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Abstract
The aim of this paper to introduce fuzzy topological space on fuzzy set , fuzzy semi
open set , some other class of fuzzy open sets and fuzzy semi T,,fuzzy

semi T; space when (x%y) ,the relation between them and some theorems by
using the notions of fuzzy quasi-coincident .
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Introduction
The concept of fuzzy set was introduced by Zadeh in his classical paper [1] in1965 ,The fuzzy
topological space was introduced by Chang [2] in 1968, Azad [3] has introduced the concepts of
fuzzy semi open, fuzzy semi closed.
The fuzzy separation axioms was defined by Sinha [4] , The fuzzy quasi coincident concept which
introduced in 1980 by Pu and Lu [5] .
A fuzzy set 4 in a universe set X is characterization by a membership(characteristic) function i :

X1, which an assoicates with each point x in X a real number in closed intervle | = [0, 1] .The
collection of all fuzzy subset in X will be denote by I%[6] .

Throughout this paper by (A,7) we mean the fuzzy topological space ( FTS. for short), when we
write B, C we mean a fuzzy subsets of 4 and B(x) ,C(x)

the membership function for this sets.This paper application by using program

is called Delphi program.

1 -Fuzzy Topological Space on Fuzzy Set
Definition ( 1-1)[6]
The fuzzy subset 4 of X with a collection of fuzzy subsets of A which denote by £ is said to be a
Fuzzy Topological space on
Fuzzy set if satisfied the following conditions :-

1. A, pET
2. ifBand CET=BNC € ©
3. if B;E%, Vi€ | =U B,EF
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Remark (1-2)[61]

IF BET then B is called - fuzzy open set,
The complement of B is called #-fuzzy closed set and defined by
B¢(x) =A(x) - B(x) , VxEX.
Remark (1-3)[6)
Let x,- be a fuzzy point and A4 be a fuzzy set
then we have :- x, € Aifr =A(x), and x,.EA if r < A(x).
Remark (1-4)[6]
Let AEIX then p(4) = {B : BEIX and BZA]}.
Definition (1-5) [6]
The interior and the closure of any fuzzy
subset G of (4,7) is defined by :-
int (G) = U{B : BET:B(x)=G (x)}, VxEX .
c (G)=N{F : F°Et, G(x)=F(x)}, VxEX.
Definition ( 1-6 ) [7]
A fuzzy set x, in a fuzzy set A is called a fuzzy point
if x(x0) =1, if x =xg,and x(x) = 0 ,if x*x,,0<<r =1, such that

x and r are the support and the value of the fuzzy point respectively
Proposition (1-7 ) [7]
Let B and C are fuzzy subsets on A4 then :-
1. BEC=B(x)=C(kx) , Yx&X

2. B=C=B(x)=C(x) , VxEX
3. F=BNC=F(x)=min{B(x),C(x)} , VxEX
4. G =BUC=G(x)=max{B(x),C(x)} , VxEX

5. B=C“=B(x) = A(x) - C(x), VxEX.
2 - Fuzzy Semi Open Set
Definition (2-1)
Let (4,%) be FTS., BEA, B is said to be :-
 fuzzysemiopenset[8]:- if B(x)= cl(int(B(x))),
V E
x X
« fyzzysemiclosedset[8]:- if int(cl(B(x))) =B(x),
V e
x X
Definition (2-2)
Let (4,%) be FTS., BEA, B is said to be:-
e fuzzya — openset[9]: if B(x)= int(cl(int(B(x))))
VxEX.
* fuzzya — closedset[9]: if cl(int(cl(B(x)))) =B (x),
V e
x X
e fuzzysemipreopenset[6] (f- 5 open set):-if
B(x)= cl(int(cl(B(x)))) VxEX.
e fuzzysemipreclosedset[6](f - § closed):- if
int(cl(int(B(x)))) =B(x)Vx € X.
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e fuzzyregularopenset[10]( f - r -open):-if B(x) = int(cl(B(x)))
VXEX-
e fuzzy regularclosedset[10]( f - r- closed) :- if B(x) = cl(int(B(x)))
VXEX-
o fuzzy — Hset[11]:- if int(cl(B(x))) = cl(int(B(x)))
VXEX-
» fuzzypresemiopenset[12]:- if B(x)= sint(cl(B(x)))
VXEX-
» fuzzypresemiclosedset[12] :- if scl(int(B (x))) =B(x)
VXEX-
Remark ( 2-3)[6,8,9,10,11,12,]
The complement of fuzzy open (fuzzy semi open set , fuzzy a - open,
fuzzy B - open, f-r-open, fuzzy - H - open, fuzzy presemi open)
is a fuzzy closed (fuzzy semi closed , fuzzy a - closed , fuzzy 8 - closed ,
f-r-closed ,fuzzy - H - closed, fuzzy presemi closed) respectively.
Remark (2-4)
The family of all fuzzy open (fuzzy semi open set , fuzzy a - open , fuzzy
B - open,fuzzy -r- open,fuzzy H -open, fuzzy presemiopen) setin FTS.
is denote by FO(A) (FSO(A) , FaO(A) , FBO(A) , FRO(A) , FHO(A)
, FPSO(A)) respectively. and FC ( FSC ,FaC, FSC, FRC, FHC, FPSC) .
for the complement respectively.
Defintion ( 2-5) [7]
Let (4,%) be FTS., BEA, The fuzzy semi interior B and the semi
closure B is defined by :-
sint(B) = U{G, : G;E FSO(4,%), G;(x)=B(x)}, VxEX.
scl(B) = N{E, : F°E FSO(4,7) ,B(x)=F,(x)}, VxEX
Defintion (2-6 ) [6]
A fuzzy set B in fuzzy topological space (4,7) is called
fuzzysemineighbourhood of a fuzzy point x,. in 4 if there

exists a fuzzysemiopensetG in 4 such that x,€G and G<B.
Theorem (2-7)

Every fuzzy open set is a fuzzy semi open set.

proof :-Trivial.

Remark (2-8)

The converse of theorem( 2 - 7) is not true in general as shown in the
following example.

Example (2 — 9) Let X={ a,b,c },(4,%) be FTS. on A s.t.
A={(a,0.7),(b,0.7),(c,0.7)}

B={(a,0.1),(b,0.2),(c,0.3)}

D={(a,0.2),(b,0.3),(c,0.4)}

G={(a,0.5),(b,0.1),(c,0.3)}

F={(a,0.5),(b,0.5),(c,0.4)}

i={ ,B,A}.
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D is a fuzzy semi open set in FTS. , but not fuzzy open set.

Theorem (2-10)

Every fuzzy regular open set is a fuzzy semi open set.

proof:- Let (4, ¥) be a FTS. B4 and BE FRO(A), Since every fuzzy
regular open set is a fuzzy open set , Hence B is a fuzzy semi open set.

Remark (2-11)
The converse of theorem (2 - 10) is not true in general as shown in the
following example.

Example ( 2-12)

The set D in the example (2 - 9) is a fuzzy semi open set but is not fuzzy
regular open set.

Theorem (2-13)

Every fuzzy a - open set is a fuzzy semi open set.

proof:- Trivial.

Remark ( 2-14)

The converse of theorem (2 - 13) is not true in general as shown by the
following example.

Example ( 2-15)

The set D in the example (2 - 9) is a fuzzy semi open set but is not
fuzzy a -open set.

Theorem (2-16)

Every fuzzy semi open set is a fuzzy S - open set.

proof:- Trivial.

Remark ( 2-17)

The converse of theorem (2 - 16) is not true in general as shown in the
following example.

Example ( 2-18)

The fuzzy set G in the example (2 - 9) is a fuzzy 8 - open set but not fuzzy
semi open set.

Theorem (2-19)

Every fuzzy semi open set is a fuzzy H -set.

proof:- since B is a fuzzy semi open then B(x)= cl(int(B(x)))

VxEX= cl(B(x)) = cl(int(B(x)))

but int(cl(B(x))) = cl(B(x))

= int(cl(B(x))) = cl(B(x)) = cl(int((B(x)))

VxEX,Hence B is a fuzzy - H - open set.

Remark ( 2-20)

The converse of theorem (2 -19) is not true in general as shown in the
following example.

Example (2-21)

The fuzzy set F in the example(2 - 9) is a fuzzy - H- open set but not fuzzy
semi open set .

Theorem (2-22)
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Every fuzzy semi open set is a fuzzy presemi open set.
proof:- Trivial.

Remark ( 2-23)

The converse of the above theorem is not true in general as shown
in the following example.

Example ( 2-24)

The fuzzy set G in the example (2 - 9) is a fuzzy presemi open set but
is not fuzzy semi open set.

Remark ( 2-25)

The following diagram explain the relation between fuzzy semi open set and
a class of fuzzy open set by figuer - 1 —

Figuer —1 —

3 -Fuzzy Semi T, — Space
Defintiopn ( 3-1) [12]

A fuzzy set B in FTS . (4,%) is said to be quasi coincident (g-coincident.
for short) with a fuzzy set C denoted by B q C, if there exists xEX s.t
B(x) + C(x)>>A(x) , and denoted by BgC if the fuzzy sets
are not g-coincident, Vx€EX.
Defintion ( 3-2 ) [12]
The fuzzy pint x, is g-coincident with a fuzzy set B if r+ B(x)=>A(x)
, and denoted by x,.gB if is not g-coincident . And as a results for the
definition,for any fuzzy sets in FTS. we have that if B q € and B(x)=D(x)
,C(X)=F(x),VxEX=D q F . In the other hand if Bg(,
D(x)=B(x), F(x)=C(x)=DgF.
Lemma ( 3-3) [13]
For any two fuzzy open sets B, C in FTS (4,%):-

e If BqC=>cl(B) qC,andso cl(B) qCL(C).

e If BgC=Bq cl (C) and cl(B) gC.

e B(x)=C(x)=BgC*.
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e BGCE=B(x)=C(x).
Proposition ( 3-4 ) [14]

Let B, C is a fuzzy subsets in FTS. (4,%) then :-
e B(x)=C(x), VxEX<x, qC,foreachx, qB.
* BgB¢, for any fuzzy set.
o if BNC = p=>B3C.
e x,qB=r=B°(x).

Defintion ( 3-5)
A fuzzy topological space (4,7) is said to be :-

1. FuzzyT, (FT,) space[15] if for every pair of distinct fuzzy points
X, , ¥¢ in A there exists BE FO(A) such that either x,.EB,
y.gB ,ory,EB, x,qB.

2. FuzzysemiT,(FST,)space[8] if for every pair of distinct fuzzy

points x, , y, in A there exists BE FSO(A) such that either

x,€B, y.qB, or y,€B , x,qB.

3. Fuzzya- Ty(FaTy)space[9] if for every pair of distinct fuzzy points
X, , y; in A there exists BE FarO(A),such that either

xTEE ’ Ytqé , or YtEE ’ xTC_IE'
4. FuzzysemipreT,(FSTy)space[6] if for every pair of distinct fuzzy

points x,- , y, in A ,there exists BE FSO(A) such that either
x,€EB,y.gB ,or y,€B, x,gB.
5. FuzzyalmostT,(FAT,)space[10] if for every pair of distinct fuzzy
points x,-, y, in A, there exists BE FRO(A) such that either
x,€B,v.qB or y,€EBx,qB.
6. Fuzzy — HT,(FHT,)space if for every pair of distinct fuzzy points
X, , ¥ in A there exists BE FHO(A) such that either
x,EB ,y.qB or y,€B , x,GB.
7. FuzzypresemiT,(FPST,)space[12] if for every pair of distinct
fuzzy points x,. , y; in A there exists BE FPSO(A) such that
x, € B,y.qBory,EB, x,qB.
Theorem (3-6)
Every FTyspace is FST,space.
proof:-By using theorem (2 - 7).
Remark ( 3-7)
The converse of theorem(3 - 6) is not true in general as shown in the
following example.
Example ( 3-8 )
The example(2 - 9) is a FSTyspace but is not FT; space.

Theorem (3-9)
Every FSTyspace is FBTyspace.

Proof :- By using theorem(2 - 16).
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Remark ( 3-10)
The converse of theorem (3 - 9) is not true in general as shown in the
following example.

Example ( 3-11)

Let X ={a, b}, A ={(3,0.6),(b,0.4)}, B ={(3,0.2),(b,0.1)}
t={¢,B,A},C ={(3,0.5),(b,0.4)} is a FBO but is not FSO, it is clear
that, the FTS.(4,%) is FBTyspace but is not FSTyspace.

Theorem (3-12)

Every FaTyspace is a FSTyspace.

Proof:- By using theorem(2 - 13).

Remark (3-13)

The converse of theorem (3 - 12) is not true as shown in the following
example.

Example (3-14)

Let X ={a, b}, A={(a,0.7),(b,0.7)}, B ={(3,0.3),(b,0.1)},

t={¢, B, A},C ={(3,0.4),(b,0.1)} is a FSO but not FaO

Then is FST, but not FaT, space.

Theorem (3-15)

Every FAT,space is FST,space.

proof:-By using theorem(2 - 10).

Remark (3-16)

The converse of theorem (3 - 15) is not true in general as

shown in the following example.

Example (3-17)

The space in the example(3 - 14) is a FSTyspace but is not FATyspace.
Theorem (3-18)

Every FSTyspace is a FHT,space.

Proof :-By using theorem(2 - 19 ).

Remark (3-19)

The converse of theorem (3 — 18) is not true as shown in the following
example.

Example ( 3-20)

LetX ={a,b,c},A={(a0.6),(b,0.6),(c,0.6)},

B ={(3,0.4),(b,0.4),(c,0.4)},t={¢, B, A}.

The set €={(a,0.2),(b,0.2),(c,0.2)} is a FHO set but not FSO then the

space is FHT,space, but not FSTyspace.

Theorem ( 3-21)

Every FSTyspace is a FPSTyspace.

Proof:- By using theorem (2 - 22).

Remark (3-22)

The converse of theorem (3 - 21) is not true in general as shown in the following example.
Example ( 3-23)

The set F = {(3,0.2)} is a FPSOset in the example (3 - 11) but is not FSOset
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hence the T is FPSTyspace but not FSTyspace.
Remark ( 3-24)

The following diagram explain the relation between
FSTyspace and a class of FuzzyT, spaces by figuer - 2 —

FAT,
FaT, il / FPST,
FSTo foee
FT, E0 ; FBT,
FHT,
Figuer —2 —

Theorem ( 3-25)
IF a fuzzy topological space (4,%) is a FST, space then for every tow distinct
fuzzy points x, , y,EA either x, &scl(y,) or y,&scl(x,) .
proof:- Let(4 , ) is a FSTyspace and x, , y,EA (x¥ ), then there exist
a fuzzy semi open set B s.t. x,EB ,y.qB , or y,€EB , x,.gB. if
x,EB , y,gB , by proposition (3 - 4) t=B°(y) and x, €B°¢
and B€ is fuzzy semi closed, therefor x, & scl(y,) .
is similarly if y;, € B, x,-qB .
Remark ( 3-26 )

The converse of theorem (3 - 25) is not true in general as shown by the
following example.

Example ( 3-27)

Let X ={a, b}, A={(a,0.5),(b,0.4)}

B ={(3,0.1),(b,0.1)},C ={(a,0.4)}, D = {(b,0.3)},
t={¢p,A,B,C,D,BnC,BuC,BND ,BUD,CUD}.

The condition of the theorem (3 - 25) satisfied but (4 ,%) is not FSTyspace.
Theorem ( 3-28 )

If (A, ) be FSTyspace then for every distinct fuzzy points x,. Ve , there exists
a fuzzy semi neighborhood N of x, such that y,gN or there exists fuzzy

semi neighborhood M of y, , such that x,.gM.

proof :- Trivial

Defintion ( 3-29 )[6]

Let BE p(A), Then B is said to be maximalfuzzyset in 4 if

B(x)= 0 ,for some xEX ,Then B(x) = A(x) .

Lemma ( 3-30) [6]
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Let (A, ¥) be FTS. if C is fuzzy semi open setin A and B is

a maximalfuzzyopenset in A ,Then CNB is fuzzy semi open set in B.
Theorem (3-31)

Every fuzzy open subspace of FSTyspace is FSTyspace.

proof :- Let (4 , ) be FST, space , V is fuzzy open set and (V , &) is a fuzzy

open subspace,for every x, , y,EV is a fuzzy points in 4, if x,EB,
y.GB=x,€EBNV, y,gBNV ,by lemma (3 - 30) the theorem
is satisfied , is similarly if y,EB and x,.gB.= (V' , &) is FST,.

4 -Fuzzy Semi T _Space

Defintion (4-1)
A fuzzy topological space (4, £) is said to be :-
e FuzzyT,; (FT;) space[14] if for every pair of distinct fuzzy points

X, , Y in A, there exists B, CE FO(A) such that x,.EB , y,¢B,
and y,€C, x,qC.

e FuzzysemiT; (FST,)space[8] if for every pair of distinct fuzzy points
X, , ¥, in A there exists B, CE FSO(A) such that x,.€B , y,gB
and y,€C x,gC.
e Fuzzya- T;(FaT;)space[9] if for every pair of distinct fuzzy points
X, , V. in A, there exists B, CE FaO(A) such that x, € B, y,gB
and y,E€C, x,qC.
e FuzzysemipreT; (FST;)space[6] if for every pair of distinct fuzzy
points x, , y, in A,there exists B, CE€ FFO(A) such that
x,€B , y.gB and y,EC , x,qC.

e FuzzyalmostT, (FAT,)space[10] if for every pair of distinct fuzzy
points x,-, y, in A, there exists B, CE FRO(A) such that
x,EB,y.gBandy, € C, x,qC.
e Fuzzy — HT, (FHT,) space if for every pair of distinct fuzzy points
X, , y; in A there exists B, CE FHO(A) such that x,EB , y,gB
and y,E€C, x,qC.
e FuzzypresemiT;(FPST;)space[12] if for every pair of distinct fuzzy
points x, , y; in A there exists B, CEFPSO(A) such that
x,€B,v.qB and y,C, x,.qC.
Theorem (4-2)
Every FT,;space is FST;space.
proof:-By using theorem (2 - 6).
Remark (4-3)
The converse of theorem (4 - 2) is not true in general as shown in the
following example.

Example (4-4)
Let X ={a, b}, A={(3,0.6),(b,0.5)}, B ={(3,0.6)}, C ={(3,0.2)}
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D; ={(,0.2),(b,0.2)}, D, = {(a,0.2),(b,0.3)},

t={¢,C, B, A}is a FST;space but not FT;space .

Theorem (4-5)

Every FST;space is FBT;space.

Proof :- By using theorem (2 - 16).

Remark (4-6)

The converse of theorem (4 - 5) is not true in general as shown in the

following example.

Example (4-7)

Let X ={a, b}4 ={(3,0.8),(b,0.7)}, B = {(b,0.7)}, € = {(b,0.2)},
D={(bb,0.1)},#={¢,D,C, B, A}is a FBT;space but not FST;space.

Theorem (4-8)

Every FaT;space is a FST;space.

Proof:- By using theorem (2 - 13).

Remark (4-9)

The converse of theorem (4 - 8) is not true in general as shown in the following

example.

Example (4-10)

The space (4, T) in the example (4 - 4) is a FST;space but not FaT;space.
Theorem (4-11)

Every FAT,space is FST;space.

Proof:- By using theorem (2 - 10).

Remark (4-12)

The converse of theorem (4 - 11) is not true in general as shown in the
following example.

Example (4-13)

The space (4, ©) in the example (4 - 4) is a FST;space but not FAT, space.
Theorem (4-14)

Every FST;space is a FHT;space.

proof:- By theorem (2 - 18).

Remark (4-15)

The converse of theorem (4 - 14) is not true in general as shown in the
following example.

Example (4-16)

Let X = {a , b,c},

A={(a,0.7),(,0.7),(c,0.7)}, B; = {(a,0.1),(b,0.2) ,(c,0.3)},

B, ={(a,0),(b,0.1),(c,0.2)}, = {¢, B, , B; ,A} .The fuzzy sets

F, ={(a,0.5),(b,0.5),(c,0.5)}, F, = {(3,0.5),(b,0.4),(c,0.5)} are fuzzy H-open
but not F-semi open sets.(4,%) is FHT;space but not FST;space.

Theorm (4-17)
Every FST;space is a FPST;space.
Proof:- By using theorem (2 - 22).

Remark ( 4-18)

The converse of theorem (4 - 17) is not true in general as shown in the
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following example.
Example (4-19)

The fuzzy set F={(b,0.6)} in the example( 4 - 7) is fuzzy — Hopenset but
not fuzzysemiopenset.

Theorem (4-20)

A fuzzy topological space (4, T) is a FST,space if for every fuzzy point is

fuzzy semi closed.

proof:- Let x,. , y; are tow fuzzy points in A which are fuzzy semi closed

=(x,)¢, (y:)¢ are fuzzy semi open sets and by proposition (3 - 4)

x,q(x,)¢ and y,G(y,)¢ .Hence the space (4, ¥) is a FST;space.

Remark (4-21)

The converse of theorem (4 - 20) is not true in general as shown by the
following example.

Example (4-22)

Let X ={a, b}, 4 ={(3,0.8),(b,0.5)}, B ={(3,0.8)}, C ={(b,0.5)},
#={¢,A,B,C} .Thenthe space (4, %) is a FST;space but {(b,0.2)}
is not fuzzysemiclosedset in A.

Remark ( 4-23)

The following diagram explain the relation between FST;space and a class of
FuzzyT, spaces by figuer - 3 —

Figuer —3 —

Theorem (4-24)

Every fuzzy open subspace(B , &) of a FST;space (4, t) is a FST;space.
Proof:- Trivial.

Theorem (4-25)

A fuzzy topological space(4 , £) is a FST;space if for each xEX has

a maximal fuzzy semi open setin 4 .

proof:- Let x,-, y, are distinct fuzzy points in 4 such that x,. , y,EA .
Then by hypothesis, 3B, € are fuzzy maximal fuzzy semi open for
x and y respectively s.t. r <<B(x) , t=<<C(y) ,forx,yin X
(respectively) =>x,.EB , y,gB and y,EC , x,gC then,

(A, T) is FST;space.
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Theorem (2-26 )

Every FST;space is a FST,space .
Proof :- Trivial.

Remark ( 2-27)

The converse of theorem (4 - 26) is not true in general as shown in
The following example.

Example ( 4-28 )
The space in the example (3 - 14) is FSTyspace but not FST;space .
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