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Abstract: 
     This research presents an analytical study in the variable structure of control (VSC), where 

many equations had been derived in the (VSC) and designed to meet the recorrects for the fast 

response, low overshoot and small (S.S.E) for the 2
nd

 order control system. Through using 

(VSC) efficiency feature, it is found that, it is possible to obtain high quality control which canʼt 

be obtained through using conventional control. It is noticed that, these controllers are easy and 

also, the switching cctʼs is simply implemented, and the system works even if the first structure 

is unstable, however it is necessary to have stable over damped structure. The most switching 

function algorithms which proposed here for (VSC) systems in different application fields (lift), 

claim a 2
nd

  order and high order of robustness with respect to parameters variation and external 

disturbances. The analysis presented here in treating the question of changing the structure when 

a deterministic disturbance acts anywhere in the control system using Matlab programs. 

     An adaptive model reference algorithm is established to make the control system respond 

satisfactory or not there is a disturbance.      

 : الخلاصت
يًثم هزا انبحث دساست ححهيهيت نهسيطشة عهى انًُظوياتث راث انخشييبات انًخرياشة  ياث حاى ا اخمتا انًااتدسث الستسايت ن ات      

وانخي حكوٌ راث اسخدتبت سشيات، أقم سات نهًوخه الونى وأقم َسبت نحتنت انخطأ انًسخمشة في انًُظويتث يٍ انذسخت انثتَيات و 

تسَت يع يُظويتث انسيطشة انخمهيذيت وانخي حًخاتص بسا ونت انسايطشة عهي ات وسا ونت انخ اًيىل نماذ ناو ع فاي هازا بكفتءة عتنيت يم

غيش يسخمش فًاٍ انراشوسا اٌ يكاوٌ  S1(  فأرا يتٌ انخشييب الول S2و  S1اناًم اَه نو يتَج انًُظويت يكوَت يٍ حشييبيٍ )

ي انخطبيمتث انًخخهفت نهًُظويتث راث انخشييبت انًخريشة يثم انً اذ حخطهاب يسخمشل يًت يًكٍ يلا ظت اَه ف S2انخشييب انثتَي 

يُظويتث يخيُت يٍ انذسخت انثتَيت او أعهاى  ياث حظ اش قاذسة وفاتنيات مواسصييات ودوال انخباذيم انًمخش ات فاي ليكتَيات انخاتيام 

 ححج حأثيش انخريش في ياتنى انًُظويت واسضطشابتث انختسخيتل

( فاتٌ انخحهيام انًمخاشذ ساوا يااتنح انًااتيم انخاي Matlabباشايح انخاي يخباج بهرات انً افوفتث انًخخبشيات )ويٍ مالال ان     

حظ ش يٍ ملال حرييش انخشييب عُذيت يذمم اضطشاب يُخظى في يواقع يخخهفت يٍ يُظويت انسيطشةل يًت  ًم اسمخبتس صاُ  

هاى أفرام انُخاتيح وانخاي حساخديب ن ات انًُظويات بتساخخذاو اناااواييت وانخاي ياٍ ملان ات حاى انح اول ع ثيحذد يٍ اسضطشابت

 انخاايق بيٍ وظتي  انًُظويت راث انخشييبت انًخريشة ووظتي  َظتو انسيطشة انًكيفت بتسخخذاو ًَورج يشخايل

 

1- Introduction  
     The search and application in the field of variable structure systems (VSS) has been maintained 

at a high level and dedicated to sliding mode control which matter reflects the interest of control 

theorists and practicing engineers. Sliding mode control enables efficient control of second-order 

and high order nonlinear plants operating under uncertainty conditions, which is common for a wide 

range of modern technological processes [1]. 

 



Journal of Kerbala University , Vol. 10 No.1 Scientific . 2012 
 

 461 

     The sliding mode is principle operation mode in variable structure systems consisting of a set of 

continuous subsystems, referred to a structures and supplied with an appropriate switching logic [2]. 

The second-order system is used as a base for such analysis, for variable structure control (VSC) is 

a variable high-speed switching feedback control system, this (VSC) is advance in electronic 

technology and high-speed switching circuit of (on-off switching) control by the two values of the 

different structures to achieved the stability system and minimum error steady state (S.S.E). 

     The main effect of disturbance leads to a steady state error in the control system, however this 

error can be made small by increasing controller gain providing that the stability conditions remain 

valid [3]. 

     Variable structure systems offer to the control designer new possibilities for improving the 

quality of control in comparison with range of control action, simples a large range of admissible 

transient processes in the system. Therefore such systems possess attractive advantage for example 

fast response, good transient performance and in sensitivity to variation in plant parameters or 

external disturbance [2, 4]. 

 

2- Theory         
     In the field of applied control technology it is well known that all realistic control systems 

operate in environments that produce system disturbances of one kind or another [5]. 

     Here the term (disturbances) refers to that special category of system inputs which are not 

accurately known and which cannot be manipulated by the control designer, e.g. uncontrollable 

inputs. If the presence of disturbance is an inevitable feature, it follows that a properly designed 

control system must be capable of effectively coping with the range of disturbances that might 

conceivably act on the system, precisely a high performance control system should be designed so 

as to maintain the given control designed specification in the face of all disturbances that might act 

on the system under actual operating field conductions [6]. The classical control technology coping 

with disturbances, are known as (integral action, feed forward action and notch filters). To alter the 

steady-state error c/cs of the system closed loop transfer function. (modern control technology) cope 

effectively with realistic disturbances in complex multivariable control problems [7]. 

Research on the development of a modern state variable approach to the disturbance problems in 

feed back control design, present an approach called the method of disturbance accommodation 

controller (DAC) [8]. 

     The basic idea of variable structure systems can be illustrated by considering the (2-nd order) 

with state feedback Kx. 
 

…………………..(1) 
 

     Where a and b are the plant parameters and K is the feedback gain. The structure of the dynamic 

system by eq. (1) in the phase plane takes different shapes depending on the values of K and the 

trajectories, can be sources, sinks spirals saddles etc as shown in Fig.(1). The values of the root of 

the (c/cs) equation decide the type of the trajectory the system takes. Therefore if the control law 

(Kx) is chosen so that K switches between two different values which charge the structure of the 

closed loop system from one of these forms to another the trajectories of qualitatively different form 

can be obtained. A simplified block diagram for (VSC) as shown in Fig. (2) [9]. 
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There are many ways to analyses the (VSC) systems performance depending on the criteria 

of determining the switching function S(t). In this work the error signal performance will be used to 

determine the switching function.  

     A second-order type one control system can be described by the following differential equation 

[10] :- 

……………………… (2) 
 

Where C(t) is the system output. 

u(t) is the system input. 

 is the damping coefficient (ratio). 

Ks is the system gain 

     A closed-loop with negative feedback (-ve F.B) and proportional feed forward controllers as 

shown in Fig.(3) will be new considered, in which the error differential equation for constant 

reference, input r(t)= r0 is derived as follow:-  

Since u(t) = kc e(t) and e(t) = r(t) - c(t). 

The equation (1) becomes, 

 
 

 

r(t)=0 

× 1/s 1/s 

 
1 × sw 

 

-bα 

- b α- 

 

u x  

  

 ــ

 

Fig.(1) Different types of the phase plane depend on the value of gain and 

trajectories 

Spiral sink 

x-axis 

 

center 

 

x-axis 

Fig.(2) Simplified block diagram for (VSC)  
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And when r(t)= constant= )0)()((  trtrro  the error differential equation is obtained in the form:  

 ……………….(3) 

where the constant k=ks kc. The characteristic (c/cs) equation of the system shown in Fig.(3) is 
  

which has the following two root. 

……………………(4) 

 
     Clearly the value of these roots and hence the system performance depends on the system 

damping coefficient and the product of the system and controller gains. 

     Therefore at the instant of changing the control input or when the error signal is large than the 

system has to respond fastly. This can be achieved by either decreasing the damping coefficient or 

increasing the gain of the controlled system. The root in Eq. (4) will have in this case complex 

conjugate values which yield harmonic oscillation in the system output around the steady state. 

Such output is not preferable specially if the magnitude the first peak (over shoot) is of percentage 

greater then 5%. 

     If however the values of damping coefficient and gain are switched to largest and smaller values 

respectively at certain moment of time (tsw) the one may obtain better performance, see Fig.(4). As 

shown in the Fig.(4) the system output in (Vsc) is composed two different response: 
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The evaluation of the moment of switching (tsw) is in general difficult, instead one way 

determine a switching condition when it satisfies the switching performed. [11]. Note that the 

evaluation of tsw in (2
nd

-order) system is not difficult even thought it is used for practical 

implemented. Consider the variable damping coefficient system shown in the Fig.(5). 

The under damping response ea(t) is obtained when the (+α1) is connected and in this case the 

system (i/p) u1(t) will be given by [12]:  

…………………..(6) 

        
And hence error differential equation is given by: 

  

for the sake of simplicity the system is normalized by the following definitions (dimension less). 

kt  

……………………(7) 

Then  

…………………..(8) 

In similar way for over damped response eb(t) the error differential equation is obtained 

………………………..(9) 

 ……….………….….(10) 

where  

………………………….(11) 

Eq. (10) is the differential equation derived the error signal after switching. It solution is  

eb(t) = c1 e 
λ1 t

 + c2 e 
λ2 t

……………………(12) 

where λ1 and λ2 are the characteristics equation root given by 

 
The constant of integration c1 and c2 are given in terms of the initial conditions 

eb( 0 ) and  b ( 0 ) denote 

 
Substituting in eq. (12) and its derivative for t 0, then c1 +c2 =Eo 

Eo = eb( 0 ) = ea( sw  ) 

 E1    b( 0 )    a( sw  )  

 

……………….(14) 

 

 

 

………..…….(13) 

u1(t) 

u2(t) kc ks/s(s+2 ʓ) 

+α1 

Plant 

r(t) 

α1- 

× × 
e(t) 

- 

+ + 

+ 

c(t) 

 
Fig.(5) The variable damping coefficient system with VSC 
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λ1 c1 + λ2 c2 = E1  

solving for c1 and c2 gives  

c1 = 
21

21







 oEE
……………………….(15) 

c2 =
21

11







 oEE
 ………………………..(16) 

sub eq. (15) and (16) in (12) yields  

eb(τ) =     


21 )(
1

1121

21

eEEeEE oo 


……………..(17) 

Eq. (17) gives the possibilities of determining the condition of switching according to different 

criteria. Now if is assumed that the switching will take place only one time then the response of the 

variable structure control system will given by Eq. (17) and it will be denoted next by: 

e( ) = evsc( )=eb( );  sw  …………………(18)   

the possible criteria to be used for performing the switching of the requirement to obtain a periodic 

response after switching. 

     We assume that the switching will taken place such that the system response cross the zero value 

in Fig.(6). Then it is required to determine first the moment ( m ). Making the differential on 

Eq.(17). 
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  ……………(19)  

in order that the first derivative equally to zero, should have at (τm); 

λ1(E1- λ2 Eo) me
1    λ2 (E1- λ1 Eo) me

1   

OR  

  me
 21 = 

 
 o

o

EE

EE

211

112








………………….(20.a) 
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 ………....(20.b) 

and in order that we will have zero (em) then from eq. (17), we get: 

(E1- λ2 Eo) me
 1 – (E1- λ1 Eo) me

 2  = 0 ………………(21)  

OR 
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Fig.(6) system response time before and after switching VSC 
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substitute for e
(λ1 – λ2) τm

 

 
 

 
 

0
21

11

211

112 

























o

o

o

o

EE

EE

EE

EE








…………(23) 

After simplification we get: 

01
1

2

21

11 





















o

o

EE

EE
……………………(24) 

Eq. (24) represents a condition for dead beat response. It is satisfied in two cases 

either 01
1

2 












………………………(25) 

Which means 2  = 1 in which nothing now, or ( oEE 11  )  0…………..(26) 

Which relates the values of the error signal and its derivative of the pervious response before 

switching. 

In order word or can define the switching condition to be: 

 s(t)    a(t)- 1 ea(t)…………………(27) 

The under-damped structure to over damped structure and from Eq.(17) the error response after 

switching become according to e ( ) = 
1eEo  …………(28) 

from Fig.(7) illustrate the variable structure response [13]. 

 
Now its required to determine analytically the moment of switching 1  

The solution of eq.(8) is ea( )= 
 .

2

.

1
21 rr

emem    ………….(29) 

Where 1r and 2r  the (c/cs) root given by:-  

           ……………………………….(30) 

and constants m1 and m2 can be computed from the initial condition. 

ea(0) = 1 and ea(0) = 0; 

i-e from 1= m1 + m2  

0 = m1 r1 + m2 r2 

Which yield;  

m1 = 
21

2

rr

r




;      m2 = 

21

1

rr

r


    …………………………(31) 

Then  
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Fig.(7) The response system of variable system structure 
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  21

12

21

1
)(

rr

a erer
rr

e 


 ………………………..(32) 

 

At the switching moment 1 ; s( 1 ) = 0 

OR 

    012111211

12

21

1

21

21 





   rrrr
erer

rr
ee

rr

rr
…………(33) 

01211

21

11

21

21

21

21

21

21 




































  rr
e

rr

r

rr

rr
e

rr

r

rr

rr
………..(34) 

 

   
 112

211121

rr

rr
e

rr











……………………………...(35) 

 
 














112

211

21

1 ln
1

rr

rr

rr 


 ……………………….(26) 

 

3- Illustrative results and calculations: 
     The purpose of (vsc) is to investigate the (S.S.E) in error response of a second order control 

system in the following without disturbance with disturbance and S.S.E operates to get the 

maximum and settling values of error signal are the objectives to be noticed. 

To find the transfer function (T.F) of the closed loop system by; 

)()(1

)(

)(

)(

sHsG

sG

sR

sc


           …………….(37) 

From Fig(8) to give that: 

 

    ………………….(38) 

To get wn = 6.5;   

And gives the error response of the system by eq.(36) that: 

 …………(39)     

tm ≈ 0.6 ; over shoot % in this system; settling time (ts) 

 10 %......................................(40) 

    ………………….(41) 

From Fig.(9-a,b) to plot e(t) ; c(t) respectively and from Fig.(5) to determine that 2- structure in the 

system from table (1). 

  

 

× 

)7.7(

3.42
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r(t)=1 c(t) 

 Fig.(8)Closed loop (-ve F.B)with controller 
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system 
Properties of 

structure 

Controller 

parameters 

(gain) 

Damping 

coefficient 

Feed back gain 

coefficient 
Roots equation for the 

system 

Time required to 

the switch in the 

system 

Moment of 

switching 

Error response 

for the system 

Second 

order 

system 

)7.7(

3.42

ss
 

 

s1 

k1= 1 = 0.1 α1 = 0.15 r1=-0.1-j0.999      λ1=-2.618 t1=0.2 msec τ1=1.3 msec e(t)=0.325 

k1 = 42.3 = -0.25 α1 = 0.258 r1=0.25-j0.937            λ1=-2 t1=0.15 msec τ1=0.981 msec e(t)=0.0703 

k1 = 21.5 = 0.25 α1 = 0.01 r1=-0.25-j0.937    λ1=-3.732 t1=0.114 msec τ1=1.67 msec e(t)=0.0937 

k1 = 423 = 0.1 α1 = 0.084 r1=-0.1-j0.990            λ1= -2 t1=0.05 msec τ1=1.2 msec e(t)=-0.054 

 

 

system Properties 
Controller 

k2 

Damping  

 

F. B. 

α2 
Roots r2, λ2 Time t2 

Moment of 

switching τ2 
Error e(t) 

)7.7(

3.42

ss
 S2 

k1= 1 =1.5 0.279 r2= -0.1+j0.99;  λ2 = -0.381 0.432msec 2.303msec 0.523 

k1 = 42.3 1.25 0.202 r2  0.25+j0.937;     λ2=-0.5 0.353 msec 3.056 msec 0.435 

k1 = 21.5 0.25 0.687 r2= -0.25+j0.37;  λ2=-0.267 0.236 msec 3.624 msec 0.366 

k1 = 423 1.25 0.361 r2=-0.1+j0.99;        λ2=-0.5 0.203 msec 3.836 msec 0.2 

 

Table(1) simulation the (vsc) and properties 
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From table(1) shows the error transfer function of the structure s1 and s2 are similar 

approximately because the same type of disturbance the only difference is the switching sequence 

because the system starts with over damped structure then switches to the under damped structure. 

Fig.(10) shows the effectiveness of the error response performances in Fig.(11) shows the switching 

occurrence for 2-nd order (S.S.E) with disturbance the main effect of external disturbances is to 

impose a (S.S.E) theoretically (S.S.E) represents one of the powerful control tools to eliminate 

disturbance effects on the system. But in fact the simulation show that a complete rejection of 

disturbance effects can not to achieved through the purposed (S.S.E) design in Fig.(11). 
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Fig.(10) sse response for second order in the VSC 
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     Accordingly the simulation results summarize that there are steady errors according to the 

following cases: 

1- disturbance at the input i.e, G(s) =1. 

2- disturbance at the output state feedback.  

3- selection of switching conditions and sequence mode matched.  

     In order to evaluate the efficiency of different types of switching conditions      (on-off) state or 

types of variable structure conditions on the (S.E.E) behavior, its interesting to make performance 

comparison.  

    Calculated the switching timing of (S.E.E) performance under effect of different input types as 

shows in table (2). 

 

Table (2) S.E.E performance under effect of different input types 

 

Input type 
Switching timing 

Performance 
t1 t2 t3 t4 t5 

Reference 

input 
1 1.33 2.1 2.3 3.4 

Acceptable ess 

= 0 

disturbance 2.7 3.55 No other switching 
Oscillatory 

unacceptable 

Simultaneously 

reference i/p 

and 

distribution 

1.3 1.7 1.98 2.31  

Acceptable 

performance 

with ess = 0.13 

 

     The vsc needs least amount of information about the uncertainties and exhibit the best 

performance. This represents a superiority in addition to the more commonly known advantages of 

variable structure techniques like insensitivity to model uncertainties [11]. 

 

 

 

Conclusions 

     The following points summarize the resulted conclusions :  

1- Using (VSC) it is possible to obtain high quality control which cant be obtained by conventional 

control.  

2- The realization of these controllers is easy and also the switching circuit is simply implemented.    

3- The system works even if the first structure is unstable however it is necessary to have stable 

over damped second structure. 

4- Analysis and mathematical formulation improve output state feedback a logarithm response 

against disturbance.  
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