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ABSTRACT: 
The aim of this paper is to study a measurable families of ̂- Banach lattice and 

their decomposition of a separable Banach ̂- vector lattice into  measurable field of 

Banach lattice . Moreover there exists a Freudenthal unit in   ̂ if and only if it exists 

in    .  

 المستخلص :-
 ̂ -يهدف هرا البحث الى دزاست الفصائل القابلت للقياس للحزم المتجه البناخيت            

دة الى الحقىل القياسيت من تلك الحزم .أضافت الى ذلك وجىد الىح ̂  -وتحللها من الحزم البناخيت المتجه المنفصلت 

 .   اذا وفقط كانت في  ̂ الفسيدنتاليت في 

 
 

1.Introduction :- 
 

     In this paper , we introduce the important definitions and some information about the 

measurable field of metric space and of Boolean algebras that we needed it in this work . 

We get the main results about the decomposition of separable Banach ̂- vector lattice into 

a measurable field of Banach lattice . 

 

2.The preliminaries 
 

     We recall the basic definitions and information which are needed in our work . 

 

2.1 Definition: ,  - 

A mapping        ̂ is called a metric on a set   with values in  ̂ if  

1.  (   )     for any x,y  X and  (   )    if and only if  x=y . 

2.  (   )    (   )for any x ,y   X . 

3.  (   )   (   )   (   )for anyx,y,z  X . 

2.2 Remark:[8]  
  Suppose that T is the interval [0,1] , let A be the  - algebra of the Lebesgue measurable subset of T 

, and P be the Lebesgue measure on T . 

     We shall denote by  ̂ the ring of all real measurable functions on [0,1]. 
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2.3 Definition: ,  - 

         The space (X,  ) is called separable , if there exists a countable subset M   X  such that for 

any x   X , there is *  +   
    for which  (    )

      ( )      
→       .  

Suppose that (     ) be a complete separable metric space defined for P-almost every   T . 

2.4 Definition: ,  - 

    A measurable field of metric space is a pair *  *  +   + where X is a totality of functions 

      ( )      for  P-almost every     such that :  

1. There exists a sequence  *  +   
     such that *  ( )+   

   is dense in (     ) for P-

almot every       

2. The function       ( ( )  ( ))  is measurable on (T, ,P )  for all  x,y     

3. If *  +   
          ( )    for P-almost every     and   (  ( )  ( ))  

         for P-almost every    , then 

y    . 

2.5 Remark:[9,10] 

      Let *  *  +   +  be a measurable field of metric space and let  ̂ be the set of all classes for P-

almost everywhere coinciding elements from  .  

        For any  ̂  ̂    ̂ , we denote by  ̂( ̂  ̂) the class from  ̂containing the function 

  ( ( )  ( )) , wherex(τ) and y(τ) are representatives of the classes  ̂ and  ̂ , respectively . Then 

( ̂  ̂) is a complete separable space with a  ̂ - valued metric . 

2.6 Definition: ,  - 

      A measurable field of metric space is said to be saturated if the following two conditions are 

satisfied :  

1.       ( )       for  P-almost every     .  

2. The function       ( ( )  ( ))  is measurable  on (T,  ,P )  for any  x       imply y   X 

. 

2.7 Remark: [11] 

     Suppose that in the definition of saturated measurable field of metric space all    coincide and 

are equal to (    ) . 
 We shall denoted by  (   ) the set of measurable mapping from (     ) into Z and by 

 ̂(   )the set of the classes of P-almost everywhere coinciding function from   (   )  

A  ̂- valued metric  ̂( ̂  ̂)     ( ( )  ( ))
̂  is naturally defined on  ̂(   ) . In [8] it is shown that 

 ̂(   )is  ̂– isometric to ̂ .  

2.8 Remark: [11] 

      Let (   ) be a universal metric space of Uryson (one can consider that U=C[0,1] with the 

uniform metric . 

In [9] it is shown that any complete separable space   with an  ̂-valued metric is  ̂-isometric to 

some closed subset of  ̂(   ) . 
Now , let *  *  +   + be a measurable field of metric space , and let     be closed subset of     for 

P-almost every     . 
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2.9 Definition: , - 

      A measurable field of closed sets is a pair *  *  +   + where      and  

1. If x    , then x( )       for  P-almost every     . 

2. There exists *  +   
     such that *  ( )+   

 is dense in     for  P-almost every    . 

3. If  *  +   
          and   (  ( )  ( ))    as    forP- almost every     , then 

    . 
 

2.10  Remark:[10] 

We say that   be a bimodule over  ̂  ,   -, i.e.  is abelian group with respect to 

addition operation (+) and right and left multiplication by element from  ̂are defined on   

having the properties: 

1.  (   )              (   )        

2. (   )                (   )        

3.  (  )  (  )                   (  )   (  ) 
4.             ,for all             ̂ 

 

2.11 Definition: ,     - 

     The collection B of Borel sets of a topological space   is the smallest  - algebra containing 

all open sets of    . That is , in addition to containing open sets, B must be closed under 

complement and countable intersections (and , thus , is also closed under countable unions ) . 

2.12 Definition: ,     - 

      A Borel mapping is a mapping such that the inverse image of every Borel set is 

Borel . It is called Borel function . 

 

2.13 Definition:[3]   

     A set C ⊆    is called convex if for all x, y   C, we have  x+(1− )y   C for all    

[0, 1]. 

2.14 Definition:[5]  

     A Banach space is a normed linear space in which every Cauchy sequence is 

convergent. 

We cite now example of     -vector lattices 

2.15 Example:[10]  
     Let P be the Lebesgue measure on  (   )   ( (  

 )  ) be the Banach space of all P- integrable 

functions on (,   -  )    be a  - subalgebra of  (   ) isomorphic to  (   ) ,  
     ( (  

 )  )    (    ) be the conditional expectation . 

      Then   ( )   ( ) is a strictly positive measure on  (   ) with values in the  - complete 

sublattice    of all functions from    which are measurable with respect to    ( it is clear that    can 

be identified with    , since    is isomorphic to  (   ) .  
In addition ,  (  )    ( ) for any  e           (  

 )  
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    It is clear that     is a normal    - module .  

Denote by  ̂ the integral constructed with respect to the measure   . For every number 

      we set  

  ( (  
 )  )   *          ̂ (| | )   + 

And  

‖ ‖   ( ̂ | |
 )

 

  

It is shown in [3 ,4] that    ( (  
 )    ‖ ‖ ) is a Banach   - vector lattice .  

 

3. The Main Results :  

     This section is devoted to the main results concerning the measurable families of 

Banach lattice and decomposition of separable Banach ̂-vector lattice of ordinary 

Banach lattices . 

We begin with the useful information that used in our paper   . 

 

3.1 Definition : [10] 

      A measurable field    of Banach spaces (   ‖ ‖ ),  ϵ T = ([0,1]) , P ) is a set  of functions  

     ( )     defined p- almost everywhere on T and such that  

1. The function    ‖  ‖  is measurable on T for all    ; 

2. If  x,y ϵ   ,        ̂ ,then the function  ( ) ( )    ( ) ( ) also belongs to   . 

3. There exists a sequence {  +     such that the set {  ( )+ is dense in    for 

 p – almost every  ϵT .  

4. If {  +     and       ( )     is a function and  

‖  ( )   ( )‖    as     for p – almost every  ϵT , then      
     It is clear that a measurable field Banach space   is also a measurable field metric 

space (     ) ,     , where  

  ( ( )  ( ))   ‖ ( )   ( )‖      ( )  ( )     . 

3.2Note:[10] 

     A measurable field Banach space (   ‖ ‖ ) with property (1,2) of definition (2.1) is 

said to be saturated. 

 

In the sequel the record *  *  +   + will mean that   is a measurable field  Banach space 

(   ‖ ‖ ). 
    Now , for any measurable field  Banach space   denoted by  ̂ the set of all classes  ̂ of 

p- almost everywhere equal functions 

        ( )from   . 
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The pointwise operations :- 

       ( )   ( )  

      ( ) ( )  

      ( ) ( )  

          ̂ and the function ‖ ‖   ‖ ( )‖        , determine on  ̂ a structure of a 

bimodule over  ̂ with the  ̂ – valued norm ‖ ‖ ̂ .In addition , ( ̂ ‖ ‖ ̂) is a separable bimodule , i.e. 

there exists a countable set { ̂ +   ̂such that , for any  

 ̂     ̂there exists a subsequence {  ̂  + for which ‖ ̂    ̂  ‖ ̂

( )
→     . 

3.3 Remark :[12] 

     Suppose   ̂ be a separable Banach  ̂ – module with partial order in which represents a 

lattice coincide with the norm in  ̂ . 

From | ̂|  | ̂|imply that ‖ ̂‖  ‖ ̂‖ for each  ̂  ̂   ̂. 

 

3.4 Definition :[6] 

     A vector lattice   is Archimedean whenever the relation              , imply 

that       

3.5 Proposition: 

     Let  ̂ be the set of all classes for P- almost everywhere coinciding elements from   

,The Archimedean condition is satisfied in  ̂ . 

Proof :- 

     Let  ̂    and   ̂   ̂           ̅̅ ̅̅ ̅̅  

Then‖  ̂‖  ‖ ̂‖  , or ‖ ̂‖  
 

 
‖ ̂‖             

i.e. ̂     

   Therefore 

|       |  |   | …….(1) 
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3.6 Definition:[14] 

Let   be a vector space over the real field R. A nonempty convex subset P of   is called a 

cone if λP P for all λ≥0. 

 

3.7 Theorem: 
      Let {  *  +   + be a measurable field Banach space generating  ̂ ,then for almost 

everywhere     we can define a Banach Lattice on    such that , the order in     for 

almost everywhere     induces the order in  ̂ .  

 

Proof : 

     let  ̂ be a countable dense subset of  ̂ such that : 

1-  ̂   ̂   ̂. 

2-   ̂   ̂ for all rational numbers    . 

3-  ̂⋂(  ̂)    . 

Now , suppose that *  +    generated ̂ , such that , for almost everywhere countable 

dense subset    of   ̂ .  
Since  ̂ and    are countable for almost everywhere    ,then the properties (1 - 3) are 

satisfied in    for almost everywhere      
Thus ,    is a cone for each     . 

In fact , we need to prove    ⊆   for each       but , that is clear when we use the 

property (2) and consider the fact that    is closed . 

Thus , for almost everywhere     , we can define a partial order induced the same order 

in  ̂ . 

 Now , we need to prove that   is a Banach lattice for that order, i.e.  there exist 

  ⋁    for any        . 
From |  |  |  |  we have‖  ‖   ‖  ‖ . 
     Let  ̂ be a countably densely subset of   ̂ such that   ̂   ̂ ⊆  ̂ and let *  +    be a 

family of a countable dense set in   , for almost everywhere     generating  ̂ .  

      Therefore almost everywhere     and for all           , we can define       

such that      ⊆    and therefore the relation (1) and the order conditions are satisfied 

on     .  

Let             and  *  
 +   
 ⊆         

                

Then  

|  
       

    |  |  
    

 | 

i.e.*  
    +   

  is a fundamental sequence and it is easy to prove that is convergent to  

      . 
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 Thus , the operations will be defined for all pair      such that            , 
In the similar way this operation can be extended to all    , and there is no difficult to 

show that the order condition can be extended with    on   . 

 
3.8 Definition :[1] 

 An element from    is called a Freudenthal unit and denoted by   , if it follows from   
           , that     . 

3.9 Proposition : 
    There exists a Freudenthal unit in   ̂ if and only if it exists in    almost  

everywhere       
Proof : 

     Let  ̂   ̂ be a Freudenthal unit . Then from the equality  ̂⋀ ̂    , we deduce that 

 ̂    . Moreover for all  ̂    ̂ , we have  ( )⋀      , implay that      for all 

     . 
Since    is dense in    , then , we get ,that is true for all      . It means that  ( ) is a 

Freudenthal unit in    for almost everywhere     . 

     Conversely , let *  +   ⊆  
 (   ) , where U is the Uneversal space,*  ( )+   

  
   for almost everywhere     and  ( ) be a Borel representation of elements in ̂, 

Then the set  

   ⋂  * (   ) ‖  ( )   ‖   
 
    and ‖  ( )‖   + 

is a Borelset, so since hypothesis  

   *     is a freudenthal  unit in    +  *  (   )   +    

for almost everywhere    , then , there exist   ( )such that ( ( )  )      for almost everywhere 

   . It is clear that ,    ( )  is a freudenthal unit  in  ̂. 
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