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Abstract

In this paper, a finite volume method is studied for two-dimensional linear
convection-diffusion problem. A linear convection term is approximated by upwind finite
element scheme considered over a mesh to the triangular grid, whereas the diffusion term
is approximated by using divergence theorem and approximate the direction derivative by
difference quotient. The stability and error estimate of this method are proved under some

assumption on the numerical fluxes.
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1. Introduction

The finite volume method (FVM) represent an efficient and robust method for the solution of
conservation laws and inviscid compressible. This technique is based on expressing the balance of
fluxes of conserved quantities through boundaries of control volumes, on the other hand, the finite
element method (FEM) based on the concept of a weak solution defined with the aid of suitable test
functions is quite natural for the solution of elliptic and parabolic problems. However, it is not
mandatory to adhere to these paths of discretization in their respective regimes of common use.
The finite (control) volume method (cell-centered or vertex-centered) may also be used for the
discretization of elliptic problems (see Eymard(2000),Heinrich(1987)). Often the control volume
approach is used in the framework of the finite element method in order to gain stability from
upwinding (see Angermann(1995),0hmori(1984),Schieweck(1989)). In the solution of convection-
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diffusion problems, it is quite natural to try to employ the advantages of both FV — FE methods in
such a way that the FV method is used for the discretization of inviscid Euler fluxes. This idea
leads (Feistauer(1995)) to the combined FV — FE method. The analysis and application of this
method were investigated in (Angot(1998),Feistauer(1997),Feistauer(1999),Feistauer and
Slavik(1999), Fort(2001),Kashkool(2002) and Manna(2000). In this paper, we consider the finite
volume method for the elliptic form of the convection-diffusion problem. We present the theoretical
of the error estimate and stability.

This paper consists of five sections. In section 2, the notation and the linear problem is given. In
section 3, the finite volume space is defined, and the finite volume scheme. The stability for the
solution of the discretized system is shown in section 4. In section 5, discrete error estimates is

proven.

2. Formulation of the Problem and Some Notations
Throughout this paper, we will use C (with or without subscript or superscript) to denote generic
constant independent of discrete parameter. w;" (€2) denotes usual Sobolev spaces, where Q c R? is
a convex polygonal domain, m, p are nonnegative integer. The corresponding norm and semi-norm
are Il - iy po and | - |, o (Oden and Reddy(1976)). Particular, for p = 2, H™(Q) = w3'(Q), the
corresponding norm and semi-norm are | - ll,, 20 and | - |, 20 respectively. Let (--) denote the

inner product of L2 (Q), then
(u,v) =f uv dx.
Q
As usual H}(Q) = {v € H}(Q); v]so = 0} denote the subspaces of H!(Q).

We consider the following two-dimensional linear convection-diffusion initial boundary

problem:

Z—?—eAu+b-Vu+cu=f (x,t) e Q% (0,T] = D; (2.1)
u(x,t) =0 (x,t) eI x (0,T]; (2.2)
u(x,0) = u°(x) x€Q, (2.3)

where T is the boundary of Q. The positive parameter ¢ is called diffusion coefficient, the vector
b: D — R? is called convection coefficient and c, f: D — R are given functions, and u°:Q — R
is given function.
We assume the coefficient of problem (2.1)-(2.3) satisfy the following conditions:
(ALl) b = (b, by) € [W2(]?, c € WHQ), f € WH(Q) with some g > 2,
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(A2) ¢ — %V -b > a, > 0o0nQ, where a, does not depend on € and x € Q.

The weak form of problem (2.1)-(2.3) is, find u: [0, T] — H{(Q) such that,

W, v) + a.(u™,v) = (f*,v), forallv € H}(Q), (2.4)
u(0) = u°, (2.5)
where
(ut,v) = fu? vdx, a.(u",v) = f [eVu-Vv+ (b-Vu+ cu)v]dx,

Q )

(fmv) = | ffvdx.
/

We assume that the weak solution u of problem (2.1)-(2.3) satisfies the following regularity:
(A3) uel”(0,T;H2 ()N L*(0,T; WL(Q)), ue,us, usee € L7(0,T; L7(Q)).

3. The Finite Volume Space and Finite Volume Scheme

Let us consider a family of regular triangulation {7;,} in Q (see Ciarlet(1978)). For a fixed
triangulation 73, we defined the mesh parameter h by h = max gz, hy, where hy is the diameter of
the triangle T.

We assume that the triangulation family {7;,} is regular and weakly acute type, i.e.
(A4) There exists a, € (0, %) independent of h, such that all interior angles « of the triangles are

bounded as follows:
s
a € [aorz]'
For a given triangulation 7; with nodes {x;} € Q (1 <i < K), where K is positive integer
dependent on the triangulation, we construct a secondary partition. Namely, we introduce regions
of = {xix €T, |x—x]| < |x—xj| forall x; € T},
where |x — x;| is the distance of node x and node x;. We consider the dual decomposition 7}, =

{Q;}, where Q; is circumcentric domain associated with nodal point x; (lkeda(1983))
Q=09

We say that two nodes x;, x; are adjacent if and only if T'; = 0Q; N9d # @. The set of

indices of all interior nodes x; € Q is denoted by A whereas the set A; contain the indices of all

nodal points in Q adjacent to x; € Q. Moreover we defined dj =|x;—x| and x; = % (x; +

x;). The area of Q; is denoted by m; = meas; (;) and for the length of the straight-line segment

['; (i € A;) we use the notation m;; = meas,(I';;). If m;; >0, then I';; has a uniquely defined

unit outward normal v;; with respect to Q;. The elements of this partition are defined as follows.

Obviously, the straight-line segment I';; and the node x; can be regarded as an edge and the
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corresponding opposite vertex, respectively, of some triangle T;;. Now, an element Q; of the

partition is defined by Q;; = T;; U T};.

Furthermore, the triangle T;; can be represented as the union of two triangles ’]I‘g‘)(k =
1,2, the common boundary of which is part of the edge connecting the node 7 with the node ./
(see Figure(1)). We set Fg‘) =TIy N ’H‘g‘) and ml.(f) = meas, (Fg‘)).

It is not difficult to see that Q;; can also be decomposed as Q;; = Ql.(jl) U Ql.(jz),

where Ql.(].k) = 'ﬂ‘g‘) U "ﬂ‘j(f_k)(k =1,2).

®
L'y

)

Figure (1) The auxiliary triangles ’JI‘g‘)and ']1‘].(1.]‘)

We mention the following relation:

meas; (Qi(].k)) = 2 meas; (T = 1mg<)di]-. (3.1)

ij 2

For ¢ ={0,1,2,...}, T € 7;, we denote by P,(T) the space of all polynomials on T of degree
< ¢. In what follows the following finite element spaces
Xy = {vplvp, € C(Q);vply € P(T),VT €T} © HY(Q),
Vi, = {uplvy, € Xp, 50, =0 0n 00} € HE(Q),
and the finite volume space
Y, = {uplv, € L2(Q) ;vhl, € Po(Q),VQ; €T, )
By making use of the characteristic function f; of circumcentric domain €;, the mass lumping

operator A is now defined by A :wy, € C(Q) — W, €Y}, such that
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K
P00 = D WG (),
i=1

where Wy, (x) = wy, (x;) = wy,.
Then we have some important lemmas:
Lemma (3.1)(lkeda(1983)). If T7;is regular triangulation of weakly acute type we have

2 6 —~ 2
|Wh|1,2,Q = 7z I wy, ”0,2,9 ,V wy, € Xy,

where # = min{# ;; T € 73}, # 7 =minimum perpendicular length of 7.
Lemma (3.2)(Ikeda(1983). For all w € X, with » > land all w € 5 (Q) with p > 2

Il w—wlloya< Chlwly,q.

Lemma (3.3)(lkeda(1983). Forall w € X,

m. .
(Vw,Vp,) = — z wy —w) L, 1< <K
JEN; ‘/

where g, is base function of finite element space X;.
Lemma (3.4)(Kashkool and Chechan(2011)). Let conditions (A3.1), (A3.2) and (A2.1) be fulfilled.
Then, for sufficiently small h, > 0 there exists a constant ./ > 0 such that for all h € (0,h,] and
vy €V}, the relation.

ap(vp,v)= 4 oy, l2,

hold, where h, can be chosen independently of &£ and Z does not depend on £ and h.

The finite volume scheme is found by integration equation (2.1) on a given control volume of
discretization mesh and finding an approximation of the fluxes on the control volume boundary in
terms of the discrete unknowns.

We turn to the derivation of the discrete scheme. We start by integrating the equation (2.1) over
Q, and using the relation

V-(bu”)=56 -Vu”"+ (V- b)u”

du 7 . 7 _ . 7 7
j—dx—jv-(chu )dx+fV (bu”)dx Q{(V D)u a’;r+chz dx

4 7 4 7

= Ql frdx. (3.2)

We approximate Z—j by the forward difference
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du
at
Q,

dr ~ (ul™—ul)m;, (3.3)

where z > 0 is time step, for 2 =0,1,...,/,-1 with /, = T/T.
Applying Gauss's theorem in second term of equation (3.2) we obtain
j V-(eVu")dx =f v -(eVu")ds,
Q, 9,
where v is the unit outer normal on 7Q, . Then, using the concrete structure of the boundary of
Q,, we can write
f V(e Vu")dx = Z f v,; (e Vu")ds.
Q, SR Iy

we approximate the direction derivatives by difference quotients

o Yu” z;, 3.4
Vl/ u dl/ ( )
then
f V(e Vu")dx
Q,
~ O 35
~ d”(zz/-—zz,-)m,-/-. (3.5)
/'EA/ 4
To approximate the third term
f V-(bu")dx = Z f v, bu'ds
Q, SR Ty
~ Z ]/1'/' (7‘1'/'”;2 + (1_ rl’/’)”/’?)mj/’r (36)

JEA,

where v, , Olr,, = Vi is constant, and u”|rl,/. 7y u"(x )+ Q-7 )u"(x))
7, €10,1] is a parameter and dependson ¢, y, , and &, ,.

It remains in the left-hand side of equation (3.2), we approximate as follows:

f V-5)u” dx = Z u;?f Vb dux
Q, Q,

J €Ay
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JEN; Tey
~ z u;'z]/l'j mz'/'; (37)
JEA;
and
f cudx =c;utm;. (3.8)
Q;

The approximation of the right-hand side in equation (3.2) is as follows
.f Srdx = fFm;. 3.9
Q,

Thus we obtain the following discrete version of equation (3.2) :

1 n+1 7 £ Vijdi,; 7 7 7
;(th‘ _”hz')mz' + z d__(l—(l—?‘//-)—glL (”hz‘ _uh/‘)mz'/' t o up my
[
J EN;

= f7m; . (3.10)
Taking an arbitrary function v, € ¥, c #5(€) multiplying equation (3.10) by #,, and summing
all these expression over 7/ € A, the resulting discrete problem can be written in the form

D, ul o) +anul,vy) =" vy forallv, € vy,

(3.11)
where
+1 n
U —ug,
ot o= Y vy, (A,
7 EA
£ Viid;,
anuf o) = ) vn (). A= U 7 VLD s = ufy Yy + €y ufym)
7 EA VALY
7 n
(7 !Uh): Uhs /1’ 77
7 EN

Moreover, we introduce the following norm (Angermann(1995)).

lopll,=v@n, o) =l vy llozn,

(3.12)

— 2 2
oy ll= \/e|uﬁ|1,2,g+u vy o

(3.13)
The scheme (3.11) can also be defined for control functions 7: R — [0,1], where the control

function 7 is defined as (Angermann(1991))
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1
et —1
However, we have that these functions satisfy the following properties:
(PL) lim,,_,7(2) =0 ,lim,_,,7(2) =1,
(P2) 1+z7 (z) = O for all z,
(P3)[1—7»(2) — »(—2)]z=0forall z,

1
r(ripdile)=r@=1--+

(P4) [% —7(2)]z <0 forall z.

4. The Stability of the Scheme

Theorem (4.1)

Let «, €V, be the approximation solution of equation (3.11) at
7 =01,.. m—1,then

m 2 0 2 27 2
Il 27 W5 20<Il 2} ||0,2,Q+7;"€%6% (WACON APy

where ¢ is a positive constant .

Proof

1
In equation (3.11), we take the particular test function , = zzZ+2, we have

up'—up n+y n+s  n+s a+l a4k
( uy, Dtvap(u, Lu, )= Lu, ?),
Since
w4+ y? 1
+1 h h _ +1 2 2
—(up ™ — uﬁ;—z ) = g(” up " Mo20 =N 2p 1520),

from lemma (3.4 ) and Schwarz inequality, we have

1 n+l 2,72 + ”+%2 < 7”% ”+%
(I 2i ™ 120 =1 25 520) + clz, 212 <I loyoll 2, % lloza

(4.1)

Now, applying the Young's inequality with & = 5/2 to the right-hand side of equation (4.1) and

using (3.13), we have

1 1 1
+1 12 2 747 112
5 (Il 2™ 620 =1 25 l620) < — 177 2 o0

by taking the summation from 0to 7z— 1 for both side

m—1 2 m—1 L

+1 2 2 7n+5 2
D wi o~ i o) <= ) 7 17" 710
thus
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m—1

2 1
2 0 2 E 7nt5 02
[ Z/;lﬂ ”0’2'9 =l Up ||0,2,Q < ; 7|l 7 2 ||o,,],g;
7n=0

m—1
m 2 0 2 1 7+l 2 7 12
2 20 <N ah a0t — ) 7 " M y0+1 77" 1,.0)
72=0

0 2 2r 2
< ” Uy ”0'2'9+ _(,fe%% " /(S) ”g'q'Q.

5. The Error Estimate

Theorem (5.1)
Let 2 be the weak solution of equation (2.4) which satisfies the conditions (Al), (A2) and

(A3), «;, be the solution of equation (3.11), and 7 be the time step, then for t > 0 small enough
and T = 2(h), then we have
lep — o lopa < C(h+72),

where C is constant independent of h and .
proof

Let wj = I, 2, where I, is an interpolation operator from £(Q) to »,, we set
uy—u=Cuy—wy)+ (w,—u)=0,+ p.ltisclear that (Thome e(1984))

Iz — 2 =1l p llgpa < CR?|#|o20, Il pllip0< Ch,

where, ¢ is constant independent of «, Z and .
We prove this theorem by mathematics induction. It is clear that at n=0,|| z% — z° lo2a0< Ch,
we assume || 7" — #™ llgpa< C(h+ z2) at0 < 7.2 < 7. Then, we must prove

luf™ = u* llg g0 Clh+72).

~ an+l_an
From equation (3.11) and equation (2.4), with D, 6] = % - gt t = £"*7 we have

1

*2

A ~ n+l Anal ~ ~ n
(D61, 0, ) + ap(8, 7, v) = (F**2,04) — (D, W} ,04) — ap(w, *,vy)

= [(F™2,00) — (F"*2,0)] = [(De W], 03) — (up 20)] = [ap (W, 2, vp) — @ (u"*2,0)].

1
Put v =6""

~ 1 ~ A 1 A
T "Yh )

_1 an 12
. > ) = 5D 116 15 2,0-

From Lemma (3.4 ), we have

n+% n+% n+l 2
ap(6, %6, °)=zm|0"72]{,q.

Then,
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) A 1 +1 1 1
—DT ” 9;711 ||(2)'2'Q+ m |9n+2 |1 2.0 < [(fn"’_j , 6: 2) _ (fn+7 ) 9n+7)]
n+1 1

~ An+l n+l 1 = n+= 1 1
—[(DTW;? .6, 2) _ (ut 2’9n+2)] _ [ah(Wh 2 , Hh 2) _ ag(un+2’0n+2)].

Thus, we can write

3
1 A 1
Lo N6} 1300+ ml6™3]% 0 < ZA("). (5.1)
k=1

To estimate AD,

n +—

AD = (P58 4 (L) - (L0 (£ 0

2
1 1
= (frtr — 2,00 ) + (2,0 T — ) = z 406

To estimate AMD, we use Lemma (3.2) and Schwarz inequality
A 1
JAGD] = (75 = prd gy < = 0 100 Nl 0
1 A~ +_ A~ _|__
< Chlf™ 2140 16, 2lloz0<Ch 118, 2 llgzq-
By using Young's inequality, we get
1
n+=
|AMD| < ch2 + B 118, 2 12 0.
To estimate A2
1 ~n+L 1 1 1
|ADD| <[l f™*2 g a1 8, 2= 0" 2 llga0 < Ch Il f**2 llg g0 16" 2120

1 1
< Ch|6™*2] 5 < Ch? + B|6™72|2 5 0.

Then,
~An+i 1
AV < CR2+ 816, 2 13,0+ B16™722,, . (5.2)
To estimate A
) ~n An+% ,\n+% An+% ,\n+% An+% n+% 2 n+l
AV = (D, wy ,9 )+(ut ,Hh )—(ut ,Hh )+(ut ,9 ) - (u , )
il n+_
—( i )
3
1 1 1 1 4l 1 4l 1
= O — 2,0 )+ @ -0 D+ 6T -0y = ) ek
k=1

To estimate A@D | by Taylor expansion, we have

1
An+t= gntl_gn A +l A +l
@, *=———+a""z, where [1&""2llpz0< Ct? Il uge lloza
Now
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An+1 SN ~n+1 an 1 1

—wp a*tl-q 1 1 antl
21 _ h AN+ ~ 1 ~n+
|A@Y| = |( . - . 0, D+ (@""2,6, 1|
~n+1 ~n+1 ~n ~n
witt — 4y W —a" 4l 1 anth
S T D @R

~ An+l 1. 1 +1
< ("6, 2)|+|;(Pn»9 2)|+|( 2,6, |

= ( I p*t ||029+— Il p™ Nloza I am+ lo,2,0) |l 9 & llo,2,0

h? .
ST ||9 ”()ZQ+ Ct? ||9 ||ozg

Put T = O(h) and using Young's inequality, we get

~n+i
JACV| < c(h? + ) + 28 |l 0: 2 52,0

To estimate 4?2

R S e
|A(22)| — |(ut Z_ut Z’Hh 2)|
s 4t ~n +
<Ia, >—u, *lozall6, *2 lo20=< Chlu 2|129 I 9 “ oz,

1
~Nn+> 4t
<Ch 16, *ligga <ChR2+B 16, *1§,0

To estimate A3

n+i

1 .41 1
|A(23)| — | (uZH_Z'eh 7 _ 9n+2)|
l
<l u * o2, ll 9 — ot llo20 < Chl u * llo20 6™ 2|1,2,Q
< Ch|9n+7|1,zn < Ch* + ﬁ|9n+7|i2,n-
Then,
AP | <ch? +1H)+ 38| 9 * 1§20+ 3|9n+2|129
To estimate A®

+l +l 1 1
A® = ay(w, 2,6, D) — a,(u""7,0™2)

Since
Vi dij n+
E(l_(l_u) )(hl h] )
- Z(W Whj 2)+(§_ri1')yij(whj _W 2)"‘ 5 Vij (Whjz—
Then,
A9 = (e oY R evurth v
ieA jeAi
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n+y 1 n+i n+t
+Z Hhi ’ Z(g— Tij))/ij (Whj ?— Wy ) m;;

ieA jeAi
1 1 1
+[% Z 9::-7 Z (W:j-i-f — W:i‘i'f) VL] mij _ (b vun+%’ 0n+%)]
ieA jeAi
n+% n+% Tl'l'1 n+1
”Z 6, °ciwy, “m; — (cu™'z,0"72)].
ieA

Thus, we can write

4
A3 = ZA(%) _
k=1

To estimate AGD,| by applying Lemma (3.3) and adding and subtracting (eVﬁ"*i V@"*é), we

obtain
L 2
ABL — (va:+7 _ 8Vﬁn+%, V9n+%) + (SVﬁn-% _ 8Vun+%,v9n+%) — z ABLE)
k=1

To estimate AG1D

an +1 +an

1
+ 6"tz

1
Let 4"z = - ,

1 1
then Il 6™%Z llg20< CT% Il uy lloz0and Il V6™ 2 llg o< Ct% Il Vg llg20

vptt + vl vart! + van

- - ), VO + (V6™ ,Vgm+D)|

AGTD] = |e(

& & 1 1
< (E Il Vo™ g0 + 5 VA" lg20 +1Va" 2 llg20) 11 VO™ 2 g0

& & 1 1
N PN += +=
< (E [ Pn+1 ||1,2,Q + E Il Pn ||1,2,Q +|l Vo™ ™2 ||(),2,Q) | Vo™ Tz ||o,2,Q

1 1
< Ch | V™7 llg g0+ CT2 11 VO ™2 [lg 50
1 1
SCR*+ ) + 2B 1V0™ 2 [I§,4 < C(h? + %) +2B|07""2)% 5 .
To estimate 4G12)
1 1 1
|A(312)| — |(£(Vﬁn+7 _ Vun+7)’v9n+7)|
1 1 1 1 1
<ellVva*tz —vutz lo2all vottz lo20< Ch|vun+7|1,2,g | vo™tz lo 20
1 1 1
< Ch|u"+7|2‘2‘9 ” V9”+7 "0,2,Q < Ch ” V9n+7 "0,2,0

1 1
< Ch?2+ B IVO™ 2 1§50 < Ch? + B|6™H2]{ 0.

Then,
[ACD] < CR2 + 7 + 3810742 0
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To estimate A®?), applying asymmetry argument, and we use the relations

1 1
(5 — )Y = (5 — 1)y and my; = my,

1 1 1 1 1 1
32) _ 1 1 n+s n+s, nts 1 n+s n+s. n+s
ABG2) = 5 E E {G—1y)vy (wy, P—w, 0, P+ G — 55 (W, Z Wy Z)th 2Ymy;

i€A jEN;
1 1 1 1
1 1 . n+7 . n+7 n+7 . n+7
) Z Z (E rij )yij (Whj Whi ) (9}”’ th )mu
ieA jeAi
Now, in view of |r;; — 1| < Land Sobolev's imbedding theorem, which implies

[¥ij| < C Il b1l 02, We have

1 1 1
32 n+s n+s n+— n+
|A( )l S C " b "1,00,92 z Z |Wh] 2 _ Whl leehl 2 ZImU

ieA  jeAi
Now, we may write
Tl+1 +1 n+1 n+1 no_ n
e Tk VL itk Y i T R 1
hj 2 ) > >
_ ST O O O
dij dl] y
1 n+1 n+%
= E|vi Vgh + V VHh |d — |vij' V@h |dl] .
Using equation (3.1) we get
n+y o on4r n+l
|9h] — th. | = m_ |Vij' VHh |mea51(']I'l-j)
i
4 1
=— | Iv;.v6; 7 dx
2
4 2
— Ez |Vz] vg | dx < m_ |9 |1,2,']I~i], measl('ﬂ'ij). (55)
= ,H,l(]k)
It follows that
nty N4z o+ n+y n+t
Wy * =Wy, 116y * = 0y 'l < — |W |1,2,1rl-j 16}, *l1,2,m, meas;(T;;)

l]
I TP ]
ml] h 1'2'Tij h 1'2'Tij'

and consequently

1 1
32 n+x n+=
AOD < CRID gz ) ) W) i, 16, Pz,

ieA jeAi
n+% 2
S ChIlbllyeq2 Wy, |1,2,Q|9 l120 < Ch|9 |129
By using Young's inequality, we get
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1
n+s
|ABD| < Ch? + Bl6, 213 2.0-

From Lemma (3.1), we have

1
|ACD| < CRZ+ B 11 6, "2 112,50, (5.6)

To estimate A3

1 1 1
AB3) = %z 6::'7 Z fvij . b(WZj‘l'z . W::_z)ds _ (V . bun+%' 9n+%)

ieA jeAi[‘ij
+(U"IV - b, O™7) + (V- bu*2,8 2)—(\7 bu"*z,9 2)+(u"+zv b6, )

—u"2v b0 2)+(“"+7v b, 6, 3y _ @y - b, 6, *2y

1 !
i _z o Z ] g b(WhJ we: B)ds = (V- bu™7 — "2V - b, 2)

ieA jeAi r‘
n+t _ n+— 2 n+t n+— n+% n+t "n"% n+i
(U2 2)V-b,0, 7)+ w2V - b,0 ) + (V- bu*z,8;, 2 — 6"*7)
Thus, we can write
4
AGY) = Z AG30),
k=1
To estimate A(332)
A | 4L
|AG3D| <l u™2 — 2" 2 llg20 1V b llgeeqz 1 8 2 llo2a
1 ~ +l
< Ch|u™*2|15q |l 9: Moz,
~ +l ~ +l
< Ch 118, Zllgpa SCR2+B16, 21250 (5.7)
To estimate 4333
1 1 ~ _|_l
JACSI | <l w2 llg 20 1 V- b llg oz | 8777 — 9: “lo2,0
1 1
< Ch|0™*z)1,0 < Ch®+pBl6™*2)%,,. (5.8)
To estimate 4334
1 ~ _|_l 1
|AG3)| <|| V- b o002 1 "2 llg 20 I Bn 2—0"7 |lg20
< Ch|o" 2|1zn <Ch2+/3|9"+2|1m (5.9)

To estimate A331)

119



Basrah Journal of Science (A) Vol.30(2),106-127, 2012

1 1 1 ! ;
1 n+s n+s n+s n+y 3 "tz
AB3D) — . Z ehi 2 Z fVij . b(Whj 2 _ Wy, ds — Z Hhi z Z fvij -b(u”+z — U, Hds

ieA jeAi Ty ieA JjeAi T
1 1 1 1
n+s 1 n+s 1 nts n+s
— 2 . L 2 4 2 2 _ 2
=67y fvl-j b CGwp ™ + w2 — wi s
ieA JjeAL T
1 1 1 1
n+5 1 n+s n+s n+5
_ 2 . n+s __ 2 2 . 2
ZBM Z fvl] b(u""z —u, )ds+20hi Z fvu bu, *ds
ieA jeAi Ty ieA jeAi T
1 1
n+s n+s
—ZOM ZZ fvi]- ~bu, *ds.
ieA JeAL Ty

1 1 1 1 1
Y f vy b —uthds] +1) 6,7 ) f vy - b7 — w! 7yds]

ieA JEAT; leA JeAiry;
1 1 1 1
n+y 1 n+y; 1 n+s n+s
2 . - 2 - 2 2
+[ E 0,,; E Jvl-j b(zwhj Wy, u;, “)ds]
ieA jeAi Ty

Thus, we can write
3

4331) — ZA(3311<)
=1

To estimate A3311)

1 1 pURE
~nts +5
|A(3311)| <|IV-b ||0,00,QZ | 4" 2 —u""z ||0,2,Q|| Hh 2 ||o,2,g

1 1
1 AN+ ANt
< Ch |un+2|1’2’Q Il 6, *lo20<Ch I 6, *llo2,0

1
<Ch2+B 118, 7 13,0
(5.10)

To estimate 4(3312)

An+i

~ 1 ,\n+l
|A(3312)| — |(V . b(u"+2 — W, 2)’ 9h 2)|
artteqr o wrtl e 1 1 n+y
=|(V-b( 2 - 2 h)’ 9:+2)+(V-b6”+7,9:+2)|

1 A~ 1 A
<G NV bllgwaz I P lloga+5 1V b llgegzll P llo2a

1
1 ANn+=
AN4=
HUV-bllgenzll 6" 2 llg20) 16, *loza

1 4L 4L
< Ch2 116, P lloga+ CT2 18, 2llgzn < Ch*+79) +2B16, 2 12,0  (5.11)

To estimate A3313)
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1 1 1 1
A 0, V) b(zwhj + oWy, u; “)ds.

ieA jeAirU
Let nty _ 1.ty +w +7 nty _ n+s
€ Wht] ( Whi h.j ) uij =u (xl])
1 1 1 1 1
A 0, Vi) b(whl.j t U u, “)ds
ieA jeAirU
1 1 1
n+s n+s n+s
— 2 2 2 2
=>e> f vy - bWl —ul )ds £y 0 2] bl ) ds
ieA jeAir ieA jAlF
R TONRTe)

To estimate 1M

1
(]_) Tl+ Tl+—
15 = | vy b(wy,? —wuy 2)ds.

r

By an affine mapping FQ(k). Q.(k) — T such that the image T of Fl.g.k) has unit length. Then taking

! 1 n+t !

. . . . n+s n+s
into consideration the relation Wi ‘= >y ‘+ U, %), we have

@ _ (k) (¢))
Il}k = My Uk @),

with
ffi(”)‘f(vu b)((u 2+u 2)—u 2)d~

From Sobolev's imbedding theorem implies

12 [, 1% ], |5 < C i lly o7

i.e.

D <Clb iy +<C T
Jij, @I <CUblgeorlullzzr<Cllully,g

Returning to the original triangle Ql.(jk), we obtain

_1
I @1 < € Il (DFQI)™ I1? {meas; (Q5 )} 2lul,, 4w

-1
< ch? (k)measl(Q ") 2lul,, o
L] i

where DFQ(k) is the Jacobian of FQ(k) From lemma(2)(Angermann(1995)) and using equation
31)
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h (k)

meas, (’]I‘g‘)) < % meas; (']I‘gc)).
M

hgwotmeas; (Q)} /% = 22

k
ml.(]. )di]-

It follows that

1 ’ k
|Il(“3| < Ch|u|22Qg€) measl(']I‘lg. )) :
2.0,

1 1
. n+= k) _y at3
In view of |6, ."?| /measl('ﬂ‘ ) =6, ? IIOZTm and used the relation
2 2
E E U 1220, =2 ulz0

ieA jeAi
Then
1@ <Chz Z|u|22Q ||021r
ieA jeAi
< Chlulz20 |l é ||029 <Chl 9 ||029

1

ANA4=
<Ch?+B 18, 213,40

To estimate 1

.|.l +l 1 1 +l

ieA JeAi Ty
1 1 1 1
n+s n+s 1 n+s 1 n+s
— 2 . 2 _ g nts 2 . n+s __ 2
= zghi z ] Vi) b(ui]. u""2)ds +Zehi z fv” bW""z—u, *)ds
ieA JeAI Ty ieA JeAL Ty

_ @D 4 (@)

To estimate 1D, applying the symmetry argument we have

1@ = Z 2(3 2)1(21),

ieA jeAi

where

1(21) j(v” b) (ul] — u"+2)ds

]

The transformation Fj;: T;; — T and the image T of [;; we have

21 2 .
Il.(]. ) = =my; ]( )(u),Wlth

1
(2)(u) — f I (u2+7 _ un+%) ds

T

In contrast to estimation of ]i(jz)(ﬁ) , here we use the relation .
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|ﬁ;+%|, |ﬁ"+%| <CI uts o4 With some g > 2. Hence we get
IPGE@I < C b Nz 8]y 45 < Cla" 2]y .
The back-transformation gives
(2)(U)| < C Il (DF;)7! Il {meas, (Tij)}_l/q|un+%|1,q,1r,-j
< Chy, Il {meas; (Ty)} 4 ju™2l, 4,

Moreover, from equation (5.5) we obtain

1 1
n+s 21
IO = 00 ED| < Chy, fmeasy (T} >4 lu™Hy g, 161 11,

From lemma (1)(Angermann(1995)) and using equation (3.1), we get

. 1 n+l
|I(21)| < ChZ{mi}l/Z 1/4 I utz ”1,(?,91_ |9h le,Z,Qi
ieA

i 1 +
< Ch{meas; (Q)}/27V4 | u™*2 |l 44 |9n *l1,2,0-

The continuous imbedding w?(Q) < w§ 2(0) implies

1 n+s
|I(21)| < Ch Il u™*2 lizp0 16, 2|1,29

n+s

< Chl6, *li20 SCh”é ||029 <Ch2+ﬁ||9 2”029
To estimate 122
I(ZZ) _ (v b(un+2 _ﬁn+2) 9 )
22) n+t  an+l """%
D] < V-bllgzall u"*2—2"*Z llgo0ll B, % lloza

1
+_ AN+
< Chlu™ 2|50 | 9 2 lo2a <Ch 118, *llgz0

~n+ti
<Ch>+B 116, 213,
Then,

1
AN+
1@ < ch?+2p8 | 9: 520

1
|AG3)| < CRZ 438116, 2 12,5 . (5.12)
From equations (5.10)-(5.12), we get

1
1A < Ch2+ 1) + 68116, 2113, (5.13)
From equations (5.7), (5.8), (5.9) and (5.13), we get

4G <ch? +) + 7816, ||om+ 23|9"+z|1m. (5.14)

To estimate AGY
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(34) n+% 71+% n+l n4l
A = 6, ‘ciw,, ‘m; — (cu™7z,0"72)
ieA

n+

AT %"n"'% n+t on+l
= (ew, %6, *)—(cu""2,0""2)

I\J|H

AN

An+l JUE
T 4 (et 79

41 An+1
2) + (Cﬁn+— N 2)

1
_(C'\TL+7 9 2) + (C.un+— 9 ) _ (C.un+%' 9‘:‘*‘7) _ (Cun+%’9n+%)
: An+l 1 1. n+r
— (é\(Wh 2 An+—) 9 2) + ((C _ C)An+— 3 2) + (C(ﬁn+7_un+7)' eh 2)

An+l

To estimate AG4D

Wn+1 +17l7n an+1 + " 1 1 1
41)) _ A h h ~n+ sl ant
|AGHD| = |(&( - )0, %) +(¢6""7,6, )|

n Wh - wt —a" ~n+i oL ~n+l
= |(¢( + ),0, %) +(¢6"77,6, )|
< (— Il ¢ ||0 ooQ" ,Dn-i-1 ||ozg+ = ||OooQ” p” ||ozg

+Il ¢ ||000Q" An+_ ||ozg) Il 9 ||029

1
<Ch?+T9)+ 2816, % 12,0

To estimate 4342

1 ,\n+l
A ANn+=
|ACD | <l é = ¢ llg o 1 8" 2 llg 20 Il B, 2 ||0,2,Q

< Chlclyma ll 6 ||om < Ch 18" ||OZQ

1
~AN+5
<CR2+B 16, 25,0

To estimate 4343

1
~ AN+
JAC| <l ¢ llg e Il 82 — U2 llg 20 1 B 2 llg20

< Chlu™]1 50 | é,’l”% loza < Ch Il 6, k llo,2,0
<Ch2+B | é;l”% 12 5.0

To estimate AG44)

AB] <l ¢ llg oo I U™ g0 1l 87 2—6" llg 5.0
< Ch10™*2]y 5.0 < CH? + B1O™ 212 50
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Then,

1
ABD] < CR2 + T4 + 46 1 87 1 50+ BIO™ 212 5. (5.15)
From equations (5.4), (5.6), (5.14) and (5.15), we get

an —i—l

IAD| < CR2 + 1) +12B 116 2 12,0+ 6816™2|7 5. (5.16)
By substituting of equations (5.2), (5.3) and (5.16) in equation (5.1) and we note that |||l is
equivalent to |I*ll, then we take g > 0 small enough such that m — Cz > 0 and move G |t9"+%|fz,Q

into the left hand side we get

1 ~ ~ ~
0 1 6] 1520 < C(R* + T4+ 11 O} 1§20 + 11 0 115 2,0),
then

(1+2Ct) . 2Ct
m I 6} ”3,2,9+ m (h? + ).

This implies that if 7 > 0 is small enough such that (1 — 2Ct) > 0, then
107 15 20< (L +CT) I O] 13,0+ CT(h? + 1),

nn+1 2
167+ 13 5 0<

By induction over n=0,1,2,...,N; — 1, this easily deduce that
I6RH 15 20< (1 + CO™ 1 6) 1§50+ [(1+ CT)™ — 1](h2 + 4.

Since (14 Ct)"*! < (14 C1)V* < exp(C1), it follows that
I 07 115 ,,0< exp(CT) | O 1155 0+ [exp(CT) — 1](h% + T%),
that is
I OR* Nlg 0= C(h +72),
and also
I "+ Hlgz0< Ch?

Hence the theorem is complete

6. Conclusion

In this paper, we proved that the finite volume method is converge with error of order (h + 72)
which better than partial upwind finite element scheme which converges with the error of order
(h + t) (see Kashkool(2002), Manna(2000) and Zhi-yong(2004)), and we proved the stability of

the discretized system.
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2o Lall 4y k8 aladiuly Ay 58 &5 el L) as ey Cliall 4503 e sasdl jeaiall (upwind ) s 435k

at Uadll el g3 ) jEaa) L A sl lE 5 jall aladinly daalas) dakall (8 5 (divergence theorem)
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