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Abstract
In this paper we introduce the concept of fuzzy compact and fuzzy coercive mappings in fuzzy
topological spaces. Several characterizations and some interesting properties of these mappings are
discussed. Also, we explain the relation between fuzzy compact mapping and fuzzy coercive

mapping.
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Introduction

The concept of fuzzy set and fuzzy set operations were first introduced by Zadeh [11] in 1965.
Several other authors applied fuzzy sets to various branches of mathematics. One of these objects is
a topological space. At the first time in 1968, Chang in [2] formulated the natural definition of
fuzzy topology on a set and investigated how some of the basic ideas and theorems of point-set
topology behave in generalized setting. Chang’s definition on a fuzzy topology is very similar to the
general topology by exchange all subsets of a universal set by fuzzy subset but this definition is not
investigate some properties if we comparison with the general topology. For example in a general
topology, any constant mapping is continuous while this idea is not true in Chang’s definition on
fuzzy topology. One of the very important concepts in fuzzy topology is the concept of mapping.
There are several types of mapping. The purpose of this paper is to introduced and study the
concept of fuzzy compact and fuzzy coercive mappings in fuzzy setting and explain the relation
between them.
8 1. Preliminaries

First, we present some fundamental definitions and propositions which are needed in the
next sections.

Definition 1.1 [11]

Let X be a non-empty set and let I be the unit closed interval, i.e., I = [0,1]. A fuzzy set A in X
is a function from X into the unit closed interval I, (i.e., A:X — I be a function). A(x) is
interpreted as the degree of membership of element x in a fuzzy set A for each x € X. A fuzzy set A
in X can be represented by the set of pairs: A={( x, A(x)): x € X}. The family of all fuzzy sets in X
isdenotedbyI”*.

Definition 1.2 [2]
Let A and B be any two fuzzy sets in X. Then we put:
(@ A =B ifandonlyif A(x) = B(x), forall x € X.
(b) A < Bifandonly if A(x) < B(x), forall x € X.
(c) Z = AVB ifand only if Z(x) = max{ A(x), B(x)}, forall x € X.
(d) D = AAB ifand only if D(x) = min{ A(x), B(x)}, forall x € X.
(e) E = A€ (the complement of A) ifand only if E(x) = 1 — A(x), forall x € X.
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Remark 1.3
Let X be a non-empty set. Then:
(a) For any fuzzy sets Aand B in X, A < B if and only if B < A°.
(b) (0x)° = 1x, (1x)° = Oy.
Theorem 1.4 [9]

Let A, B and C be fuzzy sets in a set X, the following statements are holds:

(@) (Commutatively): AVB = BVA, AAB = BAA.

(b) (Associatively): (AVB)VC = AV(BVC), (AAB)AC = AN(BAC).

(c) (Idempotency): AVA = A, ANA = A.

(d) (Destributivity): AV(BAC) = (AVB)A(AVC), AN(BVC) = (AAB)V(A N\C).
(e) (Absorption): AVOy = A, AN1x = A.

(f) (De Morgan’s law): (AVB)¢ = A°AB¢, (AAB)€ = A°VB".

(9) (Involution): (A9)¢ = A.

(h) (Equivalence formula): (A°VB)A(AVB®) = (A°AB)V(AAB).
(i)(Symmetrical difference formula):(A°AB)V(AAB®) =(A°VB°)A(AVB).
() (Difference): (A — B) = AAB".

Definition 1.5 [1]

Let X and Y be two non-empty sets, f: X — Y be a mapping. For a fuzzy set B in Y with
membership function B(y). Then the inverse image of B under f, written as f~1(B), is a fuzzy set
in X whose membership function is defined by:
f71(B)(x) = B(f(x)) forall x € X. (i.e.,, f~X(B) = B o f).

Conversely, let A be a fuzzy set in X with membership function A(x). The image of A under f,
written as f(A), is a fuzzy set in Y whose membership function is given by:
1 if 1
FAG) = {Supzef o A(2), .lf f_l »#0
0, iffm=90
forall y € Y, where f~1(y) = {x: f(x) = y}.
Proposition 1.6 [2]
Let X,Y and Z are non-empty sets and f: X = Y, g:Y —=Z be mappings, then the following
statements are holds:
@) 1B = (f~Y(B))", forany fuzzy set B in Y.
(b) (f(A))° < f(A9), for any fuzzy set A in X.
(c) If B; < B,, then f~(B,) < f~1(B,), where B; and B, are fuzzy setsin Y.
(d) If A; < A,, then f(A;) < f(A4;), where A, and A, are fuzzy sets in X.
(e) For any fuzzy set A in X:
L) A< A
(2) A = f7Y(f(A)), if f is an injective mapping.
() For any fuzzy set BinY:
1) f(f~(B)) < B;
() f(f~1(B)) = B, if f is a surjective mapping.
(9) If £ is bijective, then ( f(A) )¢ = f(A9).
(h) If g o f: X = Z is the composition mapping between g and £, then:
1)(g° (A = g(f(A)), for any fuzzy set A in X.
(2 (ge HHC) = fF1(g7(C)), for any fuzzy set C in Z.
Definition 1.7 [6]

Let A be a fuzzy set in X. Then the set { x € X: A(x) > 0} is called the support of A and

denoted by S(A4).

112



Journal of Kerbala University , VVol. 10 No.3 Scientific . 2012

Definition 1.8 [3,8]
A fuzzy point (singleton) in X is a fuzzy set in X defined by:

_(" if y=x
xr(y)_{(), otherwise,

For each x € X, the single point x is called the support of x,. and r € (0,1] its value. We denote the
class of all fuzzy points in X by FP(X). A fuzzy point x, is said to be contained in a fuzzy set A or
x, belongs to 4, i.e., x,, € A if and only if r < A(x). Two fuzzy points x,- and y, in X are said to be
distinct if and only if their supports are distinct.

Theorem 1.9 [8]

Let A be a fuzzy set in X. Then A is the union of all its fuzzy points, i.e., A = V. _c4 X;.

Definition 1.10 [7]

A fuzzy point x, in X is said to be quasi-coincident (in short g-coincident) with a fuzzy set A in
X, denoted by x,.qA if and only if r + A(x) > 1.

Definition 1.11 [7]

A fuzzy set A in X is called g-coincident with a fuzzy set B in X, denoted by AgB if and only if
A(x) + B(x) > 1, for some x € X. Otherwise if A(x) 4+ B(x) <1, for every x € X, then A is
called not g-coincident with B and it is denoted by AgB.

Remark 1.12

Let x,. € FP(X) and A be a fuzzy subset of a set X. Then:

(@) x,.qA if and only if r > A°(x).
(b) x,.gA if and only if r < A°(x).
Lemma 1.13 [3]

Let x,. be a fuzzy point in X and A be any fuzzy subset of X. Then x,- € A if and only if x,.GA°.
Proposition 1.14 [3,4]

Let A, B and C be fuzzy sets in X, and x,. be a fuzzy point in X. Then:

(@) If AAB = 0y, then AGB.

(b) AgB ifand only if A < B°.

(c) AGAS.

(d) AGB and C < B, then AGC.

(e) A < B ifand only if x,.qB for every x,.qA.
Definition 1.15 [2]

Let X be a set. A fuzzy topology on X is a family T of fuzzy sets in X, which satisfies the

following conditions:

(1) 0y, 14 € T.

(2)IfA,BeT,thenAAB €T.

(3)IfA; e T foreachi € I,then V;c;A; €T.

T is called a fuzzy topology for X, and the pair (X, T) is called a fuzzy topological space (in
short fts). Every member of T is called a fuzzy open set. A fuzzy set is fuzzy closed if and only if its
complementisfuzzyopen.

Examples 1.16 [2,6]
Let X be a set. Then:
(1) T ={0y, 14} is called the fuzzy indiscrete topology on a set X.
(2) The collection of all fuzzy sets in X is called the fuzzy discrete topology.
(3) If X is an infinite set, then T, ={A4 € I*: S(A°) is a finite set}V{0} is called the fuzzy co-
finite topology on X.
Theorem 1.17 [10]

Let (X,T) be an fts and let Y be a subset of X. Then the family T, ={ 1,AA: A € T} is a fuzzy

topology on Y.
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Definition 1.18 [10]

The fuzzy topology Ty is called the relative fuzzy topology on Y or the fuzzy topology on Y
induced by the fuzzy topology T on X. Also, (Y, Ty) is called a fuzzy subspace of (X, T).
Definition 1.19 [7]

A fuzzy set A in an fts (X, T) is called a fuzzy quasi-neighborhood (in short g-nhd) of a fuzzy
point x,. in X if and only if there exist B € T such that x,.gB and B < A. The family of all fuzzy g-

nbds of x, is called the system of fuzzy g-nbds of x,. and it is denoted by NxQT.
Proposition 1.20 [7]
Let (X,T) be an fts. Then for each x,- eFP(X), Nfr satisfies the followings:
(1) x,- is a quasi-coincident with 4, for each A € N2.
(2) If 4,B € N2, then AAB € N.
(3)IfA€NZ and A < B, then B € N.
Conversely, for each fuzzy point x,. in X, if Nfr is the family of fuzzy sets in X satisfying the
conditions (1), (2) and (3), then the family T of all fuzzy sets A such that A € N,?T whenever x,.qA is
a fuzzy topology for X.

Definition 1.21 [6]

An fts (X, T) is called fuzzy Hausdorff or fuzzy T,-space if and only if for any pair of distinct
fuzzy points x,, ys in X, there exists A € N2, B € N, such that AAB=0y.
Definition 1.22 [2]

Let A be a fuzzy set in an fts (X, T). Then the fuzzy interior of A is denoted by A° and defined as
the union of all fuzzy open subsets of X which are contained in A4, i.e., A° = V{B e I*:
B<ABET}

Definition 1.23 [2]

Let A be a fuzzy set in an fts (X, T). Then the fuzzy closure of 4 is denoted by 4 and defined as
the intersection of all fuzzy closed subsets of X which are containing 4, i.e., A= A{B€I[*:A <
B,B° € T}.

Proposition 1.24 [9]

Let x, be a fuzzy point in X and A be any fuzzy set in an fts (X, T), then x,. € 4 if and only if
BqA for every fuzzy g-nbd B of x,..

Theorem 1.25 [6]
Let A and B be fuzzy sets in an fts (X, T). Then:

(a) If B is a fuzzy open set, then BgA if and only if BgA.
(b) A is fuzzy open if and only if for each x,.qA, there exists B € N,?T, such that B < A.
Proposition 1.26 [9]
For fuzzy sets A and B in an fts (X, T), we have the following:
(a) A is fuzzy open (resp. fuzzy closed) if and only if A° = A (resp. 4 = A).
(b) If A < B, then A° < B° (resp. A < B).
(c) A°°=A°; (A=A).
(d) A°AB°= (AAB)°; A°VB° < (AVB)".
(e) (AAB) < AAB ; AVB = (AVB).
(f) A“=(4); A°=(A)".
Definition 1.27 [2]

Let X and Y be fts’s. A mapping f: X — Y is called fuzzy continuous if the inverse image of
each fuzzy open set in Y is a fuzzy open set in X.
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Example 1.28

Let (X, T) be an fts, then the identity mapping idy: (X,T) — (X, T) is fuzzy continuous.
Remark 1.29 [5]

Some constant mapping from one fuzzy topological space to another fail to be fuzzy continuous.
Proposition 1.30 [5]

Let (X,T) be an fts. Then every constant mapping from (X,T) into another fts is fuzzy
continuous if and only if T contains all constant fuzzy sets in X.
Proposition 1.31 [2,5]

A composition of fuzzy continuous mappings is fuzzy continuous.
Proposition 1.32 [2,8]

Let f: X — Y be a mapping, then f is fuzzy continuous if and only if the inverse image of each
fuzzy closed set in Y is a fuzzy closed set in X.

8 2. Fuzzy Compact Space
In this section, we introduce the definition of fuzzy compact space and give some propositions
and theorems about it.

Definition 2.1

A set D is called a directed set if there is a relation > on D satisfying:

(1) n =nforeachn € D.

(2) If ny = n, and n, > ns, thenn,; > ns.

(3) If ny, n, € D, then there is some n; € D, with n; > n; and n3 = n,.
Definition 2.2 [6]

A mapping &: D —-FP(X) is called a fuzzy net in X and is denoted by {S(n):n € D}, where D
is a directed set. If S(n) = x; for each n € D, where x € X, n € D and r;, € (0,1], then the fuzzy
net  is denoted as { x7. :n € D} or simply {x7. }nep.

Definition 2.3 [6]

A fuzzy net & ={y":m € E} in X is called a fuzzy subnet of a fuzzy net § ={ xz. :n € D} if

and only if there exists a mapping f: E — D such that :
(1) 8 =Fo f,thatis, 8 = Fs;) foreachi € E.
(2) For each n € D there exists some m € E such that, if p € E with p = m, then f(p) = n.

We shall denoted a fuzzy subnet of a fuzzy net { x; :n € D} by {xf}f(’fn)) m € E}.
Definition 2.4

Let (X,T) be an fts and & ={x]' :n € D} be a fuzzy net in X and A be a fuzzy set in X. Then &
is said to be:

(1) Q-eventually with A if 3m € D, such that x; gA, V n = m.
(2) Q-frequently with A if V¥ n € D, 3 m € D, with m = n, such that x;"* gA.
Definition 2.5 [6]

Let (X,T) be an fts, x,, € FP(X) and let § = { x7. :n € D} be a fuzzy net in X. Then x,. is called
a Q-adherent point of a fuzzy net &, denoted by & «? x,, if for each A € N,?T, & is Q-frequently
with A.

Definition 2.6 [6]
Let (X,T) be an fts, ¥ ={x;} :n € D} be a fuzzy net in X and x,. € FP(X). Then ¥ is said to be

Q-convergent to x,. and x,. is called the Q-limit point of & , denoted by & g x,, if foreach A € N,?T,
& is Q-eventually with A.
Remark 2.7

: - o Q
It is clear from the definition that if § — x,., then § «? x,..
The converse of remark 2.7, need not be true as the following example.
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Example 2.8
Let X ={a}, A(a) = % be a fuzzy set in X, and T ={0y, 14, A(a)} be a fuzzy topology on X.
Define a fuzzy net &: (N, =) —-FP(X) as follows:

& ={al, af, ai, af,......... }, then § @ aa, because al'qA, when n =1, 3, 5,.... But al'gA, when
2 3 2 3 2 2 3

n =2,4,6,.... Thus & is not Q-convergent to a:
2
Proposition 2.9

Let (X,T) be an fts, x, € FP(X) and § ={x7. :n € D} be a fuzzy netin X. If & A x,, then every
fuzzy subnet of & is also Q-convergent to x;..
Proof :
. Q
Let & ={x;:n € D} be a fuzzy net in X, such that ¥ — x, and let £ ={ /" :m € E} be a fuzzy
subnet of . Let B € N2. Then there exists m € D, such that x2 B, ¥ n > m. By definition of £,

for this m there exists [ € E, such that for each p € E, p > [, we have f(p) = m, where f:E = D.

Q
Now, yr’i = xff(gg)) Then yr’iqB forall p > [ and so £ - x,..

Proposition 2.10 [6]

Let (X,T) be an fts, A fuzzy point x, is Q-adherent point of a fuzzy net {x! : n € D}, if and
only if it has a fuzzy subnet which is Q-convergent to x,.
Theorem 2.11

Let (X,T) be an fts, x, € FP(X) and A be a fuzzy set in X. Then x, € A if and only if there
exists a fuzzy net § ={x;. :n € D}in A, such that it’s Q-convergent to x,..

Proof :

= Let x, € A, then BqA for each B € N,?r. That is, there exists 5 € (0,1], such that x7, € A and
xf.qB. Let D = N,?r. Then (D,%*) is a directed set under the inclusion relation so we can
define a fuzzy net §: N2 —FP(X) given by § = xZ, v B € N . Then § is a fuzzy net in A. Now,
let P € N,?T, such that P = B iff P < B, so there exists a fuzzy net {xﬁP}PENgr such that x;,qP.

Q
Then xf qB. S0 § = x,.
. Q
< Let & be a fuzzy net in A4, such that & — x,, and let B € N,?r, then Vn € D, 3m € D such that

Xy qB withn = m and so BqA for each B € N,?r. Thus by proposition 1.24, x,. € A.

Proposition 2.12

An fts X is fuzzy T,-space if and only if every Q-converges fuzzy net & on X has a unique Q-
limit point.
Proof :

. Q Q . Q
= Let & be a fuzzy net in X, such that § — x,. and & — ys, such that x # y. Since ¥ — x,,, we have

for each A € Ner , there exists m € D, such that x7} g4 , V n = m. Also, since ¥ A ¥, We have for
each B € Nfs, there exists k € D, such that x; gB, Vn = k. Since (D, >) is a directed set, then
there exists p € D, such that p = m and p = k, then x7. qA, Vn = p and xz gB, V n = p, therefore
AN\B + 0y foreach A € N,?r and for each B € Nfs, thus X is not fuzzy T,-space.

& Let X be a not fuzzy T,-space, then there exists x,., y; € FP(X), such that x # y and AAB # Oy,
VA€EN?Z andV B € Ny,

Put N2, ={AAB:A€ N2 andB € N}}.
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Thus V F € N9

XrYs'

Q Q
>y, Let E€ N2, then E € N2, (E = EAly). Thus xf,qE, VF <E, hence xf > x,. Also

. : Q
Ax;qD. Then {x;.} is a fuzzy net in X. To prove x{ = x, and x/,

Q
FENy, y¢

Q o
Xf, = ¥s, SO {fo}FENg , has two Q-limit points.
™Ys

Definition 2.13 [2]

A family Q of fuzzy sets is a cover of a fuzzy set A if and only if A < V{G;: G, € Q} and it is
called a fuzzy open cover if and only if Q is a cover of A and each member of Q is a fuzzy open set.
A subcover of Q is a subfamily of Q which is also a cover of A.

Definition 2.14

Let (X,T) be an fts and A be a fuzzy set in X. Then A is said to be fuzzy compact if for every
open cover of A has a finite subcover of A. An fts (X, T) is called fuzzy compact if and only if each
fuzzy open cover of X has a finite subcover.

Example 2.15

The indiscrete fuzzy topological space is fuzzy compact.
Proposition 2.16

The fuzzy continuous image of a fuzzy compact set is fuzzy compact.
Proof:

Itis clear.

Definition 2.17 [2]

A family Q of fuzzy sets has the finite intersection property if and only if the intersection of the
members of each finite subfamily of Q is nonempty.
Theorem 2.18 [2]

An fts is fuzzy compact if and only if each family of fuzzy closed sets which has the finite
intersection property has a non-empty intersection.

Theorem 2.19

An fts X is fuzzy compact if and only if every fuzzy net in X has a Q-adherent point.

Proof :

= Let X be a fuzzy compact space. If possible, let {x; :n € D}, be a fuzzy net in X which has no
Q-adherent point. For each fuzzy point x,, there is a fuzzy g-nbd V.. of x, and an ny, € D, such
that x;> gV, for all m € D with m = ny, . LetV denote the collection of all fuzzy g-nbds of x,
such V., where x, runs over all fuzzy points in X. Now, we will prove that the collection W ={1 —
V... Vi € V}is a family of fuzzy closed sets in X possessing finite intersection property. In fact, let
wW, ={1 - Vit 11 =1,2,....,m} be a finite subfamily of W. Then there exists k € D, such that

k=ny , ,..,ny, andso xquvxi_ fori =1,2,....,m and for all p > k (p € D), ie., xfp €1—
“ i = A2 (1 - Vx%“i ) for all p > k. Hence AW, # 0y. Since X is fuzzy compact, by theorem

2.18, there exists a fuzzy point ys in X, such that y; € A{1 =V, : V, € V}=1—-V{l, :V, €V}
Thus y;€1—V,, for all V, €7V, and hence in particular, y; € 1 -1V, i.e., y.qV, . But by
construction, for each fuzzy point x, there exists a V,, € V, such that x,.qV,_, and we arrive a
contradiction.

< Let A ={A;:j €]} be a family of fuzzy closed sets having finite intersection property. Let

DA:{AjE]O Aj: Jo €] and Jyis finite}.AThen A < D. For each A; € D let us choose a fuzzy point
xr/{- and consider the fuzzy net & :{xri.: A; € D } with the directed set (D, ), where for 1,1, €
J ]

D, A4 = A, iff ; < A,. By hypothesis, § has a Q-adherente point x,. Let B € N,?T and A; € A.
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Since A; € D, there is A € D with A 3= A; (that is A < 4;) such that x,qB. As x; <1 < A; and
hence A;qB. Thus x, € A_] = A;, for each j € J and so Aje¢; A; # Ox. Hence by theorem 2.18, X is
fuzzy compact.
Proposition 2.20

An fts X is fuzzy compact if and only if each fuzzy net in X has a Q-convergent fuzzy subnet.

Proof :

It follows from theorem 2.19 and proposition 2.10.
Proposition 2.21

In any fts X, the intersection of any fuzzy closed set with any fuzzy compact set is fuzzy
compact.
Proof :

Let A be a fuzzy closed set and B be a fuzzy compact set in X. Supposed that {x7. },cp be a
fuzzy net in AAB, then {x },cp in A and B. Since B is fuzzy compact, then by proposition 2.20 ,
{x }nep has a Q-convergent fuzzy subnet. Since A is a fuzzy closed set in X, then by theorem 2.11,

x, € A = A, therefore {x7. }nep be a fuzzy net in AAB which has a @-convergent fuzzy subnet,
hence by proposition 2.20, AAB is fuzzy compact.
Proposition 2.22

Let Y be a fuzzy subspace of an fts X, and A be a fuzzy set in Y. Then A is a fuzzy compact set
in X if and only if A is a fuzzy compact setin Y.
Proof :
= Let A be a fuzzy compact set in X. To prove that A is a fuzzy compact set in Y. Let {/;},¢a be a
fuzzy open cover of A in Y. Then there exists fuzzy open sets G, in X, such that V/; = 1,AG; for
each 1 € A. Then {G;},ea be a fuzzy open cover of A in X. Since A is a fuzzy compact set in X,
there exists {1;, A,,...... , An}, such that A <Vj, G- Since A<1y, we have A<
LyMGy, VGLV......... VG, (v AG)V(AyAGy) Ve o W V(AyAGy )} Since 1yAGy, =
Vaji ( =1,2,..,n), we obtain A < V7, Va;- This show that A is a fuzzy compact setin Y.
& Let A be a fuzzy compact set in Y. To prove that A is a fuzzy compact set in X. Let {G;},¢a be a
fuzzy open cover of A in X so that A < V,ep G,. Since A < 1y, then A< 1,A[V{G: 1 €
A}] = V{1yAG,: A € A}. Since 1y AG, is fuzzy open cover of A inY and A is fuzzy compact in Y,
we must have A < (1yAGy )V(1y AGy,) V e cev e oo WV (IyAGy ), therefore A < G, V ... ... VGy,.
Thus A is fuzzy compact in X.
Definition 2.23

Let X be an fts. A fuzzy subset V of X is called fuzzy compactly closed if for every fuzzy
compact set K in X, VAK is fuzzy compact.
Example 2.24

Every fuzzy subset of a fuzzy indiscrete space is fuzzy compactly closed.
Proposition 2.25

Every fuzzy closed subset of an fts X is fuzzy compactly closed.
Proof :

Let A be a fuzzy closed subset of an fts X and K be a fuzzy compact set in X. Then by
proposition 2.21, AAK be a fuzzy compact set. Thus A is fuzzy compactly closed.
Proposition 2.26

A fuzzy compact subset of a fuzzy T,-space is fuzzy closed.
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Proof :
Suppose that A be a fuzzy compact subset of a fuzzy T,-space. We must show that A is a fuzzy

closed set. If x, € A, then there exists a fuzzy net {x%2 }nep In A such that x7 g x,. But since A is
fuzzy compact, then by theorem 2.19, {x7 },cp has a @-adherent point y, in A and thus there is a
fuzzy subnet in A which is Q-converges to y,. Since X is a fuzzy T,-space, then by proposition 2.12,
X, = Yys. Thus x,- € A, showing that A is fuzzy closed.
Proposition 2.27

A fuzzy closed subset of a fuzzy compact space is fuzzy compact.
Proof :

Let A be a fuzzy closed set of a fuzzy compact space (X,T). Since AA1y = A. Then by
proposition 2.21, A is a fuzzy compact set in X.
§ 3. Fuzzy Compact Mapping

In this section, we investigate the important result concerning with the characteristic fuzzy
compact mapping.
Definition 3.1

Let X and Y be fts’s. We say that the mapping f: X — Y is fuzzy compact if the inverse image of
each fuzzy compact set in Y, is a fuzzy compact set in X.
Proposition 3.2

Let A be a fuzzy subspace of an fts X. Then A is fuzzy compactly closed if and only if the
inclusion mapping iy: A — X is fuzzy compact.
Proof :
= Let B be a fuzzy compact set in X, then AAB is a fuzzy compact set in X, thus by proposition
2.22, ANB is a fuzzy compact set in A. But i, *(B) = AAB, then i;*(B) is a fuzzy compact set in A.
Hence i,: A — X is a fuzzy compact mapping.
< Let B be a fuzzy compact set in X. Since i,: A — X is a fuzzy compact mapping, then i;1(B) is
a fuzzy compact set in A. Thus by proposition 2.22, i;*(B) is a fuzzy compact set in X. But
i;1(B) = AAB is a fuzzy compact set in X, for every fuzzy compact set B in X. Therefore A is a
fuzzy compactly closed set in X.
Corollary 3.3

For any fuzzy closed subset A of an fts X, the inclusion mapping i,: A — X is fuzzy compact.
Proof :

Let A be a fuzzy closed set in X, then by proposition 2.25, A is a fuzzy compactly closed set in
X, hence by proposition 3.2, the inclusion mapping i,: A — X is fuzzy compact.
Proposition 3.4

Let X and Y and Z be fts’s,and f: X = Y, g: Y — Z be mappings. Then:
(@) If f and g are fuzzy compact mappings, then g o f is a fuzzy compact mapping.
(b) If g o f is a fuzzy compact mapping, f is onto and fuzzy continuous, then g is fuzzy compact.
(c) If gof is a fuzzy compact mapping, g is fuzzy continuous and one to one, then f is fuzzy
compact.
Proof :
(@) Let A be a fuzzy compact set in Z, then g~1(A) is a fuzzy compact set in Y, and so
7Y (g71(4)) = (g ° f)"1(A) is a fuzzy compact set in X. Hence g o f: X — Z is a fuzzy compact
mapping.
(b) Let A be a fuzzy compact set in Z, then (g o f)~1(4) is a fuzzy compact set in X and then
(f(gef)"H(A4) is a fuzzy compact set in Y. Now, since f is onto, then (f(ge f)™1)(4) =
g~ 1(A), hence g~1(A) is a fuzzy compact set in Y. Therefore g is a fuzzy compact mapping.
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(c) Let A be a fuzzy compact set in Y, then g(A) is a fuzzy compact set in Z, thus (g o f)"1(g(4))
is a fuzzy compact set in X. Since g is one to one, then (g o f)"1(g(4) ) = f~1(4), hence f~1(4)
is a fuzzy compact set in X. Thus f is a fuzzy compact mapping.
Proposition 3.5

If f: X — Y is a fuzzy compact mapping and A is a fuzzy closed subset of X, then the restriction
mapping fi4: A - Y is fuzzy compact.
Proof :

Since A is a fuzzy closed subset of X, then by corollary 3.3, the inclusion mapping i,: A = X is
fuzzy compact. But f|4 = f o is, then by proposition 3.4,a, f, is a fuzzy compact mapping.
8 4. Fuzzy Coercive Mapping

In this section, we investigate the important result concerning with the characteristic fuzzy
coercive mapping.
Definition 4.1

Let X and Y be fts’s. A mapping f: X — Y is called fuzzy coercive if for every fuzzy compact
set B in Y, there exists a fuzzy compact set A in X such that f(1y — A) < (1, — B).

Example 4.2

If X is a fuzzy compact space, then the mapping f: X — Y is fuzzy coercive. Let B be a fuzzy
compact set in Y. Since X is fuzzy compact and f(y —1x) =
f(0x) = 0x < (1y — B), then f is a fuzzy coercive mapping.
Proposition 4.3

Every fuzzy compact mapping is fuzzy coercive.
Proof :

Let f: X — Y be a fuzzy compact mapping. To prove that f is a fuzzy coercive mapping. Let A
be a fuzzy compact set in Y. Since f is fuzzy compact, then f~1(A) is a fuzzy compact set in X.
Thus f(1x — f~1(A)) < 1, — A. Hence f: X — Y is a fuzzy coercive mapping.

Proposition 4.4

If f:X — Y is a fuzzy continuous mapping, such that Y is a fuzzy T,-space. Then f is fuzzy

compact if and only if it is fuzzy coercive.

Proof :

= By proposition 4.3

< Let B be a fuzzy compact set in Y. To prove that f ~1(B) is a fuzzy compact set in X. Since Y is
a fuzzy T,-space and f is a fuzzy continuous mapping, then by proposition 1.32 and proposition
2.26, f~1(B) is a fuzzy closed set in X. Since f is a fuzzy coercive mapping, then there exists a
fuzzy compact set A in X, such that f(1y — A) < 1, — B. Then f(A°) < B¢, therefore f ~1(B) < A4,
then by proposition 2.27, f~1(B) is a fuzzy compact set in X. Hence f is a fuzzy compact mapping.
Proposition 4.5

Let f:X - Y and g:Y — Z be fuzzy coercive mappings, then g o f: X — Z is a fuzzy coercive
mapping.
Proof :

Let C be a fuzzy compact set in Z. Since g is a fuzzy coercive mapping, then there exists a
fuzzy compact set B in Y, such that g(1, — B) < 1, — C. Since f is a fuzzy coercive mapping,
then there exists a fuzzy compact set A in X, such that f(1yx — A) < (1, — B), then g(f(1y —
A))<g(ly—B)<1,—-C, hence (gof)(1xy —A)<1,—C. Thus gof is a fuzzy coercive
mapping.

Proposition 4.6

Let X and Y be fts’s, and f: X — Y be a mapping. Then:

(@) If f be fuzzy coercive, such that A is a fuzzy closed subset of X, then the restriction mapping
fia: A — Y is fuzzy coercive.
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(b) If X is a fuzzy compact space and A is a fuzzy closed set in X, then fi,:4 - Y is a fuzzy
coercive mapping.

Proof :

(a) Since A is a fuzzy closed subset of X, then by corollary 3.3 and proposition 4.3, the inclusion
mapping is: A - X is fuzzy coercive. But fi4, = f o iy, then by proposition 4.5, f|, is a fuzzy
coercive mapping.

(b) Since X is a fuzzy compact space, then f is a fuzzy coercive mapping. Since A is a fuzzy closed
setin X, then by (a), f|4 is a fuzzy coercive mapping.
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