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Abstract

In this paper we discuss two phase immiscible flow in porous media governed by a system of

nonlinear partial differential equations raised from reservoir simulation. Crank-Nicholson —Galerkin

finite element method and lineari zed Crank-Nicolson —Galerkin finite element Predictor- corrector

method are constructed respectively. We show that the discretization error of linearized Crank-

Nicholson-Galerkin method is o(k?) , where k refers to the time step for both schemes.

1-Introdaction

By reservoir simulation (Peaceman(1977)), we
mean the process of inferring the behavior of
real reservoir from performance of a model of
that reservoir. The model may be physical or
such as a scaled

mathematical laboratory

model. For our purpose, a mathematical model
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of a physical system is a set of partial

differential equation, together with an
appropriate set of boundary conditions which
we believe adequately describes the significant
physical processes taking place in that system.
The process occurring in petroleum reservoir

are basically fluid and mass transfer. Up to
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three immiscible phases (water, oil, and gas)
flow simultaneously, while mass transfer may
take place between the phases (chiefly between
process. The study of petroleum reservoir is
characterized by strongly nonlinear equation.
There are two simple models used to describe
the movement of two fluids in a porous media.
In the model the fluid are assumed to be
completely miscible, one example is given by
oil and a detergent solution. In other model the
fluids, such as, water and oil, one considers to

be completely immiscible.

In this paper we discuss two phase, immiscible
flow in porous media governed by a system of
nonlinear partial differential equation raised
from reservoir simulation. There are many
researcher solved these kinds of problems by
Euler-Gale kin and Crank-Nicolson-Galerkin
finite element
method(Jie.cheng(1999),Kashkool(2005)).

These methods have disadvantage that a
nonlinear system of algebraic equation have to
be solved at each time step, as a result of the

presence a(S™, f(S™) and a(S™) . We shall

the gas and oil phases). Gravity, capillary, and

viscous forces have a role in the fluid flow

therefore consider a linearzed modification of
Crank-Nicolson-Galerkin finite element method
in which this difficulty is avoided by replacing
S™ by %S“‘l-%sn‘z for this method. Since d
the equations contain S™~2 it may be only used
for n > 2, and have to be supplement it with
another for determining S*, for this purpose we
shall use Predictor- corrector method. We show
that the discretization error of linearized Crank-
Nicholson-Galerkin method is o(k?) , where k

refers to the time step.

2-Mathimatical Preliminaries

Let LP(Q) denotes the linear space of

measurable p* power integrable function on Q,

endowed with norm |||, o and W,™ is the
sobolev space of function which together with
their derivatives up to m is in L? (). The norm
in W, (Q) is defined by (Ciarlet(1978)).

1

”u”m,p,Q = (ZlaISm”Dau”g_p_Q ); ) for 1< p < o,

Forp =

el 0.0 =Maxq<m 1D llo,0,0
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and the semi norm

1
|u|m,p,Q :(ZlaISm”Dau”g Q )p '
D,

Forp = o

|u|m,oo,Q = rnaX|a|=m ”Daullo,oo,Q
Let

H(div, Q)={u € (L>(Q))?*},V-u € L>(Q)},
endowed with norm

2 2 :
lwllz givey =(lullg 2,0 + 1V - ullg20) 2
We define the space of square integral functions denoted by L2 (Q) as follows ,
L[?(Q) = {w:u is areal function defined on Q and [ * dx < o0}

The space L*(Q) is Hilbert space with inner product (u,v) = J, wvdx, w,v € L*(0) and the
corresponding norm ,
lall 2oy = ()7 = ([, u? dx) .

By H"(f1), for any non-negative integer , we denote the Hilbert space consist of those functions
u € L*(0) for which all partial derivatives 8*u with |a| < r belong to the space L*(Q), such space is

equipped with the norm

laall, = Nl gy = ( Zaten IOl di)?
And the semi norm

ful,, = gy = ( Zymrllo=all* ).

The space H™(11) is a particular case of general class of Sobolev space. In this case, we have

H™ (Q)=W7 (0).
By L%(0,T, W, (01)) we denote the space (Solid pavel(2004))
L7(0,T, L’b;k(ﬂ]j ={u:(0,T) — I«'V;,k ();u is measurable and fﬁrllu[t] |IE,’p,ﬂdt < o0},
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3- The Finite Element Space

Let us consider a regular triangulation T;, = {e} (see Kashkool(2002)) defined over {1 where each
of T;, is a closed triangle. We denote the internal vertexes by », with i = 1, .... N, the boundary vertexes

onTy, by p,withi=N+1,......Mandonof T, by p, withi =M + 1, ........ K. We put h_ to be

the maximum side length of triangle and X to be the minimum perpendicular length of triangles for all

e €T,.

Assumption for the triangulation (Ewing(1984)) .

(Al): Triangulation is regular and weakly a cute type, i.e., all interior angles ¥ of the triangles are

bounded as follow: ¥ € [jrﬁ;n;], where y, € (0.2) is independent of the mesh parameter.

Let @.(p) (1 =i =< M) be the continuous function in 1 such that ¢(p) is linear on e € T, and
@:(p;) =§;; (1= i,j = K) for any nodal point p;, denote by M,the linear span of ¢, , i.e., a finite

dimensional of H(1).
M,_{x:x € C(Q );x is linear function one Ve €T, }
And a subspace of Hy (1)
My, ={x:x EMy ., x(pp, ) =0, k=M+1,.....K }.

Let {W,} be a family of finite dimensional subspace of ¢*( 1), which is piecewise polynomial of
degree less than or equal to r with step length &, and the following property: for p € [1,00],7r = 2,

there exists a constant M such that for 0 < g < 2 and @ € W} (n):
infoeru, 10 —oll,, = Mh™ 172 @] .

Similarly, we define {V;,} be a family of  finite-dimensional subspace of (1) x C(01) which is

piecewise W, and 0 < g = 1.

We also assume that the families {W;} and {V; } satisfy inverse equality:
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18l = < Mh 0], Ivell, < Mh, vl V0 € W,

4-Model Problem:

Let Q be a bounded domain (oil field) in the plane R*with smooth boundary and T = 0 . We consider

the situation source and sink, the system of non-linear equation governing incompressible immiscible

displacement in two-dimensional porous media with neglecting gravity are (Kashkool(2002))

V-vr=0, (x,t) e x(0,T) 1)
v =—a(s)Vp , (x,t) e x(0,T) 2
0Z+V-(F()v) - V- (@()Vs) =0, (%) €% (0,T) ®

With the boundary and initial condition

z—z= 0, (x,t) €T X (0,T)
oz
=0 (x,t) ET x (0,T)

s(x,0)=5%%x), xen

Where s(x,t) reduced water saturation, »(x, t) is global pressure, v(x, t) is total Darcy velocity and

@ is the porosity. Additional parameters are given by

a(s,x) = (A, +A,)

— _'a?’n:' *J‘*u.')‘:l
] Fl9) =72, (s x)=Ze - e

k, 0
0 k.|’

Xy

Where A, and A, are the water and oil mobility respectively, k.. and k,_are the permeability’s in the

x4 and x, direction and p, capillarity pressure.

Some assumptions for the model (Kashkool (2002)):
(A2.1) a(s),a(s) and f(s) € C3(R), @(x),s,(x) € HY () n C(T)

(A2.2) There exists constant m, and m, such that ,
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0<my < a(s)a(s), f(s),0(x) <m, VseRxe
(A3) The solution of equations (1), (2) and (3) are regular,
s(x,t) € L2(0,T; H2(Q)) N L=(0,T; W2(Q)), p(xt) € L=(0,T; H**3(Q)), k=0
s, €L%(0,T;H2(Q)), s, € L™(0.T; HY(Q)),

(A4) The inductive assumption (Solid pavel(2004)) that [|[VE[= < K*, 0=<L<n

The weak form of the model problem:
LetV =H(div,Q) n{v-n=0,inT}, W= L,(Q)/{z:z is constant in 0, M=H*(01)]
then equations (1) and (2) are equivalent to solve the equation ,

V- (a(s)Vp) =0 4)

Multiply this equation by the test function w € L*(f1) and integrate over , and use green formula we

have
(a(s)Vp,Vu) =0, VueWw, (5)
The saturation equation (3) can be put in the weak form by finding a differentiable map,
5:[0,T] — M, subject to s(0) = s such that :
(05 ¢) + (@()V5,Ve) + (3-Vf(s)0) = 0, ¥p €M (6)
5- Some important lemmas

Lemma (1)(Thomee(1984)). Let S:(0,T] — M, be the H'- projection of s in M, such that

[‘F[:s— f), ‘Fu}+(5 — f,u) =0, YueM, andp =5 — s, then

- a2
lpllosn < CR2 . llpllpn<Ch,, ||

3

e ap
< < —
ch? ” -

| | <cn,
0,200 2.0

Lemma (2)(Thomee(1984)). we have independently of h and t.

V8]l o = €(s)
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Lemma (3)(Thomee(1984)). Assuming the appropriate regularity of = for the elliptic projection
defined by

(a(s)(VS—s),Vvx )=0 vxeM,, wehave |[V5.[<c(s)

Lemma (4)(Kashkool(2002)). If T;, is regular triangulation of weakly a cute type we have

Wilizn = 1_6 llwyllgzn Yy EMy -
Lemma (5)(Manna(2000)). Let § € W, be elliptic projection of p € H*(1) into W, defined by
(a(s)Vp,Vx) = ((a(s)Vp ,Vx)),¥x € W,. Then there exists C; such that
5 — pll + h,IIVE — Vpll < Cyllpll,.yhL™

6- Crank —Nicholson-Galerkin Method:

For our purpose of obtaining higher accuracy in time we shall consider the Crank-Nicholson -

Galerkin method, let
sn= 3 (S"+ 5" 1 and P" = 3 (P™+ P™ 1) then equation (5) and (6) become
(a(5™)VP",Vx)= 0, Vx € W, @)
(03,5%, ¢) + (a(S™)VS" Vo) + (V" - VF(S™), @) =0, VoM, (8)
Lemma (6): Let P™ be elliptic projection of ™ into W, defined by,
(a(Z™)Vp™,Vx) = (a(5™)VH™,Vx), then we have
IVE™ —vp™|l < || 5™ — 57|
Proof: we have (a(5™)VP",vx) =0 and (a(F")Vp",Vx) =10
Subtract these equations we get (a($™)VE™ — a(5")Vp",Vx) =0
Adding and subtracting a($™)vp™

((S™)(VP" — V5™),Vx) = ((a(5") — (™) V5™, Vx) = 0,
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Let P* — 5" € W,,, then
173" —2™)1* < |(a(S™)V(P" —p™),V(P" —p™))
=|((a(z™) — a(§™)Vp", V(P" — ™))
= cllva™ll 1§ — 5= IV(P" —p™
By lemma (5) and(43), if h, = 0 is sufficiently small we have
IVBll < Ivpll + cllpll, sk} =c
Hence,
IVE" —vp™|l < || 5™ — 57|
Lemma (7): There exist a positive constant ¢ such that
Ive — vl < e(l5— 5l + hY)
Proof: We have ||[V" — v"|| = [la(5™)VP® — a(5™)Vp™"|| adding and subtracting a(5™)Va™ we get,
Iv? — vl = lla($™) (vP* - va™)ll + [|(a(3™) — a(3™))ve™||

<c [[(VP* = vp™)ll + I§™ — 5" IVE" |l ==

Since
IvP® — vg™ | = [VE™ — vg™|| + [I[Vvg™ — Vg™ || and from lemma (6) and (5), we get
VP — Vp"|l < c,ll 5™ — 5"l + ¢y llp™ Nl s 0hp = (I 37 =571 + hT).
Hence

Ve — vl < e(I5™ — 5711 + hY)
Theorem (1): For small k& and with ¢ = ¢(=), we have
5™ —s™ll < e(lIS° —s°ll + h, + A} +K7)

Proof: Let S—s=5—-5+5—s5s=6+p and from lemma (1) we have,llp™ll < ch® and it remains to

consider ™. In this case we have
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(09,6",0) + («(5™)V8", Vo) = (03.5",¢) + (a(57)VS", Vo) - (03,5™,¢) -
(a(57)VS™ V), )
where 5™ is elliptic projection of s™ By using equation (8) we get

(09,6, ¢) + («(5*)VE™, V) = (V™ - VF(§™), @) — (03,5™,¢) — [cn:(g"]?f”,?ip)

Adding and subtracting @5:'5 and (sn_i)?j'"”_i
__’(p) ~

T
z

(03,6™,0) + («(3)VB", V@)=(V" - VF(S™),0) —Bs. @) — (caa $"— @s

( cx(s”_ij‘?.‘}"?ﬂ_% Vo) — (a(g"]?.‘f" —a (3”“%]?5' 2, V)

= (V- Vf(5™), @) —[v”-?f(sn_i},cp]— (0d,5™ — Els: 59)

(@) — a(s" )V +a(s"VE - $77),Ve)

Using ¢ = 8™ and noting that[@ﬂ g=,am ) = 25' 16™11%, we get

|67l +(||s~-

|+

+c

2a.lle?
Juvénu]

o o)

Where I = (V*-Vf(5"), @) —( 'E‘f( } ) then, by Young-equality

"y |ves= - §79)

n— i
n—
z — T T

a.5™ — s,

a.18™1I* =C (IIIII+‘

To estimate 7, adding and subtracting V™ - V£ (s" %)
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1

I= (V" -Vf(S™)— V" -vf(s” )+ pn gf(sn—%) o _vf(sn-;)rgn]

=" -v(f(s'”] - f{s”-i)),énj £ (v —v™) - v f(s772),8m)

21l < [z I+ 2,1,

to estimate I, ,

Il < §n—s"z

(v (f(f”] -f (s”"i)),é ")

< lveil|

el

By (44 ) we have,[[V™|| < K* hence, by young- equality, we have

i< e(fJsm s + ovl°).

To estimate I,

((V” —v™)-V f(;”‘%),&'”)

< chllve — w7

pa| =

. _ _1
= H[V” —v™) -f(sn )?5” z,g"

Iresl 5‘

By lemma (7) we have,
Iv™ — ™ < c(I5™ — 57| + B2,
Then,

Il < eh (15" =571l + ) [|67]] < ch, ([|67] = 5™ + chy) ]| 6|

< ch? +c(||6°)|* + 157112 + chZ,

Hence

|II|I = C[‘ sn —Sn_i |‘ + |I9_i"E |: + h§ _|_h;r)

Then we get
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S | D 1| T 16 S WNTE
g lemN? = e||g*|” + ‘ 3,5" —s, H +‘5”—s” z|| + Hv(s”— s" :)
+h +hZ) (10)
Since,
57— s"=| = lle"ll + na= + ||~ s~

By lemma (1), we have lIa"]l = 3 (™l + lle™ D) £ e(s)hZ, and

— n——
Ft—5" 2

< ¢(s)k? then

— !

. -z _ n—=
n Iz ! Iz
d,5" — s, d.s" —s,

‘ < ||8.0™|| + ‘ < c(s)(h2 + k%)

And [|v (57~ $773)| = cs) &2

Then

I NemI? < 1677 + (h + 12 + K2+ R)? < (|77 + (B, + K% +RD)?

Then we have (kashkool(2002))

-

(1-ck) [|87]]° < (1 + k) |82 + ck(h, + k2 + BD)?

187" < c |€°]° + e (R + K2 + BD)2.
Hence,

1671 < e(IS°® —s®ll + h, + k* + R (11)

Which completes the proof.

Theorem (2): with assumptions (42) and(43), and if b,k = O [h?, ). then
IS™ —s™llpegy + IV = vl < e(IS° = s®ll + h, + k% + R)

Proof: from lemma (3.2)(Ewing(1984)) we have

Ve — vl < e(lIS™— s™|l + h}) (12)
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By theorem (1), we have I|S™ —s™|l = ¢(l5°— s°ll + h, + k* + h})
Hence
15" — 5™y y + VP = v gy < e(lIS®—s°ll +h, + k% +R]) (13)

Which completes the proof.

6- Linearized Crank-Nicholson-Galerkin finite element method.

We shall consider a linearized modification in which the argument of a,aand f is obtained by

extrapolation from $®~* and 5™ % ,with

-
r

5'-‘?2 — isn—i _ Esn—z

(03,57, ¢) + (a(S™)VS", V) + (V- VE(S”),¢) = 0,V € M, (14)
(a($™)vP™,Vx) = 0,vx € W, (15)
The nonlinear equation (14) will be solvable for 5™ when S™~* and 5™ are given.

We observe that since the equation now contains 5™ it may be used for n = 2 , and we have to be
supplemented with another method for determiningS*. We shall use here a predictor- corrector method

for this purpose. Using as first approximating the value 5*° determined by the case n = 1 of equation

(14) with $* replaced by 5° and then as the final approximation the result of the same equation with 5%

replaced by% (5% + 59, our procedure is defined by 5° as follows

ok~1(5%°+5%¢) +(a 5“}?(%(51»“ +5ﬁj), Vo) + (Vi VF(59),0) =0, 9 € My, (16)

(a(SD]?G(PLD-FPﬂ]),?x): 0. Vx €W, (17)
Then
0(d.5% @) + (a(l (s + 5”)) v.:»:‘l,vcp] +(Vt-f (3 (5™ + 5“)), @ =0 (18)
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(a (1 (51° + sﬂj)vﬁl,vxj =0 (19)
Lemma (8): If p™ € W, be elliptic projection of #™ € W, define by
(a(™) VE",Vx) = (a(3™) Vp",Vx)

vx € W, Then |[VP" — vp"|| < c||$™— 3"

|, where c is a positive constant.

Proof: since (a(§™)VE™,Vx)=0 and(ax(3™) Vp™ Vx)=10, from these equation we have

(a(5™) VE™ — (a(3™) Vp", Vx) = 0 by adding and subtracting a(5™) Vg™, we get
(a(S™)(VE™ —Vp™),Vx) = ((aE™ — a(S™)) Vp™,Vx)
Letx=p"—p™ €W, , then
IV(E" —3™)I* < |(a(5™)(P™ — ™), V(P" — 5™))|
=|(a(s" — a($™)VP",V(F" —5™))|

< cllvg |3 — 57

[lIve™ — vp™||

With lemma (5) and (43) and if h, = 0 is sufficiently small, we get,

1957 < 119p™ | + cllp™ |4k} < c
Then

I9(P™ —p™)II* < ¢ $™ — 3~

[IvE™ —vp™||
Hence

IV(P" —p™)ll < || $™ — 3™

Lemma (9): There exists a positive constant ¢ such that ,
V" — vl < (fl5"— 37| +17)

Proof: Since  [|[v® — v = ||a($™)VP" —a(3™)Vp"|
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Adding and subtracting «($™)vp™, we get
V" = o711 < [a($7)(9P" - 057 + | @($) — a5

< ¢||vEr —vp™ ||+ ||$™ — 3™

[1v5" ...
We have ,
|[vP™ — vp™|| = IvP" — V™ + Vp™ — Vp™|| < |IVP™ — Vp™ || + [IVp" — V5"l
Using lemma (5) and lemma (8) we get
VP —ve | < ef|S™ = 87 || + chplip™ll .

Hence
Iv" — vl < e(||$™— 37| + 1E)
Theorem (3): Under the appropriate regularity assumption and for k is small enough with ¢ = ¢(s)
157 — sl < e(lIS° — sl + h, + A7 K?)

Proof: From equation (9) for n = 2 we have,

(03,6™,¢) + («(8°)VE8", Vo) = (V*-VF(5").9) —(v” -vf(s”‘i),.p] -

(Elgrgn_ @S:_ir‘p] _ ( ( a[g‘n)_

a(s")VE + a(s")V(ER — §73), V)

By the similar way  as we got equation (10) we have

“a
NI

a.lemI2 < <(l™|" + ‘ig”—f |+ sm =53 (s - ) 2+

h2)

Since $§"= %5”'1 - %5”_2 and equation (18), we get

.
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1
gn— "7 = (8™t + 1872l + hZ + kP

1
cn nTy
S5t —5" 2

< |87 + g™+

We obtain (Kashkool(2002))
167117 < (1 + O™ I + ckll™2NI* + ck(h, + h; +k*)*
< c(l8™ % + 16" 2I1P+hZ + k2™ + k¥)

By (Theorem3.1 Kashkool(2005)) we have

167117 < (& 1* + 16°11P+h3 + A7 + k°)

We shall now estimate [|8*]| from the equation (16) and (8). In the same way as we got (14) from

equation (10) with g% = g10 _ §0 g0t = 5o

a1 < (g0 + |50 =5+ 82+ hZ + k%)
Since,
50 sz [| < ne°t +np0n+ [|s° = 53| < 6%l + (2 + )
So, 6012 < <(]|6%0||* + 118°112 + h2 + k2 +K2)

And hence (Kashkool(2002))

(1-cK) [|6%°|* < (1 + KNO°N2 + ck(h2 + B2 + k?)

Since,

16%°]° < (1 +RIB°IP + ck(h2 + hZ +k2) < c(ll6°N1> + h2 + k2 + K7)

Then,

BN0%02 < c(l|8]* + [0 + 5 - s + R +RT +EY ()
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Since,

s 9- s st s 00 o]+ -

| <

< 2161l + 18°1D) + c(h? + k2)

< cll8° + c(h, + hE + k=)
Hence from equation (20), we get

(1-cK) [|6*]]° = (1 + KON + ck(h2 + b2 + k?)

Then,

1841° = (1 +I0NO%IR + che(h + 37 + ke < e(IEN® + 2 + T + k)

Substitute this in equation (20) we get

1671 <cll8®ll +c(h, +hL + k%) <c(lIS°—s®ll + h, + A% + k?
The proof is complete.
Theorem (3): With assumption (42) and (43),and if h_, k = ﬂ[hp} then
IS™ = 5™y + IV — vl y <e(S®— sl + b, + by +K7)

Proof: from lemma (9) we have

Ve —v?|l < e(||5" — 5™

| + k) < c(lIS® —5°ll + b, + B} + k%)

From theorem (3), we have

Is™ —s™|l < e(lIS® —s°ll + h, + A} + k%)

Hence
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||5-n _Sn”_r_x'.:iz} + ”Vn - 19”"1"‘.:11} = C(”SD_ SD" + hﬂ. + h; + -IC:]
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