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Abstract: 
      In  t h i s  w o r k  w e  u s e d  numerical method for solving the initial value problem that 

consists of the multi-dimensional hyperbolic equation with ( 2 m )  nonlocal non-linear integral 

boundary conditions. This method depends on Crank-Niklson finite difference scheme and 

Taylor’s expansion.In this method the ( 2m) integrals in the ( 2 m ) nonlocal non-linear 

boundary conditions are approximated by u s i n g  the composite Simpson 1/3 rule.  Some 

examples are presented to illustrate the applicability of this method. 

 المستخلص:
 2m) في هذا انعمم استعمهىا طريقت عدديت نحم مشكهت انقيمت الابتدائيت انتي تشَْمم معادنت انقطع انزائد انمتعددة الأبعاد مَع )      

حهيت لاخطيت . تعتمد هذي انطريقت عهى طريقت كراوك ويكىنسىن نهفروقاث انمىتهيت وتىسيع تايهر . شروط حدوديت تكامهيت غير م

بت باستعمال طريقت سيمبسه   2m(في انشروط انحدوديت ) 2mفي هذي أنطريقت انتكاملاث )  .  1/3( انغير محهيت لاخطيت مقَرَّ

 وسىقدو بعَْض الأمثهت نتصَىير تطبيق هذي انطريقت.
 

 

1-Introduction: 
        The nonlocal conditions appear when values of the function on the boundary are connected to 

values inside the domain, such boundary value problems are known as nonlocal problems. Nonlocal 

problems have been a major research area in modern physics, biology, chemistry, and engineering 

when it is impossible to determine the boundary values of the unknown function. Many complex 

physical phenomena are frequently described and modeled by partial differential equations with the 

nonlinear boundary conditions. Theoretical studies on the existence and uniqueness and the 

behaviors of solutions for problems governed by wave equation with nonlocal conditions have 

received considerable attention in the literature ([5], [7] and [8]), [1] used finite difference scheme 

for solving multi-dimensional hyperbolic equation with one nonlocal linear integral boundary 

condition, [2] used finite difference scheme to solve the one-dimensional heat equation with two 

nonlocal non-linear integral boundary conditions, [3] used the shifted Legendre tau technique for 

solving the one-dimensional wave equation with one nonlocal linear integral boundary condition, 

[6], [11] used the variational iteration method and the homotopy analysis method  for 

approximating solutions of the one-dimensional wave equation with one nonlocal linear integral 

condition respectively, [9] gave a numerical method which depends on the properties of  Chebyshev 

polynomials of the second kind for solving the one-dimensional wave equation subject to one 

nonlocal linear integral boundary condition and [10] described a numerical technique based on an 

integro-differential equation and local interpolating functions for solving the one-dimensional wave 

equation with one nonlocal linear integral boundary condition. In this paper we  concerned with the 

numerical solution of the multi-dimensional hyperbolic equation: 
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together with the initial conditions 
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and the 2m nonlocal non-linear  integral boundary conditions: 
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where           are known constants, m is a positive integer, w0 ,i , w1,,i ,  g 0, i   ,  g1 , i ,  i=1,2,…, m, f , d  

and  r   are known functions that must satisfy the compatibility conditions: 
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2- Solutions of nonlocal problem (1.1)-(1.5): 

In this section, we used Crank-Niklson finite difference scheme for finding the solutions of the 

nonlocal problem given by equations (1.1)-(1.5). To do this, we d i v i de  t h e  domain  [a1, b1]   

[a2, b2]     [am,bm]   [0,,T]  into                mesh with spatial step size    
     

  
 in xi-direction and the time step size    

 

 
  respectively, where M an d     a re  positive 

integer. The grid points are given by 

  
                                          

                                                     

 

We define the following difference operators: 
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where                is the numerical solution of the I.V.P (1.1)-(1.5) at the point (  
     

       
     )  

We replaced  
   

   
  by the mean of its finite difference representation on the (j+1) and jth time rows: 
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Then we approximate equation (1.1) by  
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After simple computations, one can have 
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and     
 

  
 ,  i=1,2,...,m 

 

By substituting  j=0 in equation (1.2), we obtain 

                (  
     

       
  )                                                             

 

then we approximate equation (1.3) by using forward finite difference formula to get 
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Now, by using Taylor’s expansion for the nonlinear functions     (  
     

       
       ) and 
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        ) about the point (  

     
       

     ), one can get 
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respectively,  where        denotes terms second and higher powers of k . But  

              

  
  

                                

 
    

Therefore, one can get  
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the integrals in equations (1.4)-(1.5) can be approximated by using quadrature rules say  Simpson 

1/3 rule, to obtain 
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By substituting equations (2.3) in equations (2.4) and (2.5), we obtain 
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Therefore equations (2.1), (2.6) and (2.7) can be written in the matrix form: 
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where       (  
     

       
  )  

     [  ∑   (  
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   ]. This linear system 

can be solved by using any suitable method to find the numerical solutions              ,    

                                        of the nonlocal problem given by equations (1.1)-

(1.5). 

3- NUMERIACAL EXAMPLES: 
       In this section we present two examples that can be solve by using the above method.  
 

Example (1): 

     Consider the one-dimensional wave equation: 

                                         [   ]                                                                               

together with the initial conditions 

                                  [   ]                                                                                                    

                                  [   ]                                                                                                       

and the nonlocal non-linear integral  boundary conditions 
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This example is constructed such that the exact solution is 

            . 

Let N= M=4, then we get h=k=0.25 and r=1. From equation (3.2) one get the solution at j=0, 

                                                            
From equation (2.2) and by using equation (3.3), one can get 

                                                                   
In this case, equation (2.8) takes the form 
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This system can be easily solved by using any suitable method to find the numerical solution at j=2, 

to get the results that are tabulated down in table (1). 
 

Table (1), represent the solutions of example (1) for h=k=0.25. 

xi u(xi,t0) ui,0 u(xi,t1) ui,1 u(xi,t2) ui,2 

0 
0.25 

0.5 

0.75 

1 

0 

0.0625 
0.2500 

0.5625 

1 

0 

0.0625 

0.2500 

0.5625 

1 

0.2500 

0.3125 

0.5000 

0.8125 
1.2500 

0.2500 

0.3125 

0.5000 

0.8125 

1.2500 

0.5000 

0.5625 

0.7500 

1.0625 

1.5000 

0.4492 
0.5478 

0.7421 

1.0455 
1.4398 

 

Now if we take N=20 and M=40, then we get h=0.05, k=0.025, r=0.5. The results when x [0,0.5] 

that are tabulated down in Table (2). 
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Table  (2), represents the solutions of example (1) for h=0.05, k=0.025. 

xi u(xi,t0) ui,0 u(xi,t1) ui,1 u(xi,t2) ui,2 

0.0000 
0.0500 

0.1000 

0.1500 

0.2000 

0.2500 

0.3000 

0.3500 

0.4000 

0.4500 

0.5000 

0.0000 

0.0025 

0.0100 

0.0225 

0.0400 

0.0625 

0.0900 

0.1225 

0.1600 

0.2025 

0.2500 

0.0000 

0.0025 

0.0100 

0.0225 

0.0400 

0.0625 

0.0900 

0.1225 

0.1600 

0.2025 

0.2500 

0.0250 

0.0275 

0.0350 

0.0475 

0.0650 

0.0875 

0.1150 

0.1475 

0.1850 

0.2275 

0.3275 

0.0250 

0.0275 

0.0350 

0.0475 

0.0650 

0.0875 
0.1150 

0.1475 

0.1850 

0.2275 

0.3275 

0.0500 

0. 0525 

0. 0600 

0.0725 

0.0900 

0.1125 

0.1400 

0.1725 

0.2100 

0.3525 

0.3000 

0.0497 

0. 0525 

0. 0600 

0.0725 

0.0900 

0.1125 

0.1400 

0.1725 

0.2100 

0.3525 

0.3000 
 

In table (3) the absolute errors at specific points in the domain D=                        for 

different values of h and k are presented 
 

Table (3), represents the absolute errors at specific points for different values for h and k for 

example (1) 

k h r xi absolute  errors 
 

0.25 

 
0.25 
 

 

1 

0.25 

0.75 

1 

0.0147 

0.017 

0.0602 

 

0.05 
 

0.01 

 

 

5 

0.25 

0.75 

1 

1.1532      

9.837      

0.0011 

 

0.025 
 

0.005 

 

 

5 

0.25 
0.75 
1 

2.4293       

1.9455       

2.5739      
 

Example (2): 
     Consider the one-dimensional wave equation 

                                                                    [   ]                                                        

together with the initial conditions 

                                                                   [   ]                                                                     

                                                                  [   ]                                                                      

and the nonlocal non-linear  boundary conditions 

       ∫  
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          [   ]                                                 

This example is constructed such that the exact solution is 

             

We take N=20 and M=40, then we get h=0.05, k=0.025, r=0.5. The results when x [0,0.5] that are 

tabulated down in Table (4). 
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Table (4), represents the solutions of example (2) for h=0.05, k=0.025. 
xi u(xi,t0) ui,0 u(xi,t1) ui,1 u(xi,t2) ui,2 

0.0000 

0.0500 

0.1000 

0.1500 

0.2000 

0.2500 

0.3000 

0.3500 

0.4000 

0.4500 

0.5000 

1 

1.0513 

1.1052 

1.1618 

1.2214 

1.2840 

1.3499 

1.4191 

1.4918 

1.5683 

1.6487 

1 

1.0513 

1.1052 

1.1618 

1.2214 

1.2840 

1.3499 

1.4191 

1.4918 

1.5683 

1.6487 

1.0253 

1.0779 

1.1331 

1.1912 

1.2523 

1.3165 

1.3840 

1.4550 

1.5296 

1.6080 

1.6905 

1.0250 

1.0776 

1.1328 

1.1909 

1.2519 

1.3161 

1.3836 

1.4545 

1.5291 

1.6075 

1.6899 

1.1052 

1.1052 

1.1618 

1.2214 

1.2840 

1.3499 

1.4191 

1.4918 

1.5683 

1.6487 

1.7333 

1.0468 

1.1041 

1.1611 

1.2207 

1.2833 

1.3491 

1.4182 

1.4909 

1.5674 

1.6477 

1.7322 
 

In table (5) the absolute errors at specific points in the domain D=                        for 

different values of h and k are presented 
 

Table (5) represents the absolute errors at specific points for different values for h and k for 

example (2) 
k h r xi absolute  errors 
 

0.025 

 
0.05 
 

 

0.5 

0.05 

0.50 

1 

0.001 

0.001 

0.0045 

 

0.0025 
 

0.01 

 

 

0.25 

0.05 

0.50 

1 

6.5677      

1.0300      

3.9969      

 

0.001 
 

0.005 

 

 

0.2 

0.05 
0.50 
1 

1.0511      

1.6484      

6.3386      

 

Conclusion: 
      In this paper, we solved the initial value problem that consists of the multi-dimensional 

hyperbolic equation with 2m nonlocal non-linear integral boundary conditions. This method is 

based on Crank-Niklson finite difference scheme and Taylor’s expansion. It's an easy way for 

transforming the nonlinear equations to linear system that can be solved easily by using any suitable 

method. Also, this numerical method gives acceptable results, and we found through the numerical 

results that the numerical solution was closed to the exact ones. 
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