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Abstract 

                 In this paper, a finite volume method is studied for two-dimensional linear 

convection-diffusion problem. A linear convection term is approximated by upwind finite 

element scheme considered over a mesh to the triangular grid, whereas the diffusion term 

is approximated by using divergence theorem and approximate the direction derivative by 

difference quotient. The stability and error estimate of this method are proved under some 

assumption on the numerical fluxes. 
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1.  Introduction 

      The finite volume method (FVM) represent an efficient and robust method for the solution of 

conservation laws and inviscid compressible. This technique is based on expressing the balance of 

fluxes of conserved quantities through boundaries of control volumes, on the other hand, the finite 

element  method (FEM) based on the concept of a weak solution defined with the aid of suitable test 

functions is quite natural for the solution of elliptic and parabolic problems.  However, it is not 

mandatory to adhere to these paths of discretization in their respective regimes of common use.  

The finite (control) volume method (cell-centered or vertex-centered) may also be used for the 

discretization of elliptic problems (see Eymard(2000),Heinrich(1987)). Often the control volume 

approach is used in the framework of the finite element method in order to gain stability from 

upwinding (see Angermann(1995),Ohmori(1984),Schieweck(1989)). In the solution of convection-
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diffusion problems, it is quite natural to try to employ the advantages of both FV – FE methods in 

such a way that the FV method is used for the discretization of inviscid Euler fluxes.  This idea 

leads (Feistauer(1995)) to the combined FV – FE method. The analysis and application of this 

method were investigated in (Angot(1998),Feistauer(1997),Feistauer(1999),Feistauer and 

Slavik(1999), Fort(2001),Kashkool(2002) and Manna(2000). In this paper, we consider the finite 

volume method for the elliptic form of the convection-diffusion problem. We present the theoretical 

of the error estimate and stability.      

      This paper consists of five sections. In section 2, the notation and the linear problem is given. In 

section 3, the finite volume space is defined, and the finite volume scheme.  The stability for the 

solution of the discretized system is shown in section 4. In section 5, discrete error estimates is 

proven. 

 

  2. Formulation of the Problem and Some Notations 

     Throughout this paper, we will use 𝐶 (with or without subscript or superscript) to denote generic 

constant independent of discrete parameter. 𝑤𝑝
𝑚(Ω) denotes usual Sobolev spaces, where Ω ⊂ ℝ2 is 

a convex polygonal domain, 𝑚,𝑝 are nonnegative integer. The corresponding norm and semi-norm 

are ∥ ⋅ ∥𝑚 ,𝑝 ,Ω and | ⋅ |𝑚 ,𝑝 ,Ω (Oden and Reddy(1976)). Particular, for 𝑝 = 2, 𝐻𝑚 Ω = 𝑤2
𝑚 Ω , the 

corresponding norm and semi-norm are ∥ ⋅ ∥𝑚 ,2,Ω and | ⋅ |𝑚 ,2,Ω respectively. Let   ⋅,⋅  denote the 

inner product of 𝐿2 Ω , then  

 𝑢, 𝜐 =  𝑢𝜐 𝑑𝑥.
   

Ω

 

As usual 𝐻0
1 Ω = {𝜐 ∈ 𝐻1 Ω ;  𝜐|𝜕Ω = 0} denote the subspaces of  𝐻1 Ω .  

      We consider the following two-dimensional linear convection-diffusion initial boundary 

problem: 

 

𝜕𝑢

𝜕𝑡
− 𝜀 ∆𝑢 + 𝑏 ⋅ ∇𝑢 + 𝑐𝑢 = 𝑓        𝑥, 𝑡 ∈ Ω ×  0,𝑇 = 𝐷;                                                  (2.1)  

𝑢 𝑥, 𝑡 = 0                                     𝑥, 𝑡 ∈ Γ ×  0,𝑇 ;                                                          (2.2) 

𝑢 𝑥, 0 = 𝑢𝜊 𝑥                              𝑥 ∈ Ω,                                                                             (2.3) 

where  Γ is the boundary of Ω. The positive parameter  𝜀 is called diffusion coefficient, the vector  

𝑏:𝐷 ⟶ ℝ2 is called convection coefficient and 𝑐, 𝑓:𝐷 ⟶ ℝ are given functions, and  𝑢𝜊 : Ω ⟶ℝ 

is given function. 

       We assume the coefficient of problem (2.1)-(2.3) satisfy the following conditions: 

  (A1)  𝑏 =  𝑏1, 𝑏2 ∈  𝑊∞
1(Ω) 2, 𝑐 ∈ 𝑊∞

1(Ω) , 𝑓 ∈ 𝑊𝑞
1(Ω) with some 𝑞 > 2, 
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  (A2)  𝑐 −
1

2
∇ ⋅ 𝑏 ≥ 𝑎𝜊 > 0 on Ω, where 𝑎𝜊  does not depend on 𝜀 and 𝑥 ∈  Ω. 

The  weak form of  problem (2.1)-(2.3)  is, find 𝑢: [0,𝑇] ⟶𝐻0
1 Ω  such that, 

 𝑢𝑡
𝑛 , 𝜐 + 𝑎𝜀 𝑢

𝑛 , 𝜐 =  𝑓𝑛 , 𝜐 ,  for all 𝜐 ∈ 𝐻0
1 Ω ,                                                               (2.4) 

𝑢 0 = 𝑢𝜊 ,                                                                                                                             (2.5) 

where   

 𝑢𝑡
𝑛 , 𝜐 =  𝑢𝑡

𝑛

 

Ω

𝜐𝑑𝑥,                 𝑎𝜀 𝑢
𝑛 , 𝜐 =   [𝜀∇

 

Ω

𝑢 ⋅ ∇𝜐 + (𝑏 ⋅ 𝛻𝑢 + 𝑐𝑢)𝜐]𝑑𝑥, 

   𝑓𝑛 , 𝜐 =  𝑓𝑛𝜐 𝑑𝑥.

 

Ω

 

      We assume that the weak solution 𝑢 of problem (2.1)-(2.3) satisfies  the following regularity: 

  (A3)    𝑢 ∈ 𝐿∞ 0,𝑇;𝐻2 Ω    𝐿∞ 0,𝑇;𝑊∞
1 Ω  , 𝑢𝑡 ,𝑢𝑡𝑡 ,𝑢𝑡𝑡𝑡 ∈ 𝐿∞ 0,𝑇; 𝐿∞ Ω  . 

3. The Finite Volume Space and Finite Volume Scheme 

      Let us consider a family of regular triangulation  𝒯ℎ  in Ω (see Ciarlet(1978)). For a fixed 

triangulation 𝒯ℎ , we defined the mesh parameter ℎ by ℎ = max 𝕋∈𝒯ℎ ℎ𝕋,  where ℎ𝕋 is the diameter of 

the triangle 𝕋.  

      We assume that the triangulation family   𝒯ℎ  is regular and weakly acute type, i.e. 

(A4)  There exists 𝛼𝜊 ∈ (0,
𝜋

2
)  independent of  ℎ, such that all interior angles  𝛼 of the triangles are 

bounded as follows: 

𝛼 ∈ [𝛼𝜊 ,
𝜋

2
], 

      For a given triangulation  𝒯ℎ  with nodes  𝑥𝑖  
 ∈ Ω  (1 ≤ 𝑖 ≤ 𝐾), where 𝐾 is positive integer 

dependent on the triangulation, we construct a secondary partition. Namely, we introduce regions 

                                  Ω𝑖
𝕋 =  𝑥: 𝑥 ∈ 𝕋,  𝑥 − 𝑥𝑖 ≤  𝑥 − 𝑥𝑗   for all 𝑥𝑗 ∈  𝕋  , 

where  𝑥 − 𝑥𝑖   is the distance of node 𝑥 and node 𝑥𝑖 . We consider the dual decomposition  𝒯 ℎ =

 Ω𝑖 ,  where Ω𝑖  is circumcentric domain associated with nodal point  𝑥𝑖  (Ikeda(1983)) 

                                            Ω𝑖 = ⋃ Ω𝑖
𝕋

  

      We say that two nodes 𝑥𝑖 , 𝑥𝑗  are adjacent if and only if  Γ𝑖𝑗 = 𝜕Ω𝑖  𝜕Ω𝑗 ≠ ∅. The set of 

indices of all interior nodes 𝑥𝑖 ∈  Ω is denoted by Λ whereas the set Λ𝑖  contain the indices of all 

nodal points in   Ω  adjacent to 𝑥𝑖  ∈ Ω . Moreover we defined 𝑑𝑖𝑗 = |𝑥𝑖 − 𝑥𝑗 |      and     𝑥𝑖𝑗 = 1

2
 (𝑥𝑖 +

𝑥𝑗 ). The area of Ω𝑖  is denoted by 𝑚𝑖 = 𝑚𝑒𝑎𝑠1(Ω𝑖) and for the length of the straight-line segment  

Γ𝑖𝑗 (𝑖 ∈ Λ𝑖) we use the notation  𝑚𝑖𝑗 = 𝑚𝑒𝑎𝑠2(Γ𝑖𝑗 ). If  𝑚𝑖𝑗 > 0, then Γ𝑖𝑗  has a uniquely defined 

unit outward normal 𝜈𝑖𝑗  with respect to Ω𝑖 . The elements of this partition are defined as follows. 

Obviously, the straight-line segment Γ𝑖𝑗  and the node 𝑥𝑖  can be regarded as an edge and the 
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corresponding opposite vertex, respectively, of some triangle  𝕋𝑖𝑗 .  Now, an element 𝑄𝑖𝑗  of the 

partition is defined by  𝑄𝑖𝑗 = 𝕋𝑖𝑗 ∪ 𝕋𝑗𝑖 . 

Furthermore, the triangle 𝕋𝑖𝑗  can be represented as the union of two triangles             𝕋𝑖𝑗
 𝑘  𝑘 =

1,2,  the common boundary  of which is part of the edge connecting the node 𝑥𝑖 with the node 𝑥𝑗 

(see Figure(1)). We set   Γ𝑖𝑗
(𝑘)

= Γ𝑖𝑗 ∩ 𝕋𝑖𝑗
(𝑘)

  and    𝑚𝑖𝑗
(𝑘)

= 𝑚𝑒𝑎𝑠2(Γ𝑖𝑗
 𝑘 

). 

It is not difficult to see that 𝑄𝑖𝑗  can also be decomposed as  𝑄𝑖𝑗 = 𝑄𝑖𝑗
(1)

∪ 𝑄𝑖𝑗
 2 , 

where 𝑄𝑖𝑗
(𝑘)

= 𝕋𝑖𝑗
(𝑘)

∪ 𝕋𝑗𝑖
 3−𝑘  𝑘 = 1,2 . 

                                                                 𝑥𝑗  

                                                                       

                                                        𝕋𝑗𝑖
(1)

   𝕋𝑗𝑖
(2)

                                        𝑥𝑘  

                                                              

      𝑥𝑙                                             𝕋𝑖𝑗
(2)

     𝕋𝑖𝑗
(1)

  

                                                    

                                                               𝑥𝑖                              Γ𝑖𝑗
(1)

 

                        Γ𝑖𝑗
(2)

   

                         Figure (1)The auxiliary triangles 𝕋𝑖𝑗
(𝑘)

and 𝕋𝑗𝑖
(𝑘)

 

We mention the following relation: 

𝑚𝑒𝑎𝑠1(𝑄𝑖𝑗
 𝑘 ) = 2 𝑚𝑒𝑎𝑠1(𝕋𝑖𝑗

 𝑘 ) = 1

2
𝑚𝑖𝑗

(𝑘)
𝑑𝑖𝑗 .                                                                               (3.1) 

       For ℓ =  0,1,2,… , 𝕋 ∈ 𝒯ℎ  we denote by 𝑃ℓ(𝕋) the space of all polynomials on 𝕋 of    degree 

≤ ℓ. In what follows the following  finite element spaces  

Xℎ = {𝜐ℎ |𝜐ℎ ∈  𝐶(Ω); 𝜐ℎ |𝕋  ∈  𝑃1(𝕋) ,∀𝕋 ∈ 𝒯ℎ}  ⊂ 𝐻1(Ω),  

𝑉ℎ = {𝜐ℎ |𝜐ℎ ∈ Xℎ  ; 𝜐ℎ = 0  on 𝜕𝛺} ⊂ 𝐻0
1(Ω), 

and the finite volume space  

𝑌ℎ = {𝜐ℎ |𝜐ℎ ∈  𝐿2 Ω   ; 𝜐ℎ |Ω𝑖
 ∈  𝑃0 Ω𝑖 ,∀Ω𝑖 ∈ 𝒯 ℎ  }. 

By making use of the characteristic function 𝜇 𝑖  of circumcentric domain  Ω𝑖 , the mass lumping 

operator  ∧ is now defined by    ∧ : 𝑤ℎ ∈ 𝐶(Ω) ⟶𝑤 ℎ ∈ 𝑌ℎ ,  such that   
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                    𝑤 ℎ 𝑥 =   

𝐾

𝑖=1

𝑤ℎ 𝑥𝑖 𝜇 𝑖 𝑥 ,                                                                                                  

  where   𝑤 ℎ 𝑥 = 𝑤ℎ 𝑥𝑖 = 𝑤ℎ𝑖 . 

Then we have some important lemmas: 

Lemma (3.1)(Ikeda(1983)). If  𝒯ℎ is regular triangulation of weakly acute type we  have 

                              | 𝑤ℎ |1,2,Ω
2  ≤  

6

𝑘 2
 ∥ 𝑤 ℎ ∥0,2,Ω

2    ,∀ 𝑤ℎ ∈ Xℎ ,  

where 𝑘 = min 𝑘 𝕋 ;  𝕋 ∈ 𝒯ℎ , 𝑘 𝕋 =minimum perpendicular length of 𝕋 . 

Lemma (3.2)(Ikeda(1983). For all 𝑤 ∈ Xℎ  with  𝑝 ≥ 1and all 𝑤 ∈ 𝑊𝑝
1 (Ω) with  𝑝 > 2 

                                    ∥ 𝑤 − 𝑤 ∥0,𝑝 ,Ω ≤ 𝐶ℎ|𝑤|1,𝑝 ,Ω. 

 

Lemma (3.3)(Ikeda(1983).  For all 𝑤  ∈ Xℎ   
    

                                       ∇𝑤 ,∇𝜑 𝑖  = −  (𝑤𝑗

𝑗 ∈Λ𝑖

− 𝑤𝑖 )
𝑚𝑖 𝑗

𝑑 𝑖 𝑗
,       1 ≤ 𝑖 ≤ 𝐾  

where  𝜑 𝑖  is base  function of finite element space Xℎ . 

Lemma (3.4)(Kashkool and Chechan(2011)).  Let conditions (A3.1), (A3.2) and (A2.1) be fulfilled. 

Then, for sufficiently small ℎ𝜊  > 0  there exists a constant 𝜆  > 0 such that for all ℎ ∈ (0,ℎ𝜊 ] and 

𝜐 ℎ ∈ 𝑉 ℎ  the relation. 

𝑎 ℎ  𝜐 ℎ  , 𝜐 ℎ ≥  𝜆  ∥ 𝜐 ℎ ∥𝜀
2 , 

hold, where ℎ𝜊   can be chosen independently of  𝜀  and 𝜆   does not depend on 𝜀  and ℎ. 

 

        The finite volume scheme is found by integration equation (2.1) on a given control volume of 

discretization mesh and finding an approximation of the fluxes on the control volume boundary in 

terms of the discrete unknowns.   

       We turn to the derivation of the discrete scheme. We start by integrating the equation (2.1) over 

Ω𝑖  and using the relation  

∇ ⋅  𝑏 𝑢 𝑛  = 𝑏 ⋅ ∇𝑢 𝑛 +  ∇ ⋅ 𝑏  𝑢 𝑛  

 
𝜕 𝑢

𝜕 𝑡

 

Ω𝑖

 𝑑 𝑥 −  ∇ ⋅

 

Ω𝑖

 𝜀  ∇𝑢 𝑛  𝑑 𝑥 +  ∇ ⋅

 

Ω𝑖

 𝑏 𝑢 𝑛  𝑑 𝑥 −  (∇ ⋅

 

Ω𝑖

𝑏 )𝑢 𝑛  𝑑 𝑥 +  𝑐 𝑢 𝑛

 

Ω𝑖

𝑑 𝑥   

=  𝑓 𝑛 𝑑 𝑥

 

Ω𝑖

.                                                                                                                (3.2) 

We  approximate  
𝜕 𝑢

𝜕 𝑡
  by the forward difference  
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𝜕 𝑢

𝜕 𝑡

 

Ω𝑖

 𝑑 𝑥 ≈  
1

𝜏
 𝑢 𝑖

𝑛 +1 − 𝑢 𝑖
𝑛  𝑚𝑖 ,                                                                                                          (3.3) 

where  𝜏 > 0 is time step, for 𝑛 =0,1,…,𝑁𝜏 -1 with 𝑁𝜏 = T
𝜏 .  

Applying Gauss's theorem in second term of equation (3.2) we obtain 

 ∇ ⋅
 

Ω𝑖

 𝜀  ∇𝑢 𝑛  𝑑 𝑥 =  𝜈
 

𝜕 Ω𝑖

⋅  𝜀  ∇𝑢 𝑛  𝑑 𝑠 , 

where  𝜈  is the unit outer normal on 𝜕 Ω𝑖 . Then, using the concrete  structure  of the boundary of  

Ω𝑖 ,  we can write  

 ∇ ⋅
 

Ω𝑖

 𝜀  ∇𝑢 𝑛  𝑑 𝑥 =   𝜈 𝑖 𝑗

 

Γ𝑖 𝑗𝑗 ∈Λ𝑖

⋅  𝜀  ∇𝑢 𝑛  𝑑 𝑠 . 

we approximate the direction derivatives by difference quotients  

                                            𝜈 𝑖 𝑗 ⋅ ∇𝑢 𝑛  ≈
𝑢 𝑗
𝑛 − 𝑢 𝑖

𝑛

𝑑 𝑖 𝑗
,                                                                             (3.4) 

then 

 ∇ ⋅
 

Ω𝑖

 𝜀  ∇𝑢 𝑛  𝑑 𝑥

≈   
𝜀

𝑑 𝑖 𝑗
(

𝑗 ∈Λ𝑖

𝑢 𝑗
𝑛 − 𝑢 𝑖

𝑛 )𝑚𝑖 𝑗 .                                                                                  (3.5) 

To approximate the third term  

 ∇ ⋅
 

Ω𝑖

 𝑏 𝑢 𝑛  𝑑 𝑥 =   𝜈 𝑖 𝑗

 

Γ𝑖 𝑗𝑗 ∈Λ𝑖 

⋅ 𝑏 𝑢 𝑛 𝑑 𝑠  

        ≈   𝛾 𝑖 𝑗

𝑗 ∈Λ𝑖 

 𝑟 𝑖 𝑗 𝑢 𝑖
𝑛 +  1 − 𝑟 𝑖 𝑗  𝑢 𝑗

𝑛  𝑚𝑖 𝑗 ,                                                                 (3.6) 

where   𝜈 𝑖 𝑗 ⋅ 𝑏 |Γ𝑖 𝑗
≈ 𝛾 𝑖 𝑗   is constant, and  𝑢 𝑛 |Γ𝑖 𝑗

≈ 𝑟 𝑖 𝑗 𝑢
𝑛  𝑥 𝑖  + (1 − 𝑟 𝑖 𝑗 )𝑢 𝑛 (𝑥 𝑗 )  

𝑟 𝑖 𝑗 ∈ [0,1] is a parameter and depends on 𝜀 ,  𝛾 𝑖 𝑗   and 𝑑 𝑖 𝑗 .  

It remains in the left-hand side of equation (3.2), we approximate as follows: 

 (∇ ⋅
 

Ω𝑖

𝑏 )𝑢 𝑛  𝑑 𝑥 =  𝑢 𝑖
𝑛

𝑗 ∈Λ𝑖 

 ∇
 

Ω𝑖

⋅ 𝑏  𝑑 𝑥  
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                           =  𝑢 𝑖
𝑛

𝑗 ∈Λ𝑖 

 ν𝑖 𝑗

 

Γ𝑖 𝑗  

⋅ 𝑏  𝑑 𝑠  

≈  𝑢 𝑖
𝑛

𝑗 ∈Λ𝑖

𝛾 𝑖 𝑗 𝑚𝑖 𝑗 ,                                                          (3.7) 

and  

 𝑐 𝑢 𝑛
 

Ω𝑖

𝑑 𝑥 ≈ 𝑐 𝑖 𝑢 𝑖
𝑛𝑚𝑖 .                                                                                                                          (3.8) 

  The approximation of the right-hand side in equation (3.2)  is as follows 

  𝑓 𝑛 𝑑 𝑥
 

Ω𝑖

≈ 𝑓 𝑖
𝑛𝑚𝑖 .                                                                                                                               (3.9) 

Thus we obtain the following discrete version of equation (3.2) : 

1

𝜏
 𝑢 ℎ𝑖

𝑛 +1 − 𝑢 ℎ𝑖
𝑛  𝑚𝑖 +   

𝜀

𝑑 𝑖 𝑗
𝑗 ∈Λ𝑖 

 1 −  1 − 𝑟 𝑖 𝑗  
𝛾 𝑖 𝑗 𝑑 𝑖 𝑗

𝜀
  𝑢 ℎ𝑖

𝑛 − 𝑢 ℎ𝑗
𝑛  𝑚𝑖 𝑗 + 𝑐 𝑖 𝑢 ℎ𝑖

𝑛 𝑚𝑖

= 𝑓 𝑖
𝑛𝑚𝑖  .   (3.10) 

Taking an arbitrary function 𝜐 ℎ ∈ 𝑉 ℎ ⊂ 𝐻0
1(Ω) multiplying equation (3.10) by 𝜐 ℎ𝑖  and summing 

all these expression over 𝑖 ∈ Λ, the resulting discrete problem can be written in the form 

 𝐷𝜏 𝑢 ℎ
𝑛  , 𝜐 ℎ + 𝑎 ℎ 𝑢 ℎ

𝑛  , 𝜐 ℎ = (𝑓 
𝑛

, 𝜐 ℎ)      for all 𝜐 ℎ ∈ 𝑉 ℎ ,                                                   

(3.11) 

where 

 𝐷𝜏 𝑢 ℎ
𝑛  , 𝜐 ℎ =  𝜐 ℎ𝑖

𝑖 ∈Λ

(
𝑢 ℎ𝑖
𝑛 +1 − 𝑢 ℎ𝑖

𝑛

𝜏
)𝑚𝑖 , 

𝑎 ℎ 𝑢 ℎ
𝑛  , 𝜐 ℎ =  𝜐 ℎ𝑖

𝑖 ∈Λ

{  
𝜀

𝑑 𝑖 𝑗
𝑗 ∈Λ𝑖

(1 − (1 − 𝑟 𝑖 𝑗 )
𝛾 𝑖 𝑗 𝑑 𝑖 𝑗

𝜀
)(𝑢 ℎ𝑖

𝑛 − 𝑢 ℎ𝑗
𝑛 )𝑚𝑖 𝑗 + 𝑐 𝑖 𝑢 ℎ𝑖

𝑛 𝑚𝑖 }, 

   𝑓 
𝑛

, 𝜐 ℎ =  𝜐 ℎ𝑖

𝑖 ∈Λ

 𝑓 𝑖
𝑛  𝑚𝑖 . 

 

 

Moreover, we introduce the following norm (Angermann(1995)). 

∥ 𝜐 ℎ ∥ℎ =   𝜐 ℎ  , 𝜐 ℎ   ℎ =∥ 𝜐 ℎ ∥0,2,Ω ,                                                                                            

(3.12) 

∥ 𝜐 ℎ ∥𝜀 =  𝜀 |𝜐 ℎ |1,2,Ω
2 +∥ 𝜐 ℎ ∥0,2,Ω

2 .                                                                                                

(3.13) 

The  scheme (3.11) can also be defined for control functions  𝑟 :ℝ⟶  0,1 , where the control 

function 𝑟  is defined as (Angermann(1991)) 



     Hashim A. Kashkool and Mohammed S. Chechan                              Error Estimate and …. 

 

113 
 

                   𝑟 (𝛾 𝑖 𝑗 𝑑 𝑖 𝑗 𝜀 ) = 𝑟  z = 1 −
1

z
+

1

𝑒 z − 1
.  

However, we have that  these functions satisfy the following properties: 

(P1) limz⟶−∞ 𝑟  z = 0  , limz⟶∞ 𝑟  z = 1, 

(P2) 1+z𝑟  z ≥ 0 for all z, 

(P3)  1 − 𝑟  z − 𝑟  −z  z = 0 for all z, 

(P4) [
1

2
− 𝑟  z ]z ≤ 0   for all z. 

 

4. The Stability of the Scheme 

 

 Theorem (4.1)  

       Let 𝑢 ℎ ∈ 𝑉 ℎ  be the approximation solution of equation (3.11) at  𝑡 = 𝑡 𝑛 +1
2,                         

𝑛 = 0,1,… ,𝑚− 1, then  

                                    ∥ 𝑢 ℎ
𝑚 ∥0,2,Ω

2 ≤∥ 𝑢 ℎ
0 ∥0,2,Ω

2 + 2𝑇

𝐶
 𝑠 𝑢 𝑝
𝑠 ∈(0,𝑇 )

∥ 𝑓  𝑠  ∥𝑜 ,𝑞 ,Ω
2 , 

where  𝑐  is a positive constant . 

 

Proof 

In equation (3.11), we take the particular test function 𝜐 ℎ = 𝑢 ℎ

𝑛 +1
2, we have  

( 
𝑢 ℎ
𝑛 +1 − 𝑢 ℎ

𝑛

𝜏
 ,𝑢 ℎ

𝑛 +1
2) + 𝑎 ℎ(𝑢 ℎ

𝑛 +1
2,𝑢 ℎ

𝑛 +1
2) = (𝑓 

𝑛 +1
2,𝑢 ℎ

𝑛 +1
2), 

Since 

1

𝜏
(𝑢 ℎ

𝑛 +1 − 𝑢 ℎ
𝑛 ,
𝑢 ℎ
𝑛 +1 + 𝑢 ℎ

𝑛

2
) =

1

2𝜏
(∥ 𝑢 ℎ

𝑛 +1 ∥0,2,Ω
2 −∥ 𝑢 ℎ

𝑛 ∥0,2,Ω
2 ), 

from lemma (3.4 ) and Schwarz inequality, we have  

1

2𝜏
 ∥ 𝑢 ℎ

𝑛 +1 ∥0,2,Ω
2 −∥ 𝑢 ℎ

𝑛 ∥0,2,Ω
2  + 𝑐 |𝑢 ℎ

𝑛 +1
2|𝜀

2 ≤∥ 𝑓 
𝑛 +1

2 ∥0,𝑞 ,Ω∥ 𝑢 ℎ

𝑛 +1
2 ∥0,2,Ω                             (4.1)            

Now, applying the Young's inequality with 𝜀 = 𝑐
2  to the right-hand side of equation (4.1) and 

using (3.13), we have 

1

2𝜏
 ∥ 𝑢 ℎ

𝑛 +1 ∥0,2,Ω
2 −∥ 𝑢 ℎ

𝑛 ∥0,2,Ω
2  ≤  

1

𝑐
 ∥ 𝑓 

𝑛 +1
2 ∥0,𝑞 ,Ω

2 , 

by taking the summation from  0 to  𝑚− 1 for both side   

  ∥ 𝑢 ℎ
𝑛 +1 ∥0,2,Ω

2 −∥ 𝑢 ℎ
𝑛 ∥0,2,Ω

2  ≤
2

𝑐

𝑚−1

𝑛 =0

 𝜏

𝑚−1

𝑛 =0

∥ 𝑓 
𝑛 +1

2 ∥0,𝑞 ,Ω
2 ,  

thus 
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∥ 𝑢 ℎ
𝑚 ∥0,2,Ω

2 −∥ 𝑢 ℎ
0 ∥0,2,Ω

2  ≤
2

𝑐
 𝜏

𝑚−1

𝑛 =0

∥ 𝑓 
𝑛 +1

2 ∥0,𝑞 ,Ω
2 ,  

∥ 𝑢 ℎ
𝑚 ∥0,2,Ω

2  ≤ ∥ 𝑢 ℎ
0 ∥0,2,Ω

2 +
1

𝑐
 𝜏

𝑚−1

𝑛 =0

(∥ 𝑓 
𝑛 +1

∥0,𝑞 ,Ω
2 +∥ 𝑓 

𝑛  
∥0,𝑞 ,Ω

2 )  

                      ≤ ∥ 𝑢 ℎ
0 ∥0,2,Ω

2 +
2𝑇

 𝐶
𝑠 𝑢 𝑝
𝑠 ∈(0,𝑇 )

∥ 𝑓  𝑠  ∥𝑜 ,𝑞 ,Ω
2 .                                                          

 

5.  The Error Estimate  

 

Theorem (5.1)  

       Let 𝑢  be the weak solution of equation (2.4) which satisfies the conditions (A1), (A2) and 

(A3), 𝑢 ℎ  be the solution of equation (3.11),  and 𝜏 be the time step, then for  𝜏 > 0 small enough 

and 𝜏 = 𝑂 ℎ , then we have  

                                                   ∥ 𝑢 ℎ − 𝑢 ∥0,2,Ω ≤ 𝐶 (ℎ + 𝜏 2),                                                                      

where C is constant independent of  ℎ and 𝜏. 

proof 

     Let  𝑤ℎ = Ιℎ𝑢 , where Ιℎ  is an interpolation operator from 𝐶 (Ω) to 𝑉 ℎ , we set                

 𝑢 ℎ − 𝑢 =   𝑢 ℎ − 𝑤ℎ  +  𝑤ℎ − 𝑢  = θℎ + 𝜌 . It is clear that (Thom𝑒 e(1984)) 

             ∥ Ιℎ𝑢 − 𝑢 ∥= ∥ 𝜌 ∥0,2,Ω ≤ 𝐶ℎ2|𝑢 |0,2,Ω ,          ∥ 𝜌 ∥1,2,Ω≤ 𝐶ℎ,  

where, 𝐶  is constant independent of   𝑢 ,ℎ  and 𝜏. 

We prove this theorem by mathematics induction. It is clear that at n=0,∥ 𝑢 ℎ
0 − 𝑢 0 ∥0,2,Ω≤ 𝐶ℎ, 

we assume  ∥ 𝑢 ℎ
𝑚− 𝑢 𝑚 ∥0,2,Ω≤ 𝐶 (ℎ + 𝜏 2) at 0 ≤ 𝑚≤ 𝑛 . Then, we must prove 

                                      ∥ 𝑢ℎ
𝑛+1 − 𝑢𝑛+1 ∥0,2,Ω≤ 𝐶 ℎ + 𝜏2 .  

From equation (3.11) and equation (2.4),  with   𝐷𝜏𝜃 ℎ
𝑛 =

𝜃 ℎ
𝑛+1−𝜃 ℎ

𝑛

𝜏
 , at  𝑡 = 𝑡𝑛+1

2  we have 

 𝐷𝜏𝜃 ℎ
𝑛  , 𝜐 ℎ   +  𝑎ℎ(𝜃ℎ

𝑛+1
2  , 𝜐ℎ) = (𝑓    

𝑛+1
2  , 𝜐 ℎ) −  𝐷𝜏𝑤 ℎ

𝑛  , 𝜐 ℎ − 𝑎ℎ(𝑤ℎ

𝑛+1
2  , 𝜐ℎ) 

 = [(𝑓  
𝑛+1

2 , 𝜐 ℎ) − (𝑓𝑛+1
2  , 𝜐)] − [ 𝐷𝜏𝑤 ℎ

𝑛  , 𝜐 ℎ − (𝑢𝑡
𝑛+1

2 , 𝜐)] − [𝑎ℎ(𝑤ℎ

𝑛+1
2  , 𝜐ℎ) − 𝑎𝜀(𝑢𝑛+1

2 , 𝜐)]. 

Put   𝜐 = 𝜃𝑛+1
2 

(𝐷𝜏𝜃 ℎ
𝑛  ,𝜃 ℎ

𝑛+1
2) =  

𝜃 ℎ
𝑛+1 − 𝜃 ℎ

𝑛

𝜏
 ,
𝜃 ℎ
𝑛+1 + 𝜃 ℎ

𝑛

2
 =

1

2
𝐷𝜏 ∥ 𝜃 ℎ

𝑛 ∥0,2,Ω
2 . 

From  Lemma (3. 4 ) , we have  

𝑎ℎ(𝜃ℎ
𝑛+1

2 ,𝜃ℎ
𝑛+1

2) ≥ 𝑚 |𝜃𝑛+1
2|1,2,Ω

2 . 

Then,  
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1

2
𝐷𝜏  ∥ 𝜃 ℎ

𝑛 ∥0,2,Ω
2 + 𝑚 |𝜃𝑛+1

2|1,2,Ω
2  ≤ [(𝑓 𝑛+1

2  ,𝜃 ℎ
𝑛+1

2) − (𝑓𝑛+1
2  ,𝜃𝑛+1

2)] 

 −[(𝐷𝜏𝑤 ℎ
𝑛  ,𝜃 ℎ

𝑛+1
2) − (𝑢𝑡

𝑛+1
2 ,𝜃𝑛+1

2)] − [𝑎ℎ(𝑤ℎ

𝑛+1
2  ,𝜃ℎ

𝑛+1
2) − 𝑎𝜀(𝑢𝑛+1

2 ,𝜃𝑛+1
2)]. 

Thus, we can write  

1

2
𝐷𝜏 ∥ 𝜃 ℎ

𝑛 ∥0,2,Ω
2 + 𝑚|𝜃𝑛+1

2|1,2,Ω
2  ≤   𝐴 𝑘 

3

𝑘=1

.                                                                                   (5.1) 

To estimate 𝐴 1 , 

𝐴(1) = (𝑓 𝑛+1
2 ,𝜃 ℎ

𝑛+1
2) + (𝑓𝑛+1

2 ,𝜃 ℎ
𝑛+1

2) − (𝑓𝑛+1
2  ,𝜃 ℎ

𝑛+1
2) − (𝑓𝑛+1

2 ,𝜃𝑛+1
2) 

         = (𝑓 𝑛+1
2 − 𝑓𝑛+1

2  ,𝜃 ℎ
𝑛+1

2) + (𝑓𝑛+1
2  ,𝜃 ℎ

𝑛+1
2 − 𝜃𝑛+1

2)   =  𝐴(1𝑘)

2

𝑘=1

. 

 

To estimate 𝐴 11 , we use Lemma (3.2) and Schwarz inequality  

|𝐴 11 | = |(𝑓 𝑛+1
2 − 𝑓𝑛+1

2  ,𝜃 ℎ
𝑛+1

2)  ≤ ∥ 𝑓 𝑛+1
2 − 𝑓𝑛+1

2 ∥0,𝑞 ,Ω ∥ 𝜃 ℎ
𝑛+1

2 ∥0,2,Ω 

              ≤ 𝐶ℎ|𝑓𝑛+1
2|1,𝑞 ,Ω  ∥ 𝜃 ℎ

𝑛+1
2 ∥0,2,Ω ≤ 𝐶ℎ ∥ 𝜃 ℎ

𝑛+1
2 ∥0,2,Ω.  

By using Young's inequality, we get  

  𝐴 11  ≤ 𝐶ℎ2 + 𝛽 ∥ 𝜃 ℎ
𝑛+1

2 ∥0,2,Ω
2 . 

To estimate 𝐴 12  

|𝐴 12 | ≤ ∥ 𝑓𝑛+1
2 ∥0,𝑞 ,Ω ∥ 𝜃 ℎ

𝑛+1
2 − 𝜃 

𝑛+1
2 ∥0,2,Ω ≤ 𝐶ℎ ∥ 𝑓𝑛+1

2 ∥0,𝑞 ,Ω  |𝜃 
𝑛+1

2|1,2,Ω 

             ≤ 𝐶ℎ|𝜃𝑛+1
2|1,2,Ω ≤ 𝐶ℎ2 + 𝛽|𝜃𝑛+1

2|1,2,Ω
2 . 

Then,  

 |𝐴 1 | ≤ 𝐶ℎ2 + 𝛽 ∥ 𝜃 ℎ
𝑛+1

2 ∥0,2,Ω
2 + 𝛽| 𝜃𝑛+1

2|1,2,Ω
2  .                                                                         (5.2) 

To estimate 𝐴(2) 

 𝐴 2 = (𝐷𝜏𝑤 ℎ
𝑛  ,𝜃 ℎ

𝑛+1
2) + (𝑢 𝑡

𝑛+1
2 ,𝜃 ℎ

𝑛+1
2) − (𝑢 𝑡

𝑛+1
2 ,𝜃 ℎ

𝑛+1
2) + (𝑢𝑡

𝑛+1
2 ,𝜃 ℎ

𝑛+1
2) – (𝑢𝑡

𝑛+1
2  ,𝜃 ℎ

𝑛+1
2) 

               − (𝑢𝑡
𝑛+1

2  ,𝜃ℎ
𝑛+1

2)  

         = (𝐷𝜏𝑤 ℎ
𝑛 −  𝑢 𝑡

𝑛+1
2 ,𝜃 ℎ

𝑛+1
2) + (𝑢 𝑡

𝑛+1
2 − 𝑢𝑡

𝑛+1
2 ,𝜃 ℎ

𝑛+1
2) + (𝑢𝑡

𝑛+1
2 ,𝜃 ℎ

𝑛+1
2 − 𝜃ℎ

𝑛+1
2) =  𝐴(2𝑘)

3

𝑘=1

 

To estimate  𝐴(21), by Taylor expansion, we have   

    𝑢 𝑡
𝑛+1

2 =
𝑢 𝑛+1−𝑢 𝑛

𝜏
+ 𝛼 𝑛+1

2 ,  where    ∥ 𝛼 𝑛+1
2 ∥0,2,Ω≤ 𝐶𝜏2 ∥ 𝑢𝑡𝑡𝑡 ∥0,2,Ω 

Now  
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|𝐴 21 | = |(
𝑤 ℎ
𝑛+1 − 𝑤 ℎ

𝑛

𝜏
−
𝑢 𝑛+1 − 𝑢 𝑛

𝜏
,𝜃 ℎ

𝑛+1
2) + (𝛼 𝑛+1

2 ,𝜃 ℎ
𝑛+1

2)|      

              = |(
𝑤 ℎ
𝑛+1 − 𝑢 ℎ

𝑛+1

𝜏
−
𝑤 𝑛 − 𝑢 𝑛

𝜏
,𝜃 ℎ

𝑛+1
2) + (𝛼 𝑛+1

2 ,𝜃 ℎ
𝑛+1

2)|   

               ≤ | 1

𝜏
(𝜌 𝑛+1,𝜃 ℎ

𝑛+1
2)| + |

1

𝜏
(𝜌 𝑛 ,𝜃 ℎ

𝑛+1
2)| + |(𝛼 𝑛+1

2 ,𝜃 ℎ
𝑛+1

2)| 

               ≤ (
1

𝜏
∥ 𝜌 𝑛+1 ∥0,2,Ω+

1

 𝜏
 ∥ 𝜌 𝑛 ∥0,2,Ω +∥ 𝛼 𝑛+1

2 ∥0,2,Ω) ∥ 𝜃 ℎ
𝑛+1

2 ∥0,2,Ω 

               ≤
𝐶ℎ2

𝜏
 ∥ 𝜃 ℎ

𝑛+1
2 ∥0,2,Ω+  𝐶𝜏2 ∥ 𝜃 ℎ

𝑛+1
2 ∥0,2,Ω. 

Put  𝜏 = 𝑂(ℎ) and using Young's inequality, we get 

|𝐴 21 | ≤ 𝐶(ℎ2 + 𝜏4) + 2𝛽 ∥ 𝜃 ℎ
𝑛+1

2  ∥0,2,Ω
2 . 

To estimate 𝐴(22) 

 |𝐴 22 | = |(𝑢 𝑡
𝑛+1

2 − 𝑢𝑡
𝑛+1

2 ,𝜃 ℎ
𝑛+1

2)| 

                ≤ ∥ 𝑢 𝑡
𝑛+1

2 − 𝑢𝑡
𝑛+1

2 ∥0,2,Ω ∥ 𝜃 ℎ
𝑛+1

2 ∥0,2,Ω≤ 𝐶ℎ|𝑢𝑡
𝑛+1

2|1,2,Ω  ∥ 𝜃 ℎ
𝑛+1

2 ∥0,2,Ω 

                 ≤ 𝐶ℎ ∥ 𝜃 ℎ
𝑛+1

2 ∥0,2,Ω  ≤ 𝐶ℎ2 + 𝛽 ∥ 𝜃 ℎ
𝑛+1

2 ∥0,2,Ω
2 . 

To estimate  𝐴(23) 

  |𝐴 23 | = | (𝑢𝑡
𝑛+1

2 ,𝜃 ℎ
𝑛+1

2 − 𝜃ℎ
𝑛+1

2)| 

               ≤∥ 𝑢𝑡
𝑛+1

2 ∥0,2,Ω ∥ 𝜃 ℎ
𝑛+1

2 − 𝜃𝑛+1
2 ∥0,2,Ω  ≤ 𝐶ℎ ∥ 𝑢𝑡

𝑛+1
2 ∥0,2,Ω  |𝜃𝑛+1

2|1,2,Ω    

               ≤ 𝐶ℎ|𝜃𝑛+1
2|1,2Ω  ≤ 𝐶ℎ2 + 𝛽|𝜃𝑛+1

2|1,2,Ω
2 . 

Then,  

|𝐴 2 | ≤ 𝐶 ℎ2 + 𝜏4 + 3𝛽 ∥ 𝜃ℎ
𝑛+1

2 ∥0,2,Ω
2 + 𝛽|𝜃𝑛+1

2|1,2,Ω
2 .                                                            (5.3) 

To estimate   𝐴(3) 

𝐴 3 = 𝑎ℎ(𝑤ℎ

𝑛+1
2 ,𝜃ℎ

𝑛+1
2) − 𝑎𝜀(𝑢𝑛+1

2 ,𝜃𝑛+1
2) 

Since 

   
𝜀

𝑑𝑖𝑗
 (1 − (1 − 𝑟𝑖𝑗 )

𝛾𝑖𝑗𝑑𝑖𝑗

𝜀
 ) (𝑤

ℎ𝑖

𝑛+1
2 − 𝑤

ℎ𝑗

𝑛+1
2)  

                =   
𝜀

𝑑𝑖𝑗
(𝑤

ℎ𝑖

𝑛+1
2 − 𝑤

ℎ𝑗

𝑛+1
2) + (  

1

2
− 𝑟𝑖𝑗 )𝛾𝑖𝑗 (𝑤

ℎ𝑗

𝑛+1
2 − 𝑤

ℎ𝑖

𝑛+1
2) +   

1

2
 𝛾𝑖𝑗  (𝑤

ℎ𝑗

𝑛+1
2 −𝑤

ℎ𝑖

𝑛+1
2).    

Then,  

 𝐴(3) = [𝜀  𝜃
ℎ𝑖

𝑛+1
2

𝑖𝜖Λ

 (𝑤
ℎ𝑖

𝑛+1
2 − 𝑤

ℎ𝑗

𝑛+1
2)
𝑚 𝑖𝑗

𝑑𝑖𝑗
𝑗𝜖 Λ𝑖

− (𝜀∇𝑢𝑛+1
2 ,∇𝜃𝑛+1

2)] 
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              + 𝜃
ℎ𝑖

𝑛+1
2  (

1

2
−  𝑟𝑖𝑗 )𝛾𝑖𝑗 (𝑤

ℎ𝑗

𝑛+1
2 − 𝑤

ℎ𝑖

𝑛+1
2)

𝑗𝜀 Λ𝑖𝑖𝜖Λ

𝑚𝑖𝑗  

              +[
1

2
  𝜃

ℎ𝑖

𝑛+1
2

𝑖𝜖Λ

  (𝑤
ℎ𝑗

𝑛+1
2 − 𝑤

ℎ𝑖

𝑛+1
2) 𝛾𝑖𝑗𝑚𝑖𝑗 −  (𝑏.∇𝑢𝑛+1

2 ,𝜃𝑛+1
2)

𝑗𝜖 Λ𝑖

] 

              +[ 𝜃
ℎ𝑖

𝑛+1
2

𝑖𝜖Λ

𝑐𝑖  𝑤ℎ𝑖

𝑛+1
2𝑚𝑖 − (𝑐𝑢𝑛+1

2 ,𝜃𝑛+1
2)]. 

Thus, we can write  

𝐴(3) =  𝐴(3𝑘)

4

𝑘=1

 . 

To estimate 𝐴(31), by applying Lemma (3.3) and adding and subtracting (𝜀∇𝑢 𝑛+1
2 ,∇𝜃𝑛+1

2),  we 

obtain  

𝐴(31) = (𝜀∇𝑤 ℎ
𝑛+1

2 − 𝜀∇𝑢 𝑛+1
2 ,∇𝜃𝑛+1

2) + (𝜀∇𝑢 𝑛+1
2 − 𝜀∇𝑢𝑛+1

2 ,∇𝜃𝑛+1
2) =  𝐴(31𝑘)

2

𝑘=1

 

To estimate 𝐴(311)  

   Let   𝑢 𝑛+1
2 =

𝑢 𝑛+1+𝑢 𝑛

2
+ 𝜍 𝑛+1

2 ,     

then  ∥ 𝜍 𝑛+1
2 ∥0,2,Ω≤ 𝐶𝜏2 ∥ 𝑢𝑡𝑡 ∥0,2,Ω and ∥ ∇𝜍 𝑛+1

2 ∥0,2,Ω≤ 𝐶𝜏2 ∥ ∇𝑢𝑡𝑡 ∥0,2,Ω 

|𝐴 311 | = |(𝜀(
∇𝑤 ℎ

𝑛+ 1 + ∇𝑤 ℎ
𝑛

2
  −

∇𝑢  
𝑛+1 + ∇𝑢 𝑛

2
),∇𝜃𝑛+1

2) + (∇𝜍 𝑛+1
2  ,∇𝜃𝑛+1

2)| 

                ≤ (
𝜀

2
∥ ∇𝜌 𝑛+1 ∥0,2,Ω +  

𝜀

2
∥ ∇𝜌 𝑛 ∥0,2,Ω  +∥ ∇𝜍𝑛+1

2 ∥0,2,Ω)  ∥ ∇𝜃𝑛+1
2 ∥0,2,Ω 

                ≤ (
𝜀

2
∥ 𝜌 𝑛+1 ∥1,2,Ω +  

𝜀

2
∥ 𝜌 𝑛 ∥1,2,Ω  +∥ ∇𝜍𝑛+1

2 ∥0,2,Ω)  ∥ ∇𝜃𝑛+1
2 ∥0,2,Ω 

                ≤ 𝐶ℎ ∥ ∇𝜃𝑛+1
2 ∥0,2,Ω+ 𝐶𝜏2 ∥ ∇𝜃𝑛+1

2 ∥0,2,Ω 

                ≤ 𝐶 ℎ2 + 𝜏4 + 2𝛽 ∥ ∇𝜃𝑛+1
2  ∥0,2,Ω

2   ≤ 𝐶 ℎ2 + 𝜏4 + 2𝛽|𝜃𝑛+1
2|1,2,Ω

2 . 

To estimate 𝐴(312) 

|𝐴 312 | = |(𝜀(∇𝑢 𝑛+1
2 − ∇𝑢𝑛+1

2),∇𝜃𝑛+1
2)| 

               ≤ 𝜀 ∥ 𝛻𝑢 𝑛+1
2 − ∇𝑢𝑛+1

2 ∥0,2,Ω∥ ∇𝜃
𝑛+1

2 ∥0,2,Ω ≤ 𝐶ℎ|∇𝑢𝑛+1
2|1,2,Ω  ∥ ∇𝜃𝑛+1

2 ∥0,2,Ω 

               ≤ 𝐶ℎ|𝑢𝑛+1
2|2,2,Ω  ∥ ∇𝜃𝑛+1

2 ∥0,2,Ω   ≤ 𝐶ℎ ∥ ∇𝜃𝑛+1
2 ∥0,2,Ω 

                ≤ 𝐶ℎ2 + 𝛽 ∥ ∇𝜃𝑛+1
2 ∥0,2,Ω

2  ≤ 𝐶ℎ2 + 𝛽|𝜃𝑛+1
2|1,2,Ω

2 . 

 

Then,  

 |𝐴 31 | ≤ 𝐶 ℎ2 + 𝜏4 + 3𝛽|𝜃𝑛+1
2|1,2,Ω

2 .                                                                                        (5.4) 
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To estimate 𝐴(32), applying asymmetry argument, and we use the relations 

( 
1

2
− 𝑟𝑗𝑖 )𝛾𝑗𝑖 = (

1

2
− 𝑟𝑖𝑗 )𝛾𝑖𝑗  and 𝑚𝑖𝑗 = 𝑚𝑗𝑖   

𝐴(32) =
1

2
  {(

1

2
− 𝑟𝑖𝑗 )𝛾𝑖𝑗

𝑗 ∈Λ𝑖

(𝑤
ℎ𝑗

𝑛+1
2 − 𝑤

ℎ𝑖

𝑛+1
2)𝜃

ℎ𝑖

𝑛+1
2 + (

1

2
− 𝑟𝑗𝑖 )𝛾𝑗𝑖 (𝑤

ℎ𝑖

𝑛+1
2 − 𝑤

ℎ𝑗

𝑛+1
2)𝜃

ℎ𝑗

𝑛+1
2

𝑖∈Λ

}𝑚𝑖𝑗 . 

          =
1

2
    (

1

2
− 𝑟𝑖𝑗 )𝛾𝑖𝑗 (𝑤

ℎ𝑗

𝑛+1
2 − 𝑤

ℎ𝑖

𝑛+1
2)  (𝜃

ℎ𝑖

𝑛+1
2 − 𝜃

ℎ𝑗

𝑛+1
2)𝑚𝑖𝑗 .

𝑗𝜖 Λ𝑖𝑖𝜖Λ

 

Now, in view of  𝑟𝑖𝑗 −
1

2
 ≤ 1

2
 and Sobolev's imbedding theorem, which implies  

|𝛾𝑖𝑗 | ≤ 𝐶 ∥ 𝑏 ∥1,∞ ,Ω2 , we have  

|𝐴 32 | ≤ 𝐶 ∥ 𝑏 ∥1,∞ ,Ω2   

𝑖𝜖Λ

  |𝑤
ℎ𝑗

𝑛+1
2 − 𝑤

ℎ𝑖

𝑛+1
2||𝜃

ℎ𝑖

𝑛+1
2 − 𝜃

ℎ𝑗

𝑛+1
2|𝑚𝑖𝑗 .

𝑗𝜖 Λ𝑖

 

Now, we may write  

|𝜃
ℎ𝑗

𝑛+1
2 − 𝜃

ℎ𝑖

𝑛+1
2| = |

𝜃ℎ𝑗
𝑛+1 + 𝜃ℎ𝑗

𝑛

2
−
𝜃ℎ𝑖
𝑛+1 + 𝜃ℎ𝑖

𝑛

2
|  = |

𝜃ℎ𝑗
𝑛+1 − 𝜃ℎ𝑖

𝑛+1

2
+
𝜃ℎ𝑗
𝑛 − 𝜃ℎ𝑖

𝑛

2
| 

                           =
1

2
|
𝜃ℎ𝑗
𝑛+1 − 𝜃ℎ𝑖

𝑛+1

𝑑𝑖𝑗
+
𝜃ℎ𝑗
𝑛 − 𝜃ℎ𝑖

𝑛

𝑑𝑖𝑗
|𝑑𝑖𝑗  

                            = 1

2
|𝜈𝑖𝑗 .∇𝜃ℎ

𝑛+1 + 𝜈𝑖𝑗 .∇𝜃ℎ
𝑛 |𝑑𝑖𝑗     = |𝜈𝑖𝑗 .∇𝜃ℎ

𝑛+1
2|𝑑𝑖𝑗 . 

Using equation (3.1) we get  

|𝜃
ℎ𝑗

𝑛+1
2 − 𝜃

ℎ𝑖

𝑛+1
2| =

4

𝑚𝑖𝑗
|𝜈𝑖𝑗 .∇𝜃ℎ

𝑛+1
2|𝑚𝑒𝑎𝑠1(𝕋𝑖𝑗 ) 

                            =
4

𝑚𝑖𝑗
 |𝜈𝑖𝑗

 

𝕋𝑖𝑗

.∇𝜃ℎ
𝑛+1

2| 𝑑𝑥 

                          =
4

𝑚𝑖𝑗
  |𝜈𝑖𝑗

 

𝕋
𝑖𝑗
(𝑘)

.∇𝜃ℎ
𝑛+1

2| 𝑑𝑥

2

𝑘=1

   ≤
4

𝑚𝑖𝑗
 |𝜃ℎ

𝑛+1
2|1,2,𝕋𝑖𝑗

 𝑚𝑒𝑎𝑠1 𝕋𝑖𝑗  .               (5.5) 

It follows that  

|𝑤
ℎ𝑗

𝑛+1
2 −𝑤

ℎ𝑖

𝑛+1
2||𝜃

ℎ𝑖

𝑛+1
2 − 𝜃

ℎ𝑗

𝑛+1
2| ≤

16

𝑚𝑖𝑗
2 |𝑤ℎ

𝑛+1
2|1,2,𝕋𝑖𝑗

|𝜃ℎ
𝑛+1

2|1,2,𝕋𝑖𝑗
𝑚𝑒𝑎𝑠1(𝕋𝑖𝑗 ) 

                                                        =
4𝑑𝑖𝑗

𝑚𝑖𝑗
 |𝑤ℎ

𝑛+1
2|1,2,𝕋𝑖𝑗

|𝜃ℎ
𝑛+1

2|1,2,𝕋𝑖𝑗
, 

 and consequently   

|𝐴 32 | ≤ 𝐶ℎ ∥ 𝑏 ∥1,∞ ,Ω2   

𝑖𝜖Λ

 |𝑤ℎ

𝑛+1
2|1,2,𝕋𝑖𝑗

|𝜃ℎ
𝑛+1

2|1,2,𝕋𝑖𝑗

𝑗𝜖 Λ𝑖

 

              ≤ 𝐶ℎ ∥ 𝑏 ∥1,∞ ,Ω2 |𝑤ℎ

𝑛+1
2|1,2,Ω|𝜃ℎ

𝑛+1
2|1,2,Ω ≤ 𝐶ℎ|𝜃ℎ

𝑛+1
2|1,2,Ω.                                                                                                                                            

By using Young's inequality, we get  
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  |𝐴 32 |  ≤ 𝐶ℎ2 + 𝛽|𝜃ℎ
𝑛+1

2|1,2,Ω
2 . 

From Lemma (3.1), we have  

 𝐴 32  ≤ 𝐶ℎ2 + 𝛽 ∥ 𝜃 ℎ
𝑛+1

2 ∥0,2,Ω
2 .                                                                                                    (5.6) 

 

 

To estimate 𝐴(33) 

𝐴(33) =
1

2
 𝜃

ℎ𝑖

𝑛+1
2

𝑖𝜖Λ

  𝜈𝑖𝑗

 

Γ𝑖𝑗𝑗𝜖 Λ𝑖

⋅ 𝑏(𝑤
ℎ𝑗

𝑛+1
2 − 𝑤

ℎ𝑖

𝑛+1
2)𝑑𝑠 − (∇ ⋅ 𝑏𝑢𝑛+1

2 ,𝜃𝑛+1
2) 

              +(𝑢𝑛+1
2∇ ⋅ 𝑏, 𝜃𝑛+1

2) + (∇ ⋅ 𝑏𝑢𝑛+1
2 ,𝜃 ℎ

𝑛+1
2) − (∇ ⋅ 𝑏𝑢𝑛+1

2 ,𝜃 ℎ
𝑛+1

2) + (𝑢𝑛+1
2∇ ⋅ 𝑏,𝜃 ℎ

𝑛+1
2) 

              −(𝑢𝑛+1
2∇ ⋅ 𝑏,𝜃 ℎ

𝑛+1
2) + (𝑢 𝑛+1

2∇ ⋅ 𝑏,𝜃 ℎ
𝑛+1

2) − (𝑢 𝑛+1
2∇ ⋅ 𝑏,𝜃 ℎ

𝑛+1
2) 

          =
1

2
 𝜃

ℎ𝑖

𝑛+1
2

𝑖𝜖Λ

  𝜈𝑖𝑗 ⋅ 𝑏(𝑤
ℎ𝑗

𝑛+1
2 − 𝑤

ℎ𝑖

𝑛+1
2)𝑑𝑠 − (∇ ⋅ 𝑏𝑢𝑛+1

2 − 𝑢 𝑛+1
2∇ ⋅ 𝑏, 𝜃 ℎ

𝑛+1
2)

 

Γ𝑖𝑗𝑗𝜖 Λ𝑖

 

          +((𝑢𝑛+1
2 − 𝑢 𝑛+1

2)∇ ⋅ 𝑏, 𝜃 ℎ
𝑛+1

2) + (𝑢𝑛+1
2∇ ⋅ 𝑏,𝜃𝑛+1

2 − 𝜃 ℎ
𝑛+1

2)  + (∇ ⋅ 𝑏𝑢𝑛+1
2 ,𝜃 ℎ

𝑛+1
2 − 𝜃𝑛+1

2) 

Thus, we can write  

𝐴(33) =  𝐴(33𝑘)

4

𝑘=1

. 

To estimate 𝐴 332  

|𝐴 332 | ≤∥ 𝑢𝑛+1
2 − 𝑢 𝑛+1

2 ∥0,2,Ω ∥ ∇ ⋅ 𝑏 ∥0,∞ ,Ω2  ∥ 𝜃 ℎ
𝑛+1

2 ∥𝑜 ,2,Ω 

               ≤ 𝐶ℎ |𝑢𝑛+1
2|1,2,Ω  ∥  𝜃 ℎ

𝑛+1
2 ∥0,2,Ω 

                ≤ 𝐶ℎ ∥ 𝜃 ℎ
𝑛+1

2 ∥0,2,Ω  ≤ 𝐶ℎ2 + 𝛽 ∥ 𝜃 ℎ
𝑛+1

2 ∥0,2,Ω
2 .                                                             (5.7) 

To estimate 𝐴 333  

|𝐴 333 | ≤∥ 𝑢𝑛+1
2 ∥0,2,Ω ∥ ∇ ⋅ 𝑏 ∥0,∞ ,Ω2  ∥ 𝜃𝑛+1

2 − 𝜃 ℎ
𝑛+1

2 ∥0,2,Ω 

              ≤ 𝐶ℎ |𝜃𝑛+1
2|1,2,Ω    ≤ 𝐶ℎ2 + 𝛽|𝜃𝑛+1

2|1,2,Ω
2 .                                                                     (5.8) 

To estimate 𝐴 334  

|𝐴 334 | ≤∥ ∇ ⋅ 𝑏 ∥0,∞ ,Ω2  ∥ 𝑢𝑛+1
2 ∥0,2,Ω ∥ 𝜃 ℎ

𝑛+1
2 − 𝜃𝑛+1

2 ∥0,2,Ω 

                ≤ 𝐶ℎ |𝜃𝑛+1
2|1,2,Ω   ≤ 𝐶ℎ2 + 𝛽|𝜃𝑛+1

2|1,2,Ω
2 .                                                                      (5.9) 

To estimate 𝐴(331) 
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𝐴(331) =
1

2
  𝜃

ℎ𝑖

𝑛+1
2

𝑖𝜖Λ

  𝜈𝑖𝑗 ⋅ 𝑏(𝑤
ℎ𝑗

𝑛+1
2 − 𝑤

ℎ𝑖

𝑛+1
2)𝑑𝑠 

 

Γ𝑖𝑗𝑗𝜖 Λ𝑖

  − 𝜃
ℎ𝑖

𝑛+1
2

𝑖𝜖Λ

  𝜈𝑖𝑗 ⋅ 𝑏(𝑢𝑛+1
2 − 𝑢

𝑖

𝑛+1
2)𝑑𝑠

 

Γ𝑖𝑗𝑗𝜖 Λ𝑖

 

                =  𝜃
ℎ𝑖

𝑛+1
2

𝑖𝜖Λ

  𝜈𝑖𝑗

 

Γ𝑖𝑗

⋅ 𝑏

𝑗𝜖 Λ𝑖

(
1

2
𝑤
ℎ𝑗

𝑛+1
2 +

1

2
𝑤
ℎ𝑖

𝑛+1
2 − 𝑤

ℎ𝑖

𝑛+1
2)𝑑𝑠 

                      − 𝜃
ℎ𝑖

𝑛+1
2

𝑖𝜖Λ

  𝜈𝑖𝑗 ⋅ 𝑏(𝑢𝑛+1
2 − 𝑢

𝑖

𝑛+1
2)𝑑𝑠 +  𝜃

ℎ𝑖

𝑛+1
2

𝑖𝜖Λ

  𝜈𝑖𝑗 ⋅ 𝑏 𝑢
𝑖

𝑛+1
2

 

Γ𝑖𝑗𝑗𝜖 Λ𝑖

 

Γ𝑖𝑗𝑗𝜖 Λ𝑖

𝑑𝑠 

                      − 𝜃
ℎ𝑖

𝑛+1
2

𝑖𝜖Λ

  𝜈𝑖𝑗 ⋅ 𝑏 𝑢
𝑖

𝑛+1
2𝑑𝑠

 

Γ𝑖𝑗𝑗𝜖 Λ𝑖

. 

 

= [ 𝜃
ℎ𝑖

𝑛+1
2

𝑖𝜖Λ

  𝜈𝑖𝑗

 

Γ𝑖𝑗

⋅ 𝑏(𝑢
𝑖

𝑛+1
2 − 𝑢𝑛+1

2)𝑑𝑠

𝑗𝜖 Λ

]  + [ 𝜃
ℎ𝑖

𝑛+1
2

𝑖𝜖Λ

  𝜈𝑖𝑗 ⋅ 𝑏(𝑢
𝑖

𝑛+1
2 − 𝑤

ℎ𝑖

𝑛+1
2)𝑑𝑠

 

Γ𝑖𝑗𝑗𝜖 Λ𝑖

] 

  +[ 𝜃
ℎ𝑖

𝑛+1
2

𝑖𝜖Λ

  𝜈𝑖𝑗 ⋅ 𝑏(
1

2
𝑤
ℎ𝑗

𝑛+1
2 +

1

2
 𝑤

ℎ𝑖

𝑛+1
2 − 𝑢

𝑖

𝑛+1
2)𝑑𝑠

 

 Γ𝑖𝑗𝑗𝜖 Λ𝑖

] 

Thus, we can write  

𝐴(331) =  𝐴(331𝑘)

3

𝑘=1

 

To estimate 𝐴 3311  

 𝐴 3311  ≤ ∥ 𝛻 ⋅ 𝑏 ∥0,∞ ,Ω2  ∥ 𝑢 𝑛+1
2 − 𝑢𝑛+1

2 ∥0,2,Ω∥ 𝜃 ℎ
𝑛+1

2 ∥0,2,Ω 

                 ≤ 𝐶ℎ |𝑢𝑛+1
2|1,2,Ω  ∥ 𝜃 ℎ

𝑛+1
2 ∥0,2,Ω ≤ 𝐶ℎ ∥ 𝜃 ℎ

𝑛+1
2 ∥0,2,Ω 

                 ≤ 𝐶ℎ2 + 𝛽 ∥ 𝜃 ℎ
𝑛+1

2 ∥0,2,Ω
2 .                                                                                              

(5.10) 

To estimate 𝐴 3312  

 𝐴 3312  = |(∇ ⋅ 𝑏(𝑢 𝑛+1
2 − 𝑤 ℎ

𝑛+1
2),𝜃 ℎ

𝑛+1
2)| 

                 = |(∇ ⋅ 𝑏(
𝑢 𝑛+1 + 𝑢 𝑛

2
−
𝑤 ℎ
𝑛+1 + 𝑤 ℎ

𝑛

2
),  𝜃 ℎ

𝑛+1
2) + (∇ ⋅ 𝑏 𝜍 𝑛+1

2 ,𝜃 ℎ
𝑛+1

2)| 

                 ≤ (
1

2
 ∥ ∇ ⋅ 𝑏 ∥0,∞ ,Ω2  ∥ 𝜌 𝑛+1 ∥0,2,Ω +

1

2
∥ ∇ ⋅ 𝑏 ∥0,∞ ,Ω2∥ 𝜌 𝑛 ∥0,2,Ω 

                       +∥ ∇ ⋅ 𝑏 ∥0,∞ ,Ω2∥ 𝜍 𝑛+1
2 ∥0,2,Ω)  ∥ 𝜃 ℎ

𝑛+1
2 ∥0,2,Ω 

               ≤ 𝐶ℎ2 ∥ 𝜃 ℎ
𝑛+1

2 ∥0,2,Ω+ 𝐶𝜏2 ∥ 𝜃 ℎ
𝑛+1

2 ∥0,2,Ω  ≤ 𝐶 ℎ4 + 𝜏4 + 2𝛽 ∥ 𝜃 ℎ
𝑛+1

2 ∥0,2,Ω
2 .      (5.11) 

To estimate 𝐴(3313) 
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𝐴(3313) =  𝜃
ℎ𝑖

𝑛+1
2    

 

Γ𝑖𝑗

𝜈𝑖𝑗 ⋅ 𝑏(
1

2
𝑤
ℎ𝑗

𝑛+1
2 +

1

2
𝑤
ℎ𝑖

𝑛+1
2 − 𝑢

𝑖

𝑛+1
2)𝑑𝑠.

𝑗𝜖 Λ𝑖𝑖𝜖Λ

 

Let  𝑤
ℎ𝑖𝑗

𝑛+1
2 =  

1

2
(𝑤

ℎ𝑖

𝑛+1
2 + 𝑤

ℎ𝑗

𝑛+1
2) ,    𝑢

𝑖𝑗

𝑛+1
2 = 𝑢𝑛+1

2(𝑥𝑖𝑗 ) 

𝐴(3313) =  𝜃
ℎ𝑖

𝑛+1
2    

 

Γ𝑖𝑗

𝜈𝑖𝑗 ⋅ 𝑏(𝑤
ℎ𝑖𝑗

𝑛+1
2 +  𝑢

𝑖𝑗

𝑛+1
2 − 𝑢

𝑖𝑗

𝑛+1
2 − 𝑢

𝑖

𝑛+1
2)𝑑𝑠

𝑗𝜖 Λ𝑖𝑖𝜖Λ

 

           =  𝜃
ℎ𝑖

𝑛+1
2

𝑖𝜖Λ

  𝜈𝑖𝑗 ⋅ 𝑏(𝑤
ℎ𝑖𝑗

𝑛+1
2 − 𝑢

𝑖𝑗

𝑛+1
2)𝑑𝑠

 

Γ𝑖𝑗𝑗𝜖 Λ𝑖

   +  𝜃
ℎ𝑖

𝑛+1
2

𝑖𝜖Λ

  𝜈𝑖𝑗 ⋅ 𝑏(𝑢
𝑖𝑗

𝑛+1
2 −  𝑢

𝑖

𝑛+1
2)

 

Γ𝑖𝑗𝑗Λ𝑖

𝑑𝑠 

              =  Ι(1) + Ι(2) 

To estimate  Ι(1) 

Ι𝑖𝑗𝑘
(1)

=   𝜈𝑖𝑗 ⋅ 𝑏(𝑤
ℎ𝑖𝑗

𝑛+1
2 − 𝑢

𝑖𝑗

𝑛+1
2)𝑑𝑠

 

Γ
𝑖𝑗
(𝑘)

. 

By an affine mapping  𝐹𝑄𝑖𝑗
(𝑘)

: 𝑄𝑖𝑗
(𝑘)

⟶ 𝕋   such that the image Γ of Γ𝑖𝑗
(𝑘)

 has unit length. Then taking 

into consideration the relation 𝑤
ℎ𝑖𝑗

𝑛+1
2 =

1

2
( 𝑢

𝑖

𝑛+1
2 + 𝑢

𝑗

𝑛+1
2), we have 

 

  

               𝐼𝑖𝑗𝑘
(1)

= 𝑚𝑖𝑗
 𝑘 J𝑖𝑗𝑘

 1  𝑢  , 

with  

J𝑖𝑗𝑘
 1  𝑢  =  (𝜈𝑖𝑗 ⋅ 𝑏)

 

Γ

(
1

2
(𝑢 

𝑖

𝑛+1
2 + 𝑢 

𝑗

𝑛+1
2) − 𝑢 

𝑖𝑗

𝑛+1
2) 𝑑𝑠 . 

From Sobolev's imbedding theorem implies  

            𝑢 𝑖   , |𝑢 𝑗 | , |𝑢 𝑖𝑗 | ≤ 𝐶 ∥ 𝑢 ∥2,2,𝕋 ,   

 i.e. 

|J𝑖𝑗𝑘
 1  𝑢  | ≤ 𝐶 ∥ 𝑏 ∥0,∞ ,Γ  ∥ 𝑢 ∥2,2,𝕋  ≤ 𝐶 ∥ 𝑢 ∥2,2,𝕋 . 

Returning to the original triangle 𝑄𝑖𝑗
(𝑘)

, we obtain  

|J𝑖𝑗𝑘
 1  𝑢  | ≤ 𝐶 ∥ ( 𝐷𝐹𝑄𝑖𝑗

 𝑘 )−1 ∥2 {𝑚𝑒𝑎𝑠1(𝑄𝑖𝑗
 𝑘 )}−

1
2|𝑢|

2,2,𝑄𝑖𝑗
 𝑘      

               ≤ 𝑐ℎ
𝑄𝑖𝑗

(𝑘)
2 𝑚𝑒𝑎𝑠1(𝑄𝑖𝑗

 𝑘 )}−
1
2|𝑢|

2,2,𝑄𝑖𝑗
 𝑘 , 

where  𝐷𝐹𝑄𝑖𝑗
 𝑘 

 is the Jacobian of 𝐹𝑄𝑖𝑗
 𝑘 . From lemma(2)(Angermann(1995)) and using equation 

(3.1) 
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ℎ
𝑄𝑖𝑗

(𝑘){𝑚𝑒𝑎𝑠1(𝑄𝑖𝑗
 𝑘 )}−1 2 = 2 2

ℎ
𝑄𝑖𝑗
 𝑘 

𝑚𝑖𝑗
 𝑘 𝑑𝑖𝑗

 𝑚𝑒𝑎𝑠1  𝕋𝑖𝑗
 𝑘  ≤

𝐶

𝑚𝑖𝑗
 𝑘 

 𝑚𝑒𝑎𝑠1  𝕋𝑖𝑗
 𝑘  . 

It follows that  

 |I𝑖𝑗𝑘
 1 | ≤ 𝐶ℎ|𝑢|

2,2,𝑄𝑖𝑗
(𝑘) 𝑚𝑒𝑎𝑠1(𝕋𝑖𝑗

 𝑘 )  . 

In view of |𝜃
ℎ𝑖

𝑛+1
2|  𝑚𝑒𝑎𝑠1(𝕋𝑖𝑗

 𝑘 )  =∥ 𝜃 ℎ
𝑛+1

2 ∥
0,2,𝕋𝑖𝑗

(𝑘)  and used the relation  

   

𝑖𝜖Λ

 |𝑢 |2,2,𝑄𝑖𝑗
2 ≤ 2 |𝑢 |2,2,Ω

2

𝑗𝜖 Λ𝑖

 

Then  

  I 1  ≤ 𝐶ℎ   

𝑖𝜖Λ

 |𝑢|2,2,𝑄𝑖𝑗
∥ 𝜃 ℎ

𝑛+1
2

𝑗𝜖 Λ𝑖

∥0,2,𝕋𝑖𝑗
 

          ≤ 𝐶ℎ|𝑢|2,2,Ω  ∥ 𝜃 ℎ
𝑛+1

2 ∥0,2,Ω   ≤ 𝐶ℎ ∥ 𝜃 ℎ
𝑛+1

2 ∥0,2,Ω    

         ≤ 𝐶ℎ2 + 𝛽 ∥ 𝜃 ℎ
𝑛+1

2 ∥0,2,Ω
2 . 

To estimate  Ι(2) 

Ι 2 =  𝜃
ℎ𝑖

𝑛+1
2

𝑖𝜖Λ

  𝜈𝑖𝑗 ⋅ 𝑏

 

Γ𝑖𝑗𝑗𝜖 Λ𝑖

(𝑢
𝑖𝑗

𝑛+1
2 − 𝑢𝑛+1

2 + 𝑢𝑛+1
2 − 𝑢

𝑖

𝑛+1
2)𝑑𝑠 

        =  𝜃
ℎ𝑖

𝑛+1
2    

 

Γ𝑖𝑗

𝜈𝑖𝑗 ⋅ 𝑏(

𝑗𝜖 Λ𝑖𝑖𝜖Λ

𝑢
𝑖𝑗

𝑛+1
2 − 𝑢𝑛+1

2)𝑑𝑠 +  𝜃
ℎ𝑖

𝑛+1
2

𝑖𝜖Λ

  𝜈𝑖𝑗 ⋅ 𝑏

 

Γ𝑖𝑗𝑗𝜖 Λ𝑖

(𝑢𝑛+1
2 − 𝑢

𝑖

𝑛+1
2)𝑑𝑠 

       =  Ι(21) + Ι(22). 

To estimate Ι(21), applying the symmetry argument we have  

 Ι(21) =
1

2
   

𝑖𝜖Λ

 (𝜃
ℎ𝑖

𝑛+1
2 − 𝜃

ℎ𝑗

𝑛+1
2)Ι𝑖𝑗

(21)

𝑗𝜖 Λ𝑖

, 

where  

Ι𝑖𝑗
(21)

=   𝜈𝑖𝑗 ⋅ 𝑏  (𝑢
𝑖𝑗

𝑛+1
2 − 𝑢𝑛+1

2)𝑑𝑠

 

Γ𝑖𝑗

 

The transformation 𝐹𝑖𝑗 : 𝕋𝑖𝑗  ⟶𝕋  and the image Γ of Γ𝑖𝑗  we have 

 Ι𝑖𝑗
(21)

= 𝑚𝑖𝑗  J𝑖𝑗
 2  𝑢  , with  

 J𝑖𝑗
 2  𝑢  =  𝜈𝑖𝑗 ⋅ 𝑏  𝑢𝑖𝑗

𝑛+1
2 − 𝑢𝑛+1

2 𝑑𝑠

 

Γ 

 

In contrast to estimation of J𝑖𝑗
 2  𝑢   , here we use the relation . 
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|𝑢 
𝑖𝑗

𝑛+1
2|, |𝑢 𝑛+1

2| ≤ 𝐶 ∥ 𝑢𝑛+1
2 ∥0,𝑞 ,𝕋 ,  with some 𝑞 > 2 . Hence we get   

|J𝑖𝑗
 2  𝑢  | ≤ 𝐶 ∥ 𝑏 ∥1,∞ ,𝑇2 |𝑢 𝑛+1

2|1,𝑞 ,𝕋   ≤ 𝐶|𝑢 𝑛+1
2|1,𝑞 ,𝕋 . 

The back-transformation gives  

|J𝑖𝑗
 2  𝑢  | ≤ 𝐶 ∥ (𝐷𝐹𝑖𝑗 )−1 ∥ {𝑚𝑒𝑎𝑠1(𝕋𝑖𝑗 )}−1 𝑞  |𝑢𝑛+1

2|1,𝑞 , 𝕋𝑖𝑗
 

                   ≤ 𝐶ℎ𝕋𝑖𝑗 ∥ {𝑚𝑒𝑎𝑠1(𝕋𝑖𝑗 )}−1 𝑞  |𝑢𝑛+1
2|1,𝑞 , 𝕋𝑖𝑗

. 

Moreover, from equation (5.5) we obtain 

|(𝜃
ℎ𝑖

𝑛+1
2 − 𝜃

ℎ𝑗

𝑛+1
2)Ι𝑖𝑗

 21 | ≤ 𝐶ℎ𝑇𝑖𝑗 {𝑚𝑒𝑎𝑠1(𝕋𝑖𝑗 )}1 2 −1 𝑞  |𝑢𝑛+1
2|1,𝑞 , 𝕋𝑖𝑗

|𝜃ℎ
𝑛+1

2|1,2,𝕋𝑖𝑗
. 

From lemma (1)(Angermann(1995)) and using equation (3.1), we get 

 Ι 21  ≤ 𝐶ℎ {𝑚𝑖}
1 2 −1 𝑞  ∥ 𝑢𝑛+1

2 ∥1,𝑞 ,Ω𝑖
|𝜃ℎ

𝑛+1
2|1,2,Ω𝑖

𝑖𝜖Λ

 

             ≤ 𝐶ℎ{𝑚𝑒𝑎𝑠1(Ω)}1 2 −1 𝑞   ∥ 𝑢𝑛+1
2 ∥1,𝑞 ,Ω |𝜃ℎ

𝑛+1
2|1,2,Ω. 

The continuous imbedding 𝑤2
2 Ω  ⊂ 𝑤𝑞 

2(Ω) implies  

 Ι 21  ≤ 𝐶ℎ ∥ 𝑢𝑛+1
2 ∥2,2,Ω  |𝜃ℎ

𝑛+1
2|1,2,Ω 

             ≤ 𝐶ℎ |𝜃ℎ
𝑛+1

2|1,2,Ω     ≤ 𝐶ℎ ∥ 𝜃 ℎ
𝑛+1

2 ∥0,2,Ω    ≤ 𝐶ℎ2 + 𝛽 ∥ 𝜃 ℎ
𝑛+1

2 ∥0,2,Ω
2 . 

To estimate Ι 22  

Ι 22 = (∇ ⋅ 𝑏(𝑢𝑛+1
2 − 𝑢 𝑛+1

2),𝜃 ℎ
𝑛+1

2) 

 Ι 22  ≤ ∥ ∇ ⋅ 𝑏 ∥0,2,Ω∥ 𝑢
𝑛+1

2 − 𝑢 𝑛+1
2 ∥0,2,Ω∥ 𝜃 ℎ

𝑛+1
2 ∥0,2,Ω 

            ≤ 𝐶ℎ|𝑢𝑛+1
2|1,2,Ω ∥ 𝜃 ℎ

𝑛+1
2 ∥0,2,Ω   ≤ 𝐶ℎ ∥ 𝜃 ℎ

𝑛+1
2 ∥0,2,Ω 

            ≤ 𝐶ℎ2 + 𝛽 ∥ 𝜃 ℎ
𝑛+1

2 ∥0,2,Ω
2  

Then,  

 Ι 2  ≤ 𝐶ℎ2 + 2𝛽 ∥ 𝜃 ℎ
𝑛+1

2 ∥0,2,Ω
2  , 

 𝐴 3313  ≤ 𝐶ℎ2 + 3𝛽 ∥ 𝜃 ℎ
𝑛+1

2 ∥0,2,Ω
2  .                                                                                  (5.12) 

From equations (5.10)-(5.12), we get  

 𝐴 331  ≤ 𝐶(ℎ2 + 𝜏4) + 6𝛽 ∥ 𝜃 ℎ
𝑛+1

2 ∥0,2,Ω
2  .                                                                       (5.13) 

From equations (5.7), (5.8), (5.9) and (5.13), we get 

 𝐴 33   ≤ 𝐶 ℎ2 + 𝜏4 + 7𝛽 ∥ 𝜃 ℎ
𝑛+1

2 ∥0,2,Ω
2 + 2𝛽|𝜃𝑛+1

2|1,2,Ω
2 .                                                     (5.14) 

To estimate 𝐴(34) 
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𝐴(34) =  𝜃
ℎ𝑖

𝑛+1
2𝑐𝑖𝑤ℎ𝑖

𝑛+1
2𝑚𝑖

𝑖𝜖Λ

− (𝑐𝑢𝑛+1
2 ,𝜃𝑛+1

2)  

           = (𝑐 𝑤 ℎ
𝑛+1

2 ,𝜃 ℎ
𝑛+1

2) − (𝑐𝑢𝑛+1
2 ,𝜃𝑛+1

2) 

 

 

           = (𝑐 𝑤 ℎ
𝑛+1

2 ,𝜃 ℎ
𝑛+1

2) + (𝑐 𝑢  
𝑛+1

2 ,𝜃 ℎ
𝑛+1

2) − (𝑐 𝑢  
𝑛+1

2 ,𝜃 ℎ
𝑛+1

2) + ( 𝑐𝑢  
𝑛+1

2 ,𝜃 ℎ
𝑛+1

2) 

                −(𝑐𝑢  
𝑛+1

2 ,𝜃 ℎ
𝑛+1

2) + (𝑐𝑢 
𝑛+1

2 ,𝜃 ℎ
𝑛+1

2) − (𝑐𝑢 
𝑛+1

2 ,𝜃 ℎ
𝑛+1

2) − (𝑐𝑢𝑛+1
2 ,𝜃𝑛+1

2) 

           = (𝑐 (𝑤 ℎ
𝑛+1

2 − 𝑢  
𝑛+1

2),𝜃 ℎ
𝑛+1

2) + ( 𝑐 − 𝑐 𝑢 𝑛+1
2 ,𝜃 ℎ

𝑛+1
2)   + (𝑐(𝑢 𝑛+1

2 − 𝑢𝑛+1
2),𝜃 ℎ

𝑛+1
2) 

                    +(𝑐𝑢𝑛+1
2 ,𝜃 ℎ  

𝑛+1
2 − 𝜃𝑛+1

2) =  𝐴(34𝑘)

4

𝑘=1

 

To estimate 𝐴 341  

|𝐴 341 | = |(𝑐 (
𝑤 ℎ
𝑛+1 + 𝑤 ℎ

𝑛

2
−
𝑢 𝑛+1 + 𝑢 𝑛

2
),𝜃 ℎ

𝑛+1
2)  + (𝑐 𝜍 𝑛+1

2 ,𝜃 ℎ
𝑛+1

2)| 

               = |(𝑐 (
𝑤 ℎ
𝑛+1 − 𝑢 ℎ

𝑛+1

2
+
𝑤 𝑛 − 𝑢 𝑛

2
),𝜃 ℎ

𝑛+1
2)  + (𝑐 𝜍 𝑛+1

2 ,𝜃 ℎ
𝑛+1

2)| 

                ≤ (
1

2
∥ 𝑐 ∥0,∞Ω∥ 𝜌 

𝑛+1 ∥0,2,Ω+
1

2
∥ 𝑐 ∥0,∞ ,Ω∥ 𝜌 

𝑛 ∥0,2,Ω 

                      +∥ 𝑐 ∥0,∞ ,Ω∥ 𝜍 
𝑛+1

2 ∥0,2,Ω) ∥ 𝜃 ℎ
𝑛+1

2 ∥0,2,Ω 

                ≤ 𝐶 ℎ2 + 𝜏4 + 2𝛽 ∥ 𝜃 ℎ
𝑛+1

2 ∥0,2,Ω
2 . 

To estimate 𝐴 342                                                       

|𝐴 342 | ≤∥ 𝑐 − 𝑐 ∥0,∞ ,Ω ∥ 𝑢 𝑛+1
2 ∥0,2,Ω ∥ 𝜃 ℎ

𝑛+1
2 ∥0,2,Ω 

                ≤ 𝐶ℎ |𝑐|1,∞ ,Ω ∥ 𝜃 ℎ
𝑛+1

2 ∥0,2,Ω  ≤  𝐶ℎ ∥ 𝜃 ℎ
𝑛+1

2 ∥0,2,Ω 

               ≤ 𝐶ℎ2 + 𝛽 ∥ 𝜃 ℎ
𝑛+1

2 ∥0,2,Ω
2 . 

To estimate 𝐴 343  

|𝐴 343 | ≤∥ 𝑐 ∥0,∞ ,Ω ∥ 𝑢 𝑛+1
2 − 𝑢𝑛+1

2 ∥0,2,Ω ∥ 𝜃 ℎ
𝑛+1

2 ∥0,2,Ω 

              ≤ 𝐶ℎ|𝑢𝑛+1
2|1,2,Ω  ∥ 𝜃 ℎ

𝑛+1
2 ∥0,2,Ω ≤ 𝐶ℎ ∥ 𝜃 ℎ

𝑛+1
2 ∥0,2,Ω 

                ≤ 𝐶ℎ2 + 𝛽 ∥ 𝜃 ℎ
𝑛+1

2 ∥0,2,Ω
2 . 

To estimate 𝐴 344  

|𝐴 344 | ≤∥ 𝑐 ∥0,∞ ,Ω ∥ 𝑢𝑛+1
2 ∥0,2,Ω ∥ 𝜃 ℎ

𝑛+1
2−𝜃𝑛+1

2 ∥0,2,Ω 

               ≤ 𝐶ℎ |𝜃𝑛+1
2|1,2,Ω ≤ 𝐶ℎ2 + 𝛽|𝜃𝑛+1

2|1,2,Ω
2 . 
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Then,  

|𝐴 34 | ≤  𝐶 ℎ2 + 𝜏4 + 4𝛽 ∥ 𝜃 ℎ
𝑛+1

2 ∥0,2,Ω
2 + 𝛽|𝜃𝑛+1

2|1,2,Ω
2  .                                                 (5.15) 

From equations (5.4), (5.6), (5.14) and (5.15), we get 

|𝐴 3 | ≤  𝐶 ℎ2 + 𝜏4 + 12𝛽 ∥ 𝜃 ℎ
𝑛+1

2 ∥0,2,Ω
2 + 6𝛽|𝜃𝑛+1

2|1,2,Ω
2  .                                              (5.16) 

By substituting of equations (5.2), (5.3) and (5.16) in equation (5.1) and we note that ∥⋅∥ is 

equivalent to ∥⋅ ∥, then we take 𝛽 > 0 small enough such that 𝑚 − 𝐶𝛽 > 0 and move 𝐶𝛽 |𝜃𝑛+1
2|1,2,Ω

2  

into the left hand side we get  

 

1

2
𝐷𝜏 ∥ 𝜃 ℎ

𝑛 ∥0,2,Ω
2  ≤ 𝐶 ℎ2 + 𝜏4+ ∥ 𝜃 ℎ

𝑛 ∥0,2,Ω
2 +  ∥ 𝜃 ℎ

𝑛+1 ∥0,2,Ω
2  , 

then  

∥ 𝜃 ℎ
𝑛+1 ∥0,2,Ω

2 ≤
 1 + 2𝐶𝜏 

(1 − 2𝐶𝜏)
∥ 𝜃 ℎ

𝑛 ∥0,2,Ω
2 +

2𝐶𝜏

(1 − 2𝐶𝜏) 
  ℎ2 + 𝜏4 . 

This implies that if 𝜏 > 0 is small enough such that (1 − 2𝐶𝜏) > 0, then 

∥ 𝜃 ℎ
𝑛+1 ∥0,2,Ω

2 ≤  1 + 𝐶𝜏 ∥ 𝜃 ℎ
𝑛 ∥0,2,Ω

2 +  𝐶𝜏 ℎ2 + 𝜏4 . 

By induction over n=0,1,2,…,𝑁𝜏 − 1, this easily deduce that  

∥ 𝜃 ℎ
𝑛+1 ∥0,2,Ω

2 ≤ (1 + 𝐶𝜏)𝑛+1 ∥ 𝜃 ℎ
0 ∥0,2,Ω

2 + [ 1 + 𝐶𝜏)𝑛+1 − 1  ℎ2 + 𝜏4 . 

Since    (1 + 𝐶𝜏)𝑛+1 ≤ (1 + 𝐶𝜏)𝑁𝜏 ≤ exp(𝐶𝜏), it follows that  

∥ 𝜃 ℎ
𝑛+1 ∥0,2,Ω

2 ≤ exp 𝐶𝜏 ∥ 𝜃 ℎ
0 ∥0,2,Ω

2 + [exp 𝐶𝜏 − 1] ℎ2 + 𝜏4 , 

that is  

                              ∥ 𝜃 ℎ
𝑛+1 ∥0,2,Ω

 ≤ 𝐶 ℎ + 𝜏2 , 

and also 

                                ∥ 𝜌 𝑛+1 ∥0,2,Ω≤ 𝐶ℎ2 

Hence the theorem is complete                                                                                                                 

 

 

6. Conclusion  

       In this paper, we proved that the finite volume method is converge with error of order (ℎ + 𝜏2) 

which better than partial upwind finite element scheme which converges with the error of order 

(ℎ + 𝜏  ) (see Kashkool(2002), Manna(2000) and Zhi-yong(2004)), and we proved the stability of 

the discretized system. 
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المستخلص  

 حذ الحمل الخطً حن حقشٌبه بواسطت ، فً هزا البحث، دسسنا طشٌقت الحجن المحذدة لمسألت الحمل والانخشاس الخطٍت راث البعذٌن

 للعنصش المحذد على شبكت الخثلٍث بٍنما حذ الانخشاس الخطً  حن حقشٌبه باسخخذام نظشٌت الخباعذ  upwind))طشٌقت أبونذ 

(divergence theorem) ثن بشهنا الاسخقشاسٌت و حخمٍن الخطأ ححج . وحقشٌب المشقت الاحجاهٍت باسخخذام الفشوقاث المحذدة

 .بعض الششوط المفشوضت على الفٍض العذدي

 

 

 


