sample 

design in Fig. 2) their performance is still 

far from being quite satisfactory and a lot of 

research efforts have to be done to solve the 

existing problems [2]. In micro-channel 

flow, the Knudsen number is a measure of 

the degree of the rarefaction which is 

defined as the ratio of mean free path to the 

characteristic length scale of the system. 

The flow regimes could be classified as: 

continuum regime (Kn<0.001), slip flow 

regime (0.001<Kn<0.1), transient regime 

(0.1<Kn<10) and free molecular regime 

(Kn>10). In order to simulate the no slip 

flow regime, the Knudsen number is 

Kn<0.001 [3]. 

 

    The main advantage of small channels is 

their high cooling performance. It may be 

even up to 60 times higher when used in 

heat exchangers than the corresponding 

values of micro-channels leads, however, 

to significantly increased flow resistance 

which is a serious drawback of this 

technology [2]. Several early studies 

provided results on the friction factor and 

pressure drop, Wu and Little [4] 

investigated the friction factor in micro-

channels (etched in silicon and glass) with 

hydraulic diameters ranging from 55.81 to 

83.08μm. They found that the friction 

factor up to 30% higher than the value 

predicted for the circular pipe on the basis 

of conventional law. Shah and London [5] 

compiled a comprehensive solution for 

laminar forced convection flow heat 

transfer in wide range of ducts sizes and 

shapes. Muzychka [6] developed an 

analytical and experimental study for the 

fluid friction and heat transfer for wide 

range of channels geometries. He showed 

that the square root of cross-section flow 

area as characteristic length provide better 

correlations for wide range of the  ducts, 

that could be achieved  by  the hydraulic 

diameter. Harley and Bau [7] measured the 

friction factor in micro-channels. They 

concluded that the product f Re is higher 

than the classical value. Adams   et   al.  [8] 
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2. Analysis 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

      

     

 

 

 

 

 

 

 

 

 

   

 

In this section the hydrodynamic 

characteristics of rectangular micro-channel 

flow is investigated numerically and the 

parameters that affect its performance are 

examined. This investigation done by 

solving the three dimensional developing 

laminar flow. Schematic structure of 

network is shown in Fig. 3 (a) which may be 

heat exchanger or heat sink, the micro-

channels system was supplied with the 

circulating working liquid by the external 

closed-loop circuit. The fluid is distributed 

among the micro-channels through the inlet 

channels termed as distributor and then 

collected by the collector. The micro-

channels are of rectangular cross-section as 

shown in Fig. 3 (b) which represents a 

complete assembly and gives an adequate 

indication about its micro-channel flow due 

to symmetry between channels rows; so that 

we will consider an individual unite. 

 

 
Fig. 3. Schematic model of micro-channel. 

    However, the governing equations for 

the present model are based on the 

following physical and geometrical 

assumptions:  

 Three dimensional steady 

incompressible laminar flow along the 

length of channel. 

 The Knudsen number is small enough so 

that, the fluid is a continuous medium  

 

 

  Wch 

L 

Hch 

u in 

x z 

y 

u in 

L 

distributor collector 

micro-channels 

(b) 

 (a) 

      (no slip). 

 Newtonian fluid with constant 

properties; in this case the water is 

used as working fluid. 

 The pressure gradient is in axial 

direction only. 

 Heat transfer is not effected on the 

flow. 

The governing equations in general form 

for present model consist of continuity and 

momentum equations (Navier-stokes 

equations) and they are [13]: 

0.  V                                            (1)                                                            

VPVV 2).(                       (2) 

where V represents the velocity vector. 

The governing equations and its boundary 

conditions can be written as 

continuity equation  

0














z

w

y

v

x

u
                                      (3)                                                              

momentum equations (Navier-stokes 

equations): 
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
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 The boundary conditions are: 

 

0,

0





wvuu

xAt

in
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3. Numerical Solution 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

0
















x

w

x

v

x

u

LxAt

 

 

0

0





wvu
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wvu

HzandzAt ch
 

 

the above governing equations are solved 

using FORTRAN code as shown in the next 

section and then the pressure field can be 

determined. 

 

 

 

Fig. 5. Three dimensional control volume 

around node P [14]. 

 

     The solution was treated as converged 

when the level of residual was lower than 

10-5. The grid quality was checked by 

performing grid independence tests of the 

solution in terms of the pressure drop 

across the system. The consecutive 

calculations were performed for grid 100, 

50 and 50 in x, y and z directions 

respectively and the greatest differences 

found were lower than 3%. 

     The first step in the numerical approach 

is the grid generation and then 

discretisation the governing equations by 

integration them over the special control 

volume (cell). The discretisation of u-

component in equation (4) by using finite 

volume method as the following [14]:       

     
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where dv represent the control volume.                                                                                             

Distribution the integral form on each term 

in equation (7) gives  
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    The above equations are discretized into 

the numerical form using the finite volume 

method with staggered grid arrangement. 

Finite volume methods are applied to the 

integral form of the governing equations 

over the control volume (cell) as shown in 

Fig. 4. A cell containing node P has four 

neighbouring nodes identified as west, east, 

south and north nodes (W, E, S, N). The 

notation, w, e, s and n are used to refer to 

the west, east, south and north cell faces 

respectively. This technique can be extended 

to three dimensional control volume as can 

be seen from the Fig. 5 to solve pressure-

velocity coupling which associated with 

present work by pressure-correction method 

with  SIMPLE  algorithm  as  listed  in  [14].  

 

 
Fig. 4. Two dimensional control volume 

around node P [14]. 
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result of integration is 

 

 





















TTBBNN

SSEEWW

we

PTBNSEW

uauaua

uauaua
pp

uFaaaaaa

)()(

)(

(9) 

where      btsnwe FFFFFFF   

and F=ρu, where u the average velocity in 

each cell face. 

Also, 2,, FDa bsw  and 2,, FDa tne 

where D , the term δ represent grid 

step in each direction. 

Again, equation (9) reduced to 

 

TTBBNNSS

EEWWwePP

uauauaua

uauappua



 )()()(     (10)   

Equation (10) represent the discretisation 

equation where 

Faaaaaaa TBNSEWP                                                     

Similar procedures to obtain the 

discretisation equation for v and w velocity 

components. 

     The above equations solved by SIMPLE 

algorithm. Discretized u-component 

equation (10) is written in the following 

form [14] 

    )()1(),,(),,( IInbnbKJiKJi ppuaua (11) 

where,  nbnbua  is the summation of 

neighbouring components for u-component. 

The values of coefficients ),,( KJia  and 
nba  in 

equation (11) are calculated by using the 

central differencing method. However, to 

initiate the SIMPLE calculation process a 

pressure field 
p is guessed. Discretised 

momentum equation (10) is solved using the 

guessed pressure field to yield velocity 

component u as follows 

  



  )()1(),,(),,( IInbnbKJiKJi ppuaua (12) 

Now we defined the correction 
"p  as the 

difference between the correct pressure field 

p  and the guessed pressure field 
p , so 

that 
"ppp  
                                          (13) 

Similarly we defined velocity correction "u  

to relate the correct velocity u  to the 

guessed velocity solution u   

 

 

"uuu                                                (14) 

Subtraction of equation (12) from equation 

(11) gives 
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uua
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   (15)                                                                                                          

Using correction formulae (13) and (14), 

the equation (15) may be rewritten as 

follows 

 

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




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
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p

p
uaua    (16) 

At this point an approximation is 

introduced:  "

nbnbua  is dropped to 

simplify equation (16) for velocity 

correction. Omission of that term is the 

main approximation of the SIMPLE. We 

obtain 

 "

)(

"

)1(),,(

"

),,( IIKJiKJi ppdu                 

(17)         

where ),,(),,( 1 KJiKJi ad  . Equation (17) 

describe the correction to be applied to u-

component through equation (14), which 

gives 


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Similar expression exist for ),,1( KJiu   


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I
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p

p
duu (19) 

where ),,1(),,1( 1 KJiKJi ad   . 

        The SIMPLE algorithm gives a 

method of calculating pressure and 

velocity. The method is iterative and when 

other scalars like present problem are 

coupled to the momentum equations, the 

calculations needs to be done sequentially 

[14].  The sequence of operations in a 

FORTRAN procedure which employs the 

SIMPLE algorithm is given in Fig. 6 where 
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Fig. 6. The SIMPLE algorithm. 
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In this Fig. the correction method is used for 

u-component only because the pressure-

velocity coupling occur hear, but for v and w  

component the pressure gradient is 

neglected therefore no coupling and the 

velocities obtained without correction.       
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4. Results 

 

 

 

 

 

 

 

 

 

 

 

      

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig.7. Variation of pressure drop with channel length for different channel volume. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig.8. Variation of friction factor with channel length for different Reynolds number. 
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    The study investigates the effects of 

various parameters such channel length L, 

Reynolds number Re, aspect ratio α, channel 

volume 𝑉𝑐ℎ and hydraulic diameter 𝐷ℎ on 

pressure drop, friction factor f where, 𝑓 =
∆𝑝𝐷ℎ

2𝐿𝜌𝑢𝑖𝑛
2  and friction constant Cf where 𝐶𝑓 =

𝑓𝑅𝑒 . The results will be involving the 

effect of each parameter as follows. 

    Figs. 7-9 indicate the variation of 

pressure drop, friction factor f and friction 

constant  Cf  with   channel  length  L  which 

denoted in the Figs. by variable length x for 

all channel  volume,  Reynolds  number 

and aspect ratio. Fig. 7 shows the pressure 

drop increases with L this due to the fluid 

inters the channels need more power to 

flow in long channels, this power reflect in 

increasing of pressure. In other Figs. the f 

and Cf also increases with L this due to 

increasing fluid friction in the channels 

because the fluid travel longer distance in 

long channels. 
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Fig .9. Variation of friction constant with channel length for different aspect ratio. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig.10. Variation of pressure drop with Reynolds number for different values of aspect ratio. 
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    Fig. 10 and Fig. 11 show the variation of 

the pressure drop with Reynolds number Re 

for different values of aspect ratio and 

channel volumes. The Figs. illustrate that 

the pressure drop increases with Re due to 

increase   the   velocity   of   fluid   and  then 

amount of flow rate inters the channels 

increase. Also, the Figs. show that pressure 

drop increases with decreasing channel 

volume 𝑉𝑐ℎ and aspect ratio α due to the 

velocity of fluid inters the channels 

increase in this case.  
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Fig.11. Variation of pressure drop with Reynolds number for different channel volumes. 

 

 

 

 

 

 

 

 

 

 

 

      

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig.12. Variation of friction factor with Reynolds number for different values of aspect ratio. 
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     Fig. 12 and Fig. 13 illustrate the variation 

of the friction factor f with Reynolds 

number Re for different values of aspect 

ratio and channel volumes. The Figs. show 

that the friction factor f decreases with Re 

due to increase in the fluid velocity and then 

fluid friction decrease because 𝑓 =
∆𝑝𝐷ℎ

2𝐿𝜌𝑢𝑖𝑛
2 . 

Also, the Figs. shows that f increase with 

increase the aspect ratio α and channel 

volume 𝑉𝑐ℎ due to decrease the fluid 

velocity in the channels with increase of α 

and 𝑉𝑐ℎ. 
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Fig.13. Variation of friction factor with Reynolds number for different channel volume. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig.14. Variation of friction constant with Reynolds number for different aspect ratio. 
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Fig. 14 and Fig. 15 indicate the variation of 

the friction constant Cf  with Reynolds 

number Re for different aspect ratio and 

channel volume. The Figs. show that the Cf 

increases with Re at low values (Re less 

than 50) and then nearby approximately 

with   constant   value  because   the  friction 

factor f is high at low Re due to decreasing 

of fluid velocity and then decreases rapidly 

with Re as shown in previous two Figs. 

Also, the Figs. show that Cf  increase with 

increase the aspect ratio α and channel 

volume 𝑉𝑐ℎ due to the f  increases with α 

and 𝑉𝑐ℎ. 
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Fig.15. Variation of friction constant with Reynolds number for different channel volumes. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig.16. Variation of pressure drop with hydraulic diameter for different Reynolds number. 
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     Figs. 16-18 indicate the variation of 

pressure drop, friction factor f and friction 

constant Cf with hydraulic diameter 𝐷ℎ for 

all Reynolds number, the pressure drop 

decreases with increasing 𝐷ℎ this due to the 

velocity   of    fluid    inters    the    channels  

decreases. But both the f and Cf increases 

with increasing 𝐷ℎ this due to decrease the 

fluid flow in the channels and then the 

fluid friction increase. Both f and Cf  will 

be similar behavior at Re=100 so they 

reduced from Figs. 17 and 18. 
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Fig.17. Variation of friction factor with hydraulic diameter for different Reynolds number. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig.18. Variation of friction constant with hydraulic diameter for different Reynolds number. 
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     For validity of present numerical results 

a comparison is made as shown in Fig. 19 

for dimensionless centerline velocity 

𝑢∗ = 𝑢 𝑢𝑖𝑛⁄  in fully developed region 

against aspect ratio α between the results of 

present model and the analytical results of 

Shah and London [5]. The Fig. shows that 

the 𝑢∗ increases with α and the present 

results give a good agreement. Another 

comparison between the present results and  

numerical results of Curr et al. [15] for the 

friction constant Cf against the 

dimensionless axial distance 𝑥+ =

𝑥 √𝐴⁄ 𝑅𝑒√𝐴 where Re is based on square 

root of the flow area √𝐴 instead the 

hydraulic diameter 𝐷ℎ as shown in Fig. 20 

which indicates the Cf for both results is 

high at entrance region and decrease 

toward fully developed region and results 

difference seems acceptable. 
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Fig.19. Comparison of dimensionless centreline velocity varied against aspect ratio. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig.20. Comparison of friction constant varied against dimensionless axial distance. 

 

5. Conclusions 
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Present Model 

    Numerical simulation have been used to 

investigate the effects of the parameters: 

channel length L, Reynolds number Re, 

aspect ratio α, channel volume 𝑉𝑐ℎ and 

hydraulic diameter 𝐷ℎ on pressure drop, 

friction factor f and friction constant Cf in 

three dimensional laminar flow of water in 

rectangular micro-channels. The continuity 

and Navier–Stokes equations are solved in 

the domain under concentration using the 

finite   volume    method   with   FORTRAN 

code. However, from the results obtained 

can be concluding that the pressure drop 

increase with increasing of L and Re, and 

decrease with increasing of α, 𝑉𝑐ℎ and 𝐷ℎ 

each separately. On other hand, the f and 

Cf  both increase with increasing of α, 𝑉𝑐ℎ, 

𝐷ℎ and L each separately and f alone 

decrease with increasing of Re. While Cf 

increase with increasing of Re, but less 

than Re=50 and then nearby with 

approximately constant value. 
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