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Abstract 
The  main aim of  this  search  is to solve  kind  of  partial differential equations of  second 

order  with  variable  coefficients, which have the general form 

,0),(),(),(),(),(),(  ZyxFZyxEZyxDZyxCZyxBZyxA yxyyxyxx  

where some of   ),( , ),( , ),( , ),( , ),( yxEyxDyxCyxByxA  and  ),( yxF are functions of  

yx or     or both  yx   and  . 

 For this purpose, we will use one kind of the partial differential equations its formula

 0 FECDA 1 1
2  Zy  Zyy  Zx x Z xxZ x  

where F  and  E , C, D ,A 11
 are real constants. 

 We found the following substitution 

 
  dyyV dx x

xU

x,yZ  
 )(

)(

e  )( . 

Transforms the  above kind to the  first order  ordinary  differential equation  with  two 

independent functions )(  and  )( yVxU , which have the general form 

  . 0F)(E)()( C)(D)()()(A
22

11 






  yVyVyVxU xUxUxUx  

We found the general form of its complete solution and we applied this form for solving the 

heat equation as physical application in spherical coordinates  
 

 انمسخخهص
مه انشحبت انثاويت راث انمعاملاث  انجزئيتمه انمعادلاث انخفاضهيت  هى إيجاد حم وىع انبحث انهذف انشئيسي مه هزا

 انمخغيشة وانخي صيغخها انعامت

,0),(),(),(),(),(),(  ZyxFZyxEZyxDZyxCZyxBZyxA yxyyxyxx 

),( , ),( , ),( , ),( , ),( , ),(حيث بعض   yxAyxByxCyxDyxEyxF    حكىن دوال إنىx أوy   أوكلاهما. 

 حعخمذ عهى صيغ انذوال وانخيانجزئيت   مه انمعادلاث انخفاضهيت سىف وخىاول وىع واحذ

),( , ),( , ),( ,),( , ),( , ),( yxAyxByxCyxDyxEyxFوصيغخها انعامت 

 0 FECDA 1
2

 1  Zy  Zyy  Zx x ZxxZx  
 

 

11حيث   ,  ,  ,  , ADCEF  .ثىابج حقيقيت 

   فىجذوا انخعىيض 
  dyyV dx x

xU  
x,yZ

)(
)(

e)(                                                                                  

          

         
                                                                                   

 

 أعلاي إنى معادنت حفاضهيت اعخياديت مه انشحبت الأونى بمخغيشيه وانخي صيغخها انعامتيحىل انمعادنت 
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,0F)(E C)(D)()()(A 1
2

1  






 yVxUxUxUxUx    

 .تكشوي كخطبيق فيزيائي في إحذاثياث معادنت انحشاسة أعلاي انصيغت انعامت نحهها ثم حم حطبيقها نحم نهحانت وجذواكزنك 
 

 

1. Introduction                                                       
    Many scientists used  theory of differential  equations like Newton, Leibniz  and  others  in  the  

seventeenth  century  to  describe many  phenomena  in  Physics,  Chemistry, Biology, and other 

fields. This  study  focuses  on  important  types  from  the  partial differential equations,   which  is  

linear  second  order  with  variable  coefficients. The researcher Kudaer [7], searched function

)(xZ , such that the assumption 
dxxZ

xy
 )(

e )(  gives the general solution of the linear second order 

ordinary differential equations, which have the general form 

0 )( )(  yxQyxPy ,and  its  solution depends on the  forms of P(x) and Q(x). 

The researcher Abd Al-Sada [1], searched functions )(  and  )( yVxU , such that the  assumption 

 
 dyyVdxxU

yxZ
 )(   )(

e ),(   gives the complete solution of the linear second order partial differential 

equations,   which  have the general form 0 F  E  D  C  B A  ZZZZZZ yxyyxyxx , 

where A , B , C , D , E  and  F  are real constants. 

The researcher Hani [5], searched functions  W(t)and  )( , )( yVxU , such that  the  assumption   

 
 dttWdyyVdxxU

yxZ
 )(  )(   )(

e ),(   gives the complete solution of the linear second order partial 

differential equations,   which  have  the  general form 

 0 ZJ ZI ZH G Z F  E  D  C  B A yx  tttytyyxtxyxx ZZZZZZ , 

where A , B , … , and J are real constants. 

These ideas made us to search functions )(  and  )( yVxU , that give the complete solution of the 

linear second order  partial differential equations with  variable  coefficients, which  have  the  form  

,0 ),(),(),(),(),(),(  ZyxFZyxEZyxDZyxCZyxBZyxA yxyyxyxx  

and this solution depends on the forms of the functions     ),( ,),(,),( ),,( ,),( yxEyxDyxCyxByxA

),(  and yxF . 
 

2. The Complete Solution of partial differential equations of Second Order with 

Variable Coefficients 
  Our aim now is to solve special kind of the linear second order of partial differential equations 

with variable coefficients, which have the general form 

0 ),(),( ),(),(),(),(  ZyxFy ZyxExZyxDyy ZyxCxy ZyxBxx ZyxA , 

where some of ),(  and  )(  ),,(  ),,(  ),,(  ),,( yxFx,yEyxDyxCyxByxA are functions of  x or  y or 

both  x and  y. So, for  this purpose we will search functions )(  and )( yVxU such that the 

assumption  
  dyyV dx x

xU  
x,yZ

)(
)(

e)( ,  gives the complete solution to the above equation and to 

do this we will get one kind of the above equation its formula 

0)B  (i.e.           , 0 FECDA 1
2

 1  Zy  Zyy  Zx x ZxxZ x   

Э 11
D ,A , C, E  and  F  are constants and not identically zero. 

 

3. Description  of  The  Method  That  Gives  The  Complete  Solution 
Let us consider the second order partial differential equation which has the general form 

0F ECDA 1
2

 1   Zy Zyy  Zx x ZxxZx  
 

                                                       
…(1)  
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In order to find a complete solution of (1), we search functions )(  and  )( yVxU , such that the 

assumption 

                                 

 


  dyyV dx
x

xU

  x,yZ
)(

)(

e)(                                                        …(2)  

represents the complete solution of it.  

This assumption will transform (1) to first order ordinary differential equation, its general form is 

given by    yVyVyVxU xUxUxUx 0F)(E )()( C)(D)()()(A
2

1
2

1 






     …(3) 

The equation (3) is of the first order ordinary differential equation and contains two independent 

functions )(  and  )( yVxU . 
 

4. The Complete Solution of the Linear Second Order of  Partial  Differential Equations 
To find the complete solution of the linear second order of partial differential equations with 

variable coefficients, we  go back  to the previous equation on the beginning of this search:If  B = 0,    

and  the  partial differential equation is given by : 

0 FECDA 1
2

 1  Zy  Zyy  Zx x Z xxZx  
 

Then the complete solution is given by: 

 

 

 

                           

 i)         

 

 

 

  
C 4

E
  

C

 F
     and     

A
   ) 1 - 

A

D
( 

4

1
   f I

2

22

1

2
2

1

1 



  -

, 

where  ii
d  and a  ,   ; (i = 1, 2) are arbitrary constants. 

 

 ii) 

      

 

 

2

22

1

2
2

1

1

C 4

E
  

C

  F
     and     

A

-
  ) 1 - 

A

D
(

4

1
   f I 





  , 

where   2  12 a  anda  ,c  ,   are arbitrary constants. 

 

 

iii) 

 

 

 

 

 

2

22

1

2
2

1

1

C 4

E
   

C

  F
    and     

A

 -
  ) 1 - 

A

D
( 

4

1
   f I 





,  

where 2  14 d  and d  ,c ,    are arbitrary constants .  

)   
C 4

E
 - 

C

  F
sin d    

C 4

E
 - 

C

  F
 cosd (                      

] a  a [e  )(

2

22

 22

22

 1

1
A

2
 2) 1 - 

1
A

1
D

( 
4
1

 -

 2
1

A

2
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1
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1
D

(
4
1

 1
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1
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1
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2
1

 -

yy

xxxx,yZ
y













 

)c - ( ]a  a [
-

e )(  2
1A

2
  2) 1 - 

1A

1D
( 

4

1
 -

 2
1A

2
  2) 1 - 

1A

1D
( 

4

1

 1
C 2

E) 1 - 
1A

1D
( 

2

1
 -

yxxxx,yZ
 y




                   

0 )  (c   ;   ))(cln  (                                                                                                    

] 
C 4

E
 - 

C

  F
sin d   

C 4

E
 - 

C

  F
 cos[de)(

4 4

2

22

 22

22

 1

 
C 2

E
- ) 1 - 
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1D
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2

1
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iv)      

          

          

         

2

22

1

2
2

1

1

C 4

E
  

C

  F
   and     

A

 -
  ) 1 - 

A

D
( 

4

1
   f I 





 ,                                                           

where  c  andc  ,e K  4  2
g

 1  are arbitrary constants. 
 

proof : Since 

, 0F)(E)()( C)(D)()()(A
2

1
2

1 






 






  yVyVyVxUx -UxUxUx    

therefore, 

  .)(D)()()(AF)(E)()( C 2
1

2
1

2








  xUx -UxUxUxyVyVyV   
 

So     .0
C

F
)( 

C

E
)()(

2
2 





yVyVyV

          

Let        
C

F
B  and  

C

E
B

2

21


 ,  

then the last equation becomes :           0B  )(B  )()(
21

2  yVyVyV
                   

… (4) 

Also                                         0
A

λ
)( ) 1

A

D
()()(

1

2

1

12  xUxUxUx .     

Let      
1

2

3
1

1
2

A
A and  1

A

D
A


 ,     then the last equation becomes: 

                                         
0A  )(A )()(

32

2  xU xUxUx                            … (5) 

 

The equation (4) is variable separable equation, now 

 

4

B
B   If  )

2
1

2 i , we get
4

B
Bb   ;    0

b
2
B

)(

2

1
2

2

1
2
1

2
1










 

dy

yV

dV
 

y
yV

- 














 
 1

1

1
1

1

c
b

2
B

)(
 tan

b

1
   

2

B
)bcb (tan b)(  1

1111  yyV  

4

B
B   If  )

2
1

2 ii , we get       0

2
B

)(
2

1










 

dy

yV

dV
y

yV






 2

1
c

2
B

)(

1
    

2
1

2

c      ;            
2

B

c

1
)(    


 y

y
yV  

 

Also, equation(5) is variable separable equation, so we can solve it as follows: 

0  )(c   )(cln   )c - ( 
 

e   K   )( 44 2

 
C 2

E
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) 1 - 

1
A

1
D
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2

1
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0
A)(A)( 32

2


 x

dx

xUxU

dU

            

                                                                                    

  

3

2
22

2

2

2

2

2
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4

A
b       ;             0  

b
2

A
)(
















 x

dx

xU

dU

                 

 

3

2

2 A 
4

A
   If  ) i , we get                               

 0  )(c    and    1  
b

 
2

A
)(

  1    ;      )(cln 
b

 
2

A
)(

 tanh
b

1
3

2

2

3
2

2

1

2

























 x
xU

x
xU

 

2

A
))(c lnb ( tanh b )(        2

3 22  xxU  

3

2
2 A 

4

A
   If  ) ii , we get                        











      0

2

A
)(

2
2

x

dx

xU

dU
 

4c ln ln

2

A
)(

1

2






x

xU

  c      ;      
2

A

)(c ln

1
)(  4

2

4

x
x

xU R
+
/{1} 

  

So, the complete solution of (1), is given by: 
  

dyydx
xx

x

yxZi
 ) 

2

B
)bcb (tan b (   )

2

A
 -  

))(c lnb ( tanh  b
( 1

1111
23 22

e  ),(       )
 




 

4

B
B        and        A 

4

A
      If

2
1

23

2
2   

So         
g   

2

B
  )]b cb ( [cosln   ln  

2

A
  ))](c lnb ([cosh ln  1

111
2

32

e  ),(



yyxx

yxZ    ;  0  )b cb ( cos 111  y  

                         
)b sind b cosd ( )) (c lnb (cosh   e    121132

2

B
 

2

A
 12

yyxx
y




, 

where 11
g

211
g

1 cb sined      and     cb cosed   

   )b sind b cosd ( ) a  a ( e    ),( 1211
b 

2
b

1
2

B
 

2

A
 

22

12

yyxxxyxZ
y




 

where
2

c
a     and         

2

c
a

2

2

b

3

1

b -
3 

2

  

  ]
4

B
B sind 

4

B
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C 4
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C
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where ii d  and  ,a  ,   ;  ( i = 1,2 ) are arbitrary constants. 

4

B
B         and         A 

4
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       If   )
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1

23

2
2 ii  

Therefore,     
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y
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x
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))(c lnb ( tanh  b
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2
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  ] ))(c lnb (cosh  [ln 1

2
2

32

e  



yyxx

 
 

                                   )c  ( ) a  a ( e   2
b 

2
b

1
2

B
 

2

A

 
22

12




yxxx
y

 

where  g

b -

3
2

g

b

3
1 e

2

c
 a     and      e

2

c
 a

22

  . 

 

 So, the complete solution of (1), is given by: 
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where 212 a  and  a  ,c  ,   are arbitrary constants. 
 

  

 

 
 

Therefore,  
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  0  )b cb ( cos     ;       111
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B
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xxyyx
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where 11
g

211
g

1 cbsin  e d    and   cb cos e d  . 

 So, the complete solution of (1), is given by : 
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where 214 d  and  d  ,c  ,   are arbitrary constants. 
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4

B
B andA

4

A
   If   )

2
1

2          3

2

2           iv  

Therefore,   

dy
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)(cln  
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 So, the complete solution of (1), is given by : 

0c  andeK  ;    ))(c ln ( )c  (   2
B

 
e   2
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 K  ),(         
4

  g

142

12

 1 


 xxy
y

xyxZ  

                     ))(c ln ( )c  (  e   K 42
C 2
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D
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1
 

1
1

1

 xy
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where 421 c  and  ,c  ,K   are arbitrary constants. 
 

Note :If we write 

  , λF )(1D)()()(1A)(E)()( C 222








  xU x -UxUxUx yVyVyV  

 

then the complete solution is established by the same method , but 

C
B   and     

C

E
B   ,  

A

F
A    ,   1

A

D
A

2

21
1

2

3
1

1
2





   

  

5. Solution of the Heat equation ( as application) in spherical coordinates 
 

6. Derivation of the Heat Equation  
Newton articulated some principles of heat flow through solids, but it was Fourier who created the 

correct systematic theory. Inside a solid, there is no transfer of heat energy and little radioactive 

transfer, so temperature changes only by conduction, as the energy we now recognize as   molecular 

kinetic energy flows from hotter regions to cooler regions [4].  

The first basic principle of heat is [4, 9]: 

1) The heat energy contained in a material is proportional to the temperature,  the density  of  the  

material     and  a physical characteristic of the material called the specific heat capacity  c ( is the 

quantity of heat which should be flow from (to) mass unit from material to change its temperature 

per a degree, its measurement units is )cgcal o  [10]. 

    In mathematical  terms,            
 

3 ),( c   xdtxUQ 
                                

… (6). 

    In other words, the rate of heat flow from one region to another is 

    proportional to the temperature gradient between the regions, we see that 

    the  rate  of  heat  transfer  depends on  the  material, as  measured with  

   a physical constant as the heat conductivity  K ( is the time average of heat flow through the material 

per unit area for all gradient unit heat, its measurement units is  
ocseccmcal  ) [10]. 

    The second basic principle is : 

2) The heat transfers through the boundary of a region is proportional to the heat conductivity, to the 

gradient of the temperature across the region, and to the area of contact, so if the boundary of the 

region   is written as   , with outward normal vector n, then                             

 


 

2 ),(nK xdtxU
dt

dQ

                       
… (7).     
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If we differentiate equation (6),with  respect to time and apply Gauss’s divergence theorem 

equation (7), we find that  
dt

dQ
  can be expressed in two ways as an integral : 

                             


  

33  ),(K     ),( c   xdtxUxdtxU t   

 Since the region   can be an arbitrary piece of the material under study, the integrands must be 

equal at almost every point. If the material under study is a slab of a homogeneous substance, then

K  and  c ,   are independent of the position x , and we obtain the heat equation 

                                 
U

t

U 2k  
 

 





                                                                  … (8) 

where c Kk    ( diffusivity ), ordinary substances have values of ( k ) ranging from about 

seccm    9000     to5 2 . 

The one-dimensional heat equation [3],is                
2

2

 
k  

 

 

x

U

t

U










               
 … (9) 

where tU
t

U






 

 
.   If  U   in equation (8) depends only on tyx   and   , , and does not depend on  z   

because of the symmetry, then this equation  will reduce to the form 

                          



























2

2

2

2
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y

U

x

U

t

U
                                                     … (10). 

The last equation is called the heat equation in two - dimensional[10]. 
 

7. The Heat Equation in Different Coordinate Systems 

  Since we can write Laplacian
2  in three – dimensional, so the heat equation [5, 9], as follows:           

U
t

U 2k  
 

 





, where U2  given in cartesian, cylindrical and spherical coordinates as follows[3]: 

 

In cartesian coordinates: 
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2

2
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                                                        … (11). 

In cylindrical coordinates ) ,,( zr  : 

                  
2

2

2
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2

2

  

1
) 
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U
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rr
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…(12). 

 In spherical coordinates ) , ,( r : 

2

2

222

2

2

2

 sin

1
) 

 
sin (

 sin

1
) 

 
 ( 

 

1




 






















U

r

U

rr

U
r

rr
U     … (13). 

 

  Now, we will try to solve the heat equation in  spherical coordinates by using our method. 
 

8. The  Heat Equation  in  Spherical  Coordinates 

Let us consider mineral solid sphere with radius equal to one unit, as in Fig.(1). Suppose that the 

temperature of the upper half surface of sphere with angle θ (where  0 ≤ θ < π/2) is kept fixed at 

0U o  , while the temperature of the lower half (where π/2 ≤ θ ≤ π) is kept at zero. 
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Fig. (1)   [9] 

 

The general form of the heat equation in spherical coordinates is given by: 
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U

r

U

r
r

U
r

rr
UtU

2222
sin

1cot12
 k 

                   

… (14). 

 Since U  depends on   and  r , and does not depend on  tor     ) ),(  i.e ( rUU  ,  

then the equation (14) becomes 

                 
0

cot12
22

 


UUU
r

U
rr

rrr
                                        

… (15). 

The initial condition is given by :  

             























2
           0

2
 0         oU

)(),1( fU

                                               

 … (16). 

In addition to that, the solution  U   is finite inside the sphere.          

The complete solution of the (15) , is given by [9] , which has the form 

            
)](c)(c [ ) 

c
c (),( n4n31n

2n
1 xQxP

r
rrU 


  

Where )( and )( , cos , 1)(nn  nn

2 xQxPx   are Legendre functions, and  

) 4 3, 2, 1, i (  ;  ci   are arbitrary constants. Now, we attempt to solve this equation by our suggested 

method. Since 0r  then multiplying (15) by 
2r , we get 

           
0 cot 2 2   UUUrUr rrr                                                 … (17). 

To find the complete solution of the last equation, we try to find two new  functions )(  and  )( WrR

, such that the assumption 

           
 





dWdr

r

rR

rU
 )(  

)(  
e),(

                                                            
… (18) 

will help us to find the complete solution of the above mentioned equation. 

From (18), we find  UUUU rr r  and  , ,  , and substituting  them in  (17) to obtain 
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 Since    0e
 )(   

)(


   dWdr

r

rR

,     which gives 

               
0)( cot)()()()()( 22   WWWrRrRrRr  

Putting      222 )()()()( cot)()(   rRrRrRrWWW                                               

where  is an arbitrary constant . 

So          0)()()( 22  rRrRrRr
                                   

… (19)   

            
0)( cot)()( 22   WWW

                                
… (20) 

From equation (19), we get 0
)()( 22
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 0  )(c    ;       
2

1
))(cln  b ( tanh b R(r)   11  rr  

The equation (20), is different than of the previous case which appeared, but we can  solve it as 

follows : 

     This equation is similar to Riccati equation[8], and we will transform it to linear ordinary 

differential equation of second order[6], using the following assumption, keeping in mind that V is a 

function of   

WVWV            22  cot   VVV  
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This equation is a linear ordinary differential equation of second order, it can be solved by using the 

assumption   cosx  , and by chain rule, 

dx
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d

dx

dx
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d
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… (21)    

Let  1)(nn  2   , then  (21) will take the  form 
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This equation is Legendre differential equation[9], then the general solution of (22) is given by:

 )(n c  )(nc )( 32 xQxPxM  ;   n = 0,1,2,… 
 

where ) (n  and )(n xQxP  are Legendre functions such that )(n xP  is given by :   

If  n = 0, 1, 2, 3, …, m  , then        ),13(
2

1
)( , )( , 1)( 2

210  xxPxxPxP  

m2

m

m

mm
3

3 )1(  
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1
)(,  ...  , )35(

2

1
)(  x

dx

d
xPxxxP  

The last formula is called (Rodrigue's formula), and 
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2
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4
1n 22    

So, the complete solution of (17) will have the shape 

))(cosc  )(cos(c  )aa ( ),( n3n2
)1n(

2
n

1  QPrrrU  
 

where ) 3 2,  j   and   2 1,  i (; a           j i c  and    are arbitrary constants.  

 This solution becomes infinite when  r = 0, this keep us to choose  0a 2  , and  if   θ = 0 or π   

then Legendre functions become infinite, we can get the boundedess when we take ...,3,2,1,0n    

So, )(cosnP  is Legendre polynomials, since the  functions )(cosn Q  are  infinite  if  θ = 0 , π , 

accordingly, we choose  0c3  . Thus the solution becomes 

                     2 1n
n ca A  )cosA  ),(      ;            (   PrrU  

 To obtain a solution that also satisfies the initial condition (16),we consider the series                                           







0n

n
n

n )(cosa),(  PrrU

 
Now, the values of the coefficients na can be determined from the condition (16), and hence 
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0n

nn )(cosa)(),1(  PfU
                                           

… (23)                                          
 

To find the expansion of )(f using Legendre series[9], and multiplying (23) by  )(cos sin m  P  

and integrating with respect to θ from  0 to π , we get 
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We can realize that Legendre polynomials are orthogonal on the interval (-1, 1), so 
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Putting  n = 0,1,2,… and using the first few Legendre 

polynomials terms  we get        , cos)(cos , 1)(cos 1   PPo  

...  , )cos3cos5(
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1)(cos  , )1cos3(
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Which represents the solution of the above  partial differential equation . 
 

Conclusion 
We  found  a substitution  to  solve  special  kind  of  partial  differential  equations  as  follows : 

  dyyV dx
x

xU

x,yZ
 


)(  

)(

e)( , 

this  a substitution  help  us  to  find  solution  of  this kind  of  partial  differential  equations 

quickly  with  steps  less  than   known  methods. 

This method used in search is method right to solve the heat equation in spherical coordinates and 

can  applied its on the same equation in other coordinates, also can be applied on other equations as 

Laplace equation and wave equation in different coordinates. 
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