Some results on 3-normed spaces and fuzzy 3-normed spaces

Faria Ali C. and Ahlam Jameel K.
Department of Mathematics Department of Mathematics
College of Science and Computer Applications
Al-Mustansiriyah University College of Science
Baghdad, Iraqg. Al-Nahrain University

Baghdad, Irag.

Abstract:-

In this paper we give some definitions and basic concepts related with 3-normed space like we give
definitions of closed subset, closure subset, bounded subset and equivalent norms. Moreover, we prove every
Cauchy sequence in 3-normed space is bounded and a Cauchy sequence is convergent in an 3-normed space if
and only if it has a convergent subsequence. Thereafter, we generalize this facts to fuzzy 3-normed space.
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1. Introduction:-
In 1964, the theory of 2-normed space was investigated by Gahler [8]. While the theory of an n-normed spaces
can be found in [4]. Different authors introduced different definitions of fuzzy normed space (see
[21,I31,[50.[71.[11]). The notation of fuzzy n-normed linear space is introduced in [1], [9]. Since fuzzy 3-normed
space can be applied in fuzzy operations research specific on fuzzy scheduling then in this paper we give some
properties for 3-normed and then generalized to fuzzy 3-normed this properties important in the future work
in fuzzy operations research.

Throughout this work, we assume X to be a real linear space of dimension d > 3.

2. Preliminaries:-
In this section, we give some basic concepts that we needed then later.
Definition (2.1), [4]:-
Let X be a real linear space of dimension d > 3. A function H,,H X x XxX——> RTU{0}
which satisfy the following axioms:
(Nl)Hxl, Xo, XSH =0 if and only if X1, X5, X3 are linearly dependent.

(N2)HX1, Xo, X3H isan invariant under any permutation of X;,X,,X3.
(N3) X1, X2, CX3] =|c][X1, X, X3 forany c e R,
(N4) X1, X0, Y + 2| <|Xq, X5, Y| + X1, X5, 2],

is said to be a 3-norm on X and the pair (X, H ey H) is called an 3-normed space.
Definition (2.2), [4]:-
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Let (X, H,,H) be an 3-normed space. A sequence {xp } in X is said to be convergent if there exists an
element X € Xsuch that lim [X1,X,, X, —X| =0 forall X;,X, € X. In this case x is said to be the limit
n—o0
of the sequence { x, } and we denote it by lim x, . Otherwise the sequence is divergent.

Definition (2.3), [4]:-
Let (X,H.,.,H) be an 3-normed space. A sequence {xp} of X is said to be Cauchy sequence in

case lim Hxl,xz,xn+p —an =0 forall X{,X, € Xand p=1,2,...
N—00

Definition (2.4), [1]:-

A fuzzy subset N of X3 x R is said to be a fuzzy 3-norm on the real linear space X in case the following
axioms hold:

(FN1) N(X1,X5,X3,1) =0 foreach t <0.
(FN2) N(X1,X5,X3,t) =1 for each t>0 if and only if X;,X,,Xgare linearly dependent.

(FN3) N(X1,X5,X3,t)isan invariant under any permutation of X1, X5, X3.
t
c
(FN5) N(Xq, X5, X +Y,5+1) > min{N(X, X, X,8), N(X{, X, Y, t)} foreach s,t eR.
(FN6) N(Xq,X5,X3,.)is a nondecreasing function of R and lim N(X;,X,,X3,t) =1.

t—wo
The pair (X,N) will be referred to as a fuzzy 3-normed linear space.
Now, the question arises: can one generate an 3-norm from a fuzzy 3-norm ?.
To answer this question, see the following theorem.

Theorem (2.5), [1]:-
Let (X,N) be a fuzzy 3-normed linear space. Assume further that

for each t>0, N(Xq,X5,X3,t) > 0 implies X;,X,,Xzare linearly dependent. For each X;,X,,X3 € X,
define Xy, X5, X[ =inf{t: N(X;,X;,X3,1) > a}, ae(0]).

(FN4) If 0=ceR then N(Xq,X,,CX3,t) = N(Xq,X,,X5,—) for each t > 0.

Then for each o € (0,1), H ,.,Ha is an 3-norm on X and {H.,.,Ha‘a S (0,1)} is an ascending family of 3-norms
on X.

Theorem (2.6), [10]:-
Let (X,N) be a fuzzy 3-normed space satisfying the following conditions

(1) For each t>0, N(X1, X5, X3,t) > 0 implies X, X5, X3 are linearly dependent.

(2)For Xq,X,, X3 are linearly independent, N(Xy, X5, X3, t)is a continuous of t € R and strictly increasing
in the subset {t : 0 < N(X,X,,X3,t) <1} of R.

Let Hxl,xz,XSHQ =inf {t ' N(Xq,X5,X3,t) 2 oc}, a e (01) and N': X3 x R —[0,1] is defined by

sup{a €(0D: Hxl’XZ’X3Ha <t } whenxl,xz,x3 are linearly independent, t =0
N'(Xl,Xz,Xg,t) =
0 Otherwise

Then
@ { H yes Ha‘a S (0,1)} is an ascending family of o -3-norms corresponding to the fuzzy 3-
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normed space (X,N).
(b) (X, N") is a fuzzy 3-normed space.
(c) N'=N
Definition (2.7), [9]:-

Let (X,N) be a fuzzy 3-normed linear space, a sequence { X, } in X is said to be convergent if there
exists an element X € Xsuch that lim N(Xy, X5, X,, — X, t) =1for each X;,X, € X and for each t>0. In
n—oo

this case x is said to be the limit of the sequence { x, }. Otherwise the sequence is divergent.

Definition (2.8), [9]:-
Let (X,N) be a fuzzy 3-normed linear space, a sequence {X,, } of X is said to be Cauchy sequence in
case im N(X1, X5, Xpp =X, 1) =1 foreach X1, X, € X, >0 and p=1,2,....
nN—o0

3. Some Results in 3-Normed Spaces:-

In this section we give some results in 3-normed spaces. We start with the following theorem. This
theorem shows that the limit of a convergent sequence in an 3-normed space is unique. This theorem is used in
[4] without proof, here we give its proof for the sake of completeness.

Theorem (3.1):-
Let (X,H.,.,H) be an 3-normed space and { X, } be a sequence in X. If limX, =Xand limX, =Y

then x=y.
Proof:-
For each X;,X, € X

Hxl,xz,x—yH: Iim Hxl,xz,x—xn +X, Y|

I|m [Xq, X5, X — an+ lim X3, %0, %, — Y
n—>o
- ||m HxleZ' XH+ I|m HXl,Xg, YH

=0
Hence Hxl, X9, X — yH =0 for each X1, Xy € X. Then x=y.

Next, the following proposition illustrates that every subsequence of a convergent sequence converges.
Proposition (3.2):-
Let (X,H.,.,H) be an 3-normed space and limX, =X. Then lim Xnk =X for every

subsequence{xnk } of the sequence {X, }.

Proof:-
Since limX,, = X , then lim X1,X,,X,, =X| =0 foreach X;,X, € X.
N—o0
Fixed Xq,X, € X, Then I|m Hxl,xz, —X|=0. Hence I|m Hxl,XZ,X —XHzO. Therefore, for

each X1,X, € X

lim Hxl,xz,xnk —XH:O.Then limx, =X.
k—o0

Proposition (3.3):-

216



Let (X,H.,.,H) be an 3-normed space and limX, =X, limy, =Y. Then
lim(ax, +BYy,) =ox+By,o,peR.

Proof:-
Since limX, =X andlimy, =Y then lim [X3,X,,x, —x|=0
N—c0

lim X1, X5,y —y| =0 foreach X;,X, € X. Hence,
N—>0

lim Xy, X5, (00X, +BYn) — (ax +BY)|= lim x4, X,,ax, —ox + By, —BY|
n—>o0 n—o

< lim Xy, X5, 0%, —ax| + lim [x,,%5,By, —BY|
Nn—oo0

n—oo

Therefore, lim (aX,, +BY,) = ox+By.

Next, the following theorem illustrates that every convergent sequence is Cauchy sequence. This is used
in [4] without proof, here we give its proof for the sake of completeness.

Theorem (3.4):-
In an 3-normed space (X, H oy H) , every convergent sequence is Cauchy sequence.

Proof:-
Suppose that for each X1,X, € X, lim HXl,XZ,Xn —XH =0.
n—oo

Then , for p=1,2,..., one can have

lim Hxl,xz,xn+|0 —an = lim Hxl,xz,xn+ID —x+x—an
N—o0 nN—o0

< lim Hxl,xz,xn+|o —XH+ lim |1, X5, X, —X|
N—00 N—0

By using proposition (3.2) one can get lim Hxl, X2y Xnip — XH =0.Thus
N—>o0

lim Hxl’ X2, Xnsp —XnH =0 for each X;,X, € Xand p=1,2,.... Therefore {x . } is a Cauchy sequence in
N—00

X,

The question now arises: does every Cauchy sequence in an 3-normed space is convergent?. The
following example gives an answer.

Example (3.5):-
Let X be a real linear space of finitely nonzero sequences. Let

2 o0 - o0 - %
ZXiYi inzi
i—1 i—1
‘s = Zin? Z\yi‘z ZYiZ?
i—1 i—1 i—1

o0 - o0 - o0 2
Zzixi Zziyi Z‘Zi‘
i—1 i—1 i-1

Then, (X,H.,.,

0

2

i=1

Xj

X,\Y,2

HS) is an 3-normed space. There exist a sequence { X, } defined by

11 1
Xp={L, ==, =00,
n =550}
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such that Xn is Cauchy but not converges in X.

Next, in [6] gave the definitions of closed subset, closure subset, bounded subset and compact subset in
2-normed space. Here we give the same definitions, but for the an 3-normed space due to [4].

Definition (3.6):-
Let (X,H.,.,H) be an 3-normed space. A subset U of X is said to be closed in case for any sequence

{xn}in U such that r!iinoouxl,xz,xn —X||=0 foreach X1,X, € X, implies X € U.

Definition (3.7):-
Let (X,H.,.,H) be an 3-normed space. A subset V of X is said to be the closure of a subset U of X in

case for any X € V, there exists a sequence {x,} in U such that lim Hxl,XZ,Xn —XH =0 for each

Nn—oo
X1,X, € X. We denote the set V by u.
Definition (3.8):-
Let (X,H.,.,H) be an 3-normed space. A subset U of X is said to be bounded in case there exists two

independent vectors Z;,Z, in X and M>0 such that HZl, ZZ,XH <M foreach X e U
Definition (3.9):-

Let (X,H.,.,H) be an 3-normed space. A subset U of X is said to be compact in case every sequence
{X;}in U has subsequence { X, } such that there exists X € Uand lim Hxl, X2, Xp, — XH =0 for each
k—o0
Xl’ X2 e X.
Proposition (3.10):-
Every compact subset U of an 3-normed space (X, H . H) is closed and bounded.
Proof:-

Suppose U is compact subset of an 3-normed space and {X,} be a sequence in U such that

lim ||[x;,X5,X, —=X|=0 for each X1,X, € X. Since U is compact then there exists subsequence
N—o0

{Xnk}of sequence { X, } converges to a point in U. Again limX, = Xand limX,, =X by proposition (3.2)
then xe U . If U is not bounded, then would contain a sequence {Y,} such that HZl,Zz,ynH >N, for any

fixed independent vectors Z; and Z, . Now this sequence could not have a convergent subsequence because if

{Yn ‘ } were a convergent subsequence to y then

lim Hzl,zz,ynk —yH:Oandfor ¢ there would exist a positive ~ integer N such  that
k—o0
Hzl,zz,ynk H —|z1.25.Y] gHzl,zz,ynk —~ yH <¢ for each k > N which is a contradiction.

The following example shows that the converse of proposition (3.10) is not true.

Example (3.11):-

Let (R3 , H vy HE) be an 3-normed space where an 3-norm defined as follows:
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X11 X2 X3
[X1,X2, X3z =abs|Xp;  Xpp  Xpg|. Theset U= {x eR?® ‘ /(1,0,0),(0,1,0),X| - sl}
X31 Xz X33
is not compact set. Because the sequence {(n,0,0)} has no convergent subsequence. Suppose on the contrary

that {(n,,0,0)} convergent (a, b, ) then we have kIim 1(0,1,0),(0,0,1),(n,0,0) - (a,b,c)|c =0
—>00

That is \n K — a\ — 0 which is a contradiction.
Proposition (3.12):-
Every Cauchy sequence in an 3-normed space (X, H yor H) is bounded.
Proof:-
Let {X,} be Cauchy sequence in an 3-normed space (X,H.,.,H) . Then

lim Hxl,xz,xn+p —XnH =0 for each X;,X, € X, p=1,2,.... Let Z;,Z, be independent vectors in X.
N—a0

Then lim Hzl,zz,xn+p—an:0 p=12,.... Let €>0 then there exists  N>0 such that
N—o0

Hzl,zz,xn+p —an < g for each n>N,p=12,.... Inparticular,
Hzl,zz,x —an<3 for each n> N. Let

N
= max 21,2, o[22, 22.%,, ~Xolhof2122 %, -]
Therefore forall N =12,..., Hzl,zz,x N —XnH < I'. Hence,
Hzl,zz,an:Hzl,zz,xN - X +an§ ‘zl,zz,xN ‘+Hzl,22,—(xN —xn)H

= ‘Zl’ZZ’XN +H21,ZZ,XN —XnH

<|z1,25,% ‘+r
Replacing r by r* > r. Then

*
Hzl,zz,an<Hzl,22,xNH+r for each n

Therefore { X, } is bounded.

Proposition (3.13):-

Let (X,H.,.,H) an 3-normed space. A Cauchy sequence is convergent in an 3-normed space (X,H.,.,H)
if and only if it has a convergent subsequence
Proof:-

Suppose {X,} is a Cauchy sequence in (X,H.,.,H) which is also convergent in it. Then, every

subsequence of it will be convergent in X by proposition (3.2).
For the converse, assume that {Xnk} is a subsequence of {X,} which converges to x eX. Then

nliLnoouxl,Xz,Xnk —X HzO for each X, X, € X. Since {x,}

is Cauchy sequence then lim Hxl, X2, Xnep — X H =0 foreach X;,X, € X, p=1,2,....
nN—o0
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Hence for each X;, X, € X,
HX1,X2,Xn _XH:HXLXZ’Xn _Xnk +Xnk _XH
o X0 %0 — X [ s X0 %0, ]

Hence, lim||X;, X5, X, =X||=0 foreach X;,X, € X. Therefore { X, } is convergent.
n—>o0

Definition (3.14):-
An 3-norm H.,.,Hl on a linear space X is said to be equivalent to an 3-norm H""Hz on X (denoted by
H yey H1~ H vey Hz) if there exist positive numbers a and b such that

aHXl, X2 y X3H2 < HXl, X2 ) X3H1 < bHX].’ X2 ) X3H2 , for each Xl’ X2 ) X3 e X
Proposition (3.15):-
The relation ~ defined as above is an equivalence relation.
Proof:-
(1) The relation ~ is reflexive, since
Uxs, X2, Xa < X1 %20 Xa ]y <Yxp,x2, X
(2) To prove ~symmetric, we assume that
X1, X2, X, <[X1: X2, %3], <blxq.%2.Xs,
hold and we have to show that there exist two positive number ¢ and d such that
Clxa, X2, %3], <[xg,x2, %3], <dlx1,x2, %]

since aX1,X,, X3, <[Xq,X2,X3],and|xq, X5, X5, <bxq,%5, X3, then

1 1

1 1

Let c=% and dz% then C[Xy, X2, X3, <[Xq, X5, X3], < d|X1, X5, X3,
(3) To prove ~ is transitive, we assume aHXl’X21X3Ho < HXl,XZ,X3H < bHXl,Xz,X3HO

and C|X1, X5, X[, <[Xq,X2, X3, <d|X1,X5, X3,
then we have to show there exist two positive number e and f such that
X1, %20 Xsy <[X0:x2, Xs] < Fx1, X2, X3,

since Xy, X, X3, <[X1,X2, X3 andc|xy, X, X3]; <[Xq,%2, X3,

1 1
then [Xq, X, X3/, < gHXsz,XsH and C[Xy, X, X3, < aHXsz,XsH

Hence, aC|Xy, X, X[, < |[X1,X5, X3
On the other hand,
X1, X2, %3] <blx1,X5, X3 and [X1, X5, X3, < d|xq, %2, %3],

1 1
Then, BHX]-’XZ’XSH SHXl,X2,X3H0andBHX1,X2,X3H SdHXl’XZ’XSH_’L
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X1, X5, X3]| deHxl,xz,xgu1

Therefore, ac|Xy, X2, X3, < [X4, X2, X3] < bd|x4, X5, %3],
Let ac=e and bd=f
ex1ix2, Xs]y < X1, X2, X3 < X1, X2, X3 ;.
4. Some Results in fuzzy 3-normed spaces:-
In this section we give some results in fuzzy 3-normed spaces. We start with the following theorem. This

theorem shows that the limit of a convergent sequence in a fuzzy-3-normed space is unique. This theorem is
used in [1] without proof, here we give its proof for the sake of completeness.

Theorem (4.1):-
Let (X, N) be a fuzzy 3-normed space and { X, } be a sequence in X. If limX,, = Xand limX, =Y
then x=y.
Proof:-
For each X;,X, € Xand for each s, t >0 one can have

N(X{, X9, X =Y, + 1) = N(X{, X9, X =X, + X, = V,S+1)
>min{N(X;,X,, X — X;,8), N(X1, X5, X, — Y, 1)}

=min{N(X1,X5,X,, —X,8),N(X;, X5, X, — ¥, t)}
Therefore,
N(X{,X5,X —Y,S+t) >min{ lim N(X{,X5,X, —X,S), Im N(X{,X,,X, -y, t)}=1

n—oo n—oo
Hence, for each X1,X, € X

N(X;,X5,X—V,S+1) =1, foreachs,t>0

Hence, one can get x=y.
Next, the following proposition illustrates that every subsequence of a convergent sequence converges in
fuzzy 3-normed space.

Proposition (4.2):-
Let (X,N) be a fuzzy 3-normed space and limX,, =X. Then lim Xp, =X for every

subsequence{Xnk }of sequence {X,,}.

Proof:-
Suppose lim X, = X
Then lim N(Xq, X5, X,, —X,t) =1 for each Xy, X, € Xand for each t>0.

Nn—o0
Fixed X;,X, € Xand t>0. Then, lim N(Xq,X,,X, —X,t) =1.
N—o0
Hence, I|m N(X1,X5,Xp, —X,t)=1. Therefore, for each X;,X, € Xand for each t>0,
lim N(xl,xz, - X, t) 1
k—o0

Then, lim x,, =X.
k

Proposition (4.3):-

221



Let  (X,N) be a fuzzy 3-normed space and limX, =X and limy, =Y. Then
lim(ax, +BYy,) =ox+By,o,peR.

Proof:-
Since limX, =X andlimy, =Y
Then lim N(Xq,X5,X, —X,8) =1, im N(X{,X5,Y, —V,t) =1 for each

N—0 N—o0
X1, X5 € Xand for each s,t>0

Hence, for each X4, X, € X and for each s,t>0

N(Xq,X5,(0X, +BYn) — (X +BY),s + t) = N(Xy, X5, (aX, —ax) + (By, —BY),s + 1)
>min {N(Xy, X5, 0, = ax,5),N(Xq, X, By —BY, 1)}

Then, lim N(Xq, X5, (aX, +BY,) — (ax +BY),s+t) =1 for each xq,xo e X and for each s, t>0
nN—o0

Therefore, lim (aX,, + By, ) = ox+By.

Next, in [9] proved that every convergent sequence is Cauchy sequence in special types of fuzzy 3-
normed space. Here we prove the same result, but for the fuzzy 3-normed due to [1].

Theorem (4.4):-
Let (X, N) be a fuzzy 3-normed space, every convergent sequence is Cauchy sequence.

Proof:-
Suppose { X}, } be a sequence in X and lim N(X{,X,,X, —X,t) =1 for each X;,X, € Xand for

N—o0

each t>0.
For X;,X, € X, s, t>0 and p=1,2,... we have
lim N(X1,X2,Xp1p = Xp,8+ 1) = M N(Xq, X5, Xpp =X+ X=X,,5+1)

Nn—o0 Nn—o0

Zmin{Jim N(X1,X2,Xp4p = X,S), lim N(xl,xz,x—xn,t)}
—>00 n—oo

By using proposition (4.2) we have lim N(X{,X5, X, —X,S) =1. Thus
N—o0

n+p
lim N(Xq, X5, X
N—o0
Cauchy sequence in (X, N).
The question now arises: does every Cauchy sequence convergent in a fuzzy 3-normed linear space?.
The following example gives an answer.

n+p —Xn,S+t)=1 for each Xq,X, e X, st>0 and p=1,2,.... Therefore {Xp}is a

Example (4.5):-

Let X be a real linear space of finitely nonzero sequences. Let
m for t>0
+|(X,Y,Z
Ne(xyz =1 Y ls
0 fort<0
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where H.,., standard an 3-norm defined in example (3.5), then (X, Nf ) is a fuzzy 3-normed linear space

Is
which has Cauchy sequence not converges.

Next, in [2] gave the definitions of closed subset, closure subset, bounded subset and compact subset in
fuzzy 1-normed space. Here we give the same definitions, but for the fuzzy 3-normed space due to [1].

Definition (4.6):-
Let (X, N) be a fuzzy 3-normed space. A subset U of X is said to be closed in case for any sequence

{X,,}in U such that r![)noo N(Xq1, X5, X, —X,t) =1 for each X4, X, € X and for each t>0, implies X € U..

Definition (4.7):-
Let (X, N) be a fuzzy 3-normed space. A subset V of X is said to be the closure of a subset U of X in

case for any X € V, there exists a sequence {X,} in U such that lim N(Xq,X5,X,, —X,t) =1 for each
N—o0

X1,X5 € X and for each t>0. We denote the set V by u.
Definition (4.8):-

Let (X, N) be a fuzzy 3-normed space. A subset U of X is said to be bounded in case there exists
independent two vectors Z,Z, in X, t>0 and 0<r<1 such that N(z;,Z,,X,t) >1—r, for each X € U.

Definition (4.9):-
Let (X, N) be a fuzzy 3-normed space. A subset U of X is said to be compact in case every sequence

{Xy} in U has subsequence {X, } such that there exists X € Uand lim N(Xy,X5, X, —X,t)=1 for
k—o0

each X1, X, € Xand for each t>0.
Proposition (4.10):-

Every compact subset U of a fuzzy 3-normed space (X, N) is closed and bounded.
Proof:-

Suppose U is compact of a fuzzy 3-normed space (X, N) and { X, } be a sequence in U such that

lim N(X{,X5,X, =X,t) =1 for each X;,X, € X and t>0, since U is compact then there exists
N—o0

subsequence {Xnk}of sequence {X,, } converges to a point in U. Again limX,, = Xand lim Xnk =X by

proposition (4.2) then X € U. Then U is close. Now, we show that U is bounded. If U were not bounded, it
would contain a sequence {Y,} such that N(z;,2,,Y,N) <1—r. for any fixed independent vectors Z;,Z,

and for any fixed I, where O <r, <1. Since U is compact, there exist a subsequence {yni} of {yn}
converging to element 'y € U, therefore

lim N(z,,2,,y, —Yy,t)=1 foreach t>0

1—>00

Also N(ZlaZZ’yni 1ni) S:L_ro

Now,
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1-1,2N(z1,25,Yy,,Ni) =N(z1,25, Y5, —Y+Y,Nj —t+1) wheret>0
Zmin{N(Zl,Zz,yni _y1t)yN(21’221y!ni _t)}
>min{lim N(z;,2,,y, -V.t),lim N(z;,z,,y,n; —t)}
i—o ! =0

Thisimplies that r, <0 which is a contradiction

Hence, U is bounded.
The following example shows that the converse of proposition (4.10) is not true.

Example (4.11):-
Let(R?’,H.,.,

) be an 3-normed space. For each X1, X5, X3 € R, Define

t
t+||xl,x2,x3||E

le
for t>0

Nf(Xl’X21X3’t)=

0 fort<0

Let U be the set defined by U = {X eR?3 ‘ N ((,0,0),(0,1,0),x,1) > 0.5} . It is easy to check U= U™ where
U"= i € R?(10,0).(00), X <1
Assume U is a compact set. Then each sequence {X,} in U has a convergent subsequence {X ) }. Say

Xn, =X Where x e U.Thus

. . t
lim N¢(Xq,X5,X, —X,t)=lim =1
k=0 I<—>°ot+Hx1,x2,xnk —XHE

for each X;,X, € R® and foreach t > 0. This implies that

lim Hxl’ X2 Xn, — XHE =0 for each X1,X; € R3. Therefore U™ is a compact set which is a contradiction
k—a0

for example (3.11)
Proposition (4.12):-
Every Cauchy sequence in a fuzzy 3-normed space (X, N) is bounded.
Proof:-
Let {X,,} bea Cauchy sequence in a fuzzy 3-normed space. Then
nliino0 N(X1, X2, Xpip —Xp,t) =1 foreach X;,X, € X ,t>0 and p=1,2,.... Let Z; and z, be independent

vectors in X. Then lim N(zy,25,X,,, 5 —X,1) =1, for p=1,2,... and t>0. Choose a fixed o, 0 <a, <1.
n—>o

Then we have lim N(z;,z,,Xp, —Xp,t)=1>0,. For t'>0, There exists N, such that
nN—o0

N(zy,25,Xp4p —Xp,t') >0, for eachn=n,, p=12,....
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Since lim N(z,z,,X,t) =1 there exist t; such that N(z,,z,,X;,t;) > a,
t—o00

foreach t>t;,i=12,..n,
let t, = t+max{t;,t,,...t, }

Then N(z4,z,,%,,t.) >a, foreachn=12,...,n,
N(z,,2,,%,,t.) 2 N(z,,2,, X, t'+t,) )

=N(z,,2;, X, =X, + X, ,t'+t,)

> min{N(zl, Z,, %, =X, '), N(z,,2,, %, ,tnb)}
Therefore, N(z,,2,,%,,t.) >2{a.,a.}=a, for each n>n,
Also N(z,,z,,x,,t.) > N(z,,2,,x,,t,) 2, foreach n=12,..,n,
Hence, N(z,,2,,X,,t.)>«a, for each
Then there exist «, € (0,1) such that o, > o,
Therefore {x,} is bounded.

Next, in [9] proved that every Cauchy sequence is convergent sequence in special types of a fuzzy 3-
normed space iff it has a convergent subsequence. Here we prove the same result, but for the fuzzy 3-normed
due to [1].

Proposition (4.13):-
Let (X, N) be a fuzzy 3-normed space. A Cauchy sequence is convergent in a fuzzy 3-normed

space (X, N) if and only if it has a convergent subsequence.
Proof:-

Suppose {X,} is a Cauchy sequence in (X, N) which is also convergent in it. Then, by using
proposition (4.2)every subsequence of it will be convergent in X.
conversely, assume that {Xnk} is a subsequence of {X,} which converges to x eX. Then
klii])’lOO N(X4, X2, Xn, —X,t) =1 foreachXq,X, € Xand t>0. Since {x,}

is Cauchy sequence then lim N(Xy, X5, X, —Xp,8) =1 for each X3,X; € X, 50 and p=1,2,....
n—o0

Hence for each X, X, € X

N(X1,X2, Xy =X, 5+ 1) =N(X1, X2, X =X + X, —X,S+1)
Zmln{N(xl,xz,xn —Xp, 18),N(Xq, X5, X, —x,t)}
Hence, lim N(Xq,X,,X, —X,S+1t) =1 foreach X;,X, € X and s>0,t>0

nN—o0
Therefore { X, } is convergent.
Definition (4.14):-
A fuzzy 3-norm Nl on a linear space X is said to be equivalent to a fuzzy 3-norm N2 on X (denoted

by N;~ N,) if there exist positive numbers a and b such that
Nz(Xl,Xz,aXS,t) < Nl(Xl,XZ,X3,t) < N2(X1,X2,bX3,t), foreacht e R

Proposition (4.15):-
The relation ~ defined as above is an equivalent relation.
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Proof:-
(1) The relation ~ is reflexive, since

N; (X1, X5,1.X3,1) < Nj(Xq, X5, X3, 1) < Nj(Xq,X5,1.X3,1)

(2) To prove ~ is symmetric, we assuming that

N (X1, X2,8X3,1) < Ny (Xg, X5, X3, 1) < Nj (X1, X5, bX3,1)

holds and we have to show that there are two positive integer ¢ and d such that
N, (X1,X5,CX3,1) < Ny (X1,X5,X3,1) < Nj (X1, X5,0X3,t)

we have N, (Xq,X5,8X3,t) < Nj(X1,X5,X3,1)

t
Nz(X1,X27X3,5)5 Ny (X1, X5, X3,1)
putting s=£:> as=t, weget N, (X1,X5,X3,5) < Ny(Xq,X,,X3,aS)
a

1
= Nl(xl’x2’gx3ls)
therefore
1
N, (X;,X5,X3,8) < Nl(xl,xz,gx?,,s) ............................................................... @.1)

Again, Nl(xl,XZ,Xg,t) < N2(X1,X2,bX3,t)

t
= Nz( X1'X2'X3'B )

bt t t
putting — for t, we get Nl(xl,xz,xg,b—) <N, (X1, X5,X3,~)
a a a

or N;(Xq,X5,X3,b8) <N, (Xq,X5,X3,5)

or Nl(xl,xz,%x3,s)s N 5 (X1 X9, X3, 5)tttettimeeeeeeeeets ettt et et anr e me e 4.2)
Combing ineg. (4.1) and ineq.(4.2) we get

1 1
N1(X1’X2’EX3’5) <N, (Xg,X5,X3,8) < Nl(xl’XZ'EXS’S)

then N;(Xq,X5,CX3,S) < Ny (Xq1,X5,X3,5) < Nj(Xq,X5,0X3,5)

1

a

(3)TO prove ~ transitive, let No(xl,XZ,aX3,t) < N(X11X21X31t) < NO(Xl,Xz,bX3,t)
N (Xq,X5,CX3,1) < Ng(Xq,X5,X3,1) < Nj (X1, X5,0X3,1)

Then we have to show that there exist positive numberse and f such that
Nl(Xl,X2,6X3,t) <N (Xl’XZ’XS’t) < Nl(Xl,XZ,fX3,t) fOI’ eaCh teR

where c:E and d =
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Now Nj(Xq,X5,CX3,t) < Ng(X1,X5,X3,1)

t
Nl(X1’X2’X3’E) < No(Xg,X2,X3,1)

t
Nl(X1’X2’aX3’E) < Ng(Xq,X5,8X3,1)

N;(X1,X5,aCX3,1) < Ng(Xq,X5,aX3,t)
thus Nj(Xq,X5,8CX3,t) < N(Xq,X5,X3,1) < Ng(Xq,X5,bX3,1)
Again N (Xq,X5,X3,1) < Nj(Xq,X,,dX3,1)

No (X1, X5,bX5,t) < Ny (Xq,X,,bdX3,t)
So N;(X;1,X5,aCX3,1) < N(X1,X5,X3,1) < Nj (X, X5, bdXs,1)

If we choose ac=e and bd=f then

N;(Xq,X5,6X3,t) SN (Xq,X5,X3,t) < Nj (X1, X5,fX3,1)

The following proposition shows the relation between convergent sequence in (X,N) and(X, H.,.,Ha) for

eacha € (0,1).

Proposition (4.16):-
Let (X,N) be a fuzzy 3-normed space satisfying the following conditions

(1) For each >0, N(Xq, X5, X3,t) > 0 implies X1, X5, X5are linearly dependent
(2)For Xy, X5, Xz are linearly independent, N(X;, X5, X3, 1)is a continuous of t € R and strictly increasing
in the subset {t 10 < N(X,X,,X3,t) <1} of R.

and {X, }be sequence in X. Then lim N(X;,X5,X,, —X,t) =1 for each X{,X, € X and for each t>0 if
N—00

and only if lim HXl,XZ,Xn —XHa =0, for each o € (0,1) and for each X;,X, € X.
N—>o0

Proof:-
Suppose IIm N(X;, X5, X, =X, t)=1 for each X;,X,€X and for each t>0.

Choose 0 < o < 1, Xl, X, € X and t > 0, Then exists K such that

N(X1,X5,X, =X, 1) >1—a, for all n>K. it follows that
[X1,%X2, %y =X||,_ <t, foreach n>K. Thus I|m Hxl,xz, -x|,_, =0.

Conversely, choose Xq,X, € X. Let lim HXl,XZ,Xn —XHQ =0, foreach a € (0,1). Fix o €(0,1)
N—00

and t>0. Then exists K such that

%1 X2, X =], =Infir:N(x;, X2, X, =%,1) =1-aj<t, forall n>K

N(X1,X5,X, =X, ) 21—q, for all n>K. thatis X, — X in (X,N).

Theorem (4.17):-
Let Ny and N, be two a fuzzy 3-norms on a linear space X, satisfying the following conditions

(1) For each t>0, N(X1,X5,X3,t) > 0 implies X1, X5, X3are linearly dependent
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(2)For Xq,X,, X3 are linearly independent, N(Xl, X9, X3, t) is a continuous of t € R and strictly increasing

in the subset {t:0 < N(X,X,,X3,t) <1} of R.

Then the two fuzzy 3-norm Nl and N2 are equivalent if and only if their corresponding o -3-norms are

equivalent for all a € (0,1).
Proof:-

First we suppose that Nl and N o are two equivalent fuzzy 3-norms in X. Thus there exist two positive

constants a and b such that

N2(X1,X2,aX3,t) < Nl(Xl,Xz,Xs,t) < Nz(xl,XZ,bX3,t) foreach teR. Let H.,.,Hiand H,,H

1
o

where o € (0,1)are the corresponding o -3-norms of N; and N, respectively. First we have that

N5 (X1, X5,8X3,1) < N;(X1,X,,Xg,t)forall teR

iff HX]-’XZ’X?)H](-X SHXl,Xz,aX3Hi forall o € (0,1)

Suppose N, (Xq,X5,aX3,1) < N;(X1,X5,X3,t)holds for eacht e R

Now,

Hxl,XZ,aX3Hi < t,then, II"If {S N2(X1,X2,aX3,S) > (X,}<t
HSO <t SUChthat N2(X1,X2,aX3,So)2(X
Nl(Xl,XZ,X3,SO)ZOL, SO <t and (XG(O,].)

Hxl,xz,x3ui <sy <t

Hxl,xz,x3ui stl,xz,aXBHi ........................................................................................
Next, we suppose that HXl,Xz,X3Hz SHXl,XZ,aX:,,Hi holds ~ for each ae(01).
r<N,(X;,X,,aX3,1)

r<sup{ae(0,1)‘ Hxl,xz,ax3Hi st}

Jay €(0,1) suchthat r <o, and Hxl,xz,ax3uio <t

Hxl,xz,x3HiO <t

r < N;(Xq,X5,X3,t)

So,

Ny (Xq,X0,8X3,1) SN(X1, X0, X35 1) ettt (4.4)

From (4. 3) and (4.4), it follows that
N5 (X1, X5,8X3,1) < N;(X1,X,,Xg,t)forall teR

iff HXl, Xz, X3H]0-L < HXl, X2,&X3H(21 forall o € (0,1)

In similarly way we can verify that
N; (X1, X5,X3,1) < Ny (Xq, X5, bx5, t)forall teR

iff HXl, X2, bXSHi < HXl, Xz, X3H](-x forall o € (0,1) .

Suppose N, (X7, X5,aX3,t) < N;(X1,X5,X3,t)holds for each te R
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Now,

HX]_,XZ,X?,H](-X <t,then, |nf {S Nl(Xl,XZ,X3,S) ZOL}<'[
= SO <t SUCh that Nl(xl,XZ,X3,So) >0
N2(X1,X2,bX3,So)2a, SO <t and (16(0,1)

Hxl,xz,bx3Hi <sy<t
Hxl,xz,bX3Hi SHXLXz,Xsui ---------------------------------------------------------------------------------------- @.5)
Next, we suppose that HXl,XZ,bX3Hi < Hxl,xz,x3ui holds for each ae(01). Now

r< Nl(xl,xz,x3,t),then,r<Sup{ae(0,1)‘ Hxl,xz,xsui st}

Jay €(0,1) such that r <a, and HX1’X2,X3H20 <t
Hxl,xz,bX3HiO <t

r<N,(Xq,X,,bx3,1)

N;(X1,X5,X3,1) S Np (X1, X5, X3, 1) weeriiiiiiiiiiiiiiiiiiiiiecrcceeccees (4.6)
From (4.5) and (4.6), it follows that
N; (X1, X5,X3,1) < N, (X, X5, bx5, t)forall teR

it Xy, X5, bX5]% <[Xq, X, X3, forall a e (0).

By combining the above results we have
N5 (X1,X5,aX3,1) < Ny (Xq,X5,X3,1) <N, (Xq,X5,bX35,t) foreachteR

it and only if [Xy, X5, X3 <[Xq, X, X[ <Xy, XX forall o€ (0)
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