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ABSTRACT

In this paper , the concept of fuzzy linear transformation have been investigated , this lead us
to study and give some properties concerning with it .

Moreover , we give some types of fuzzy as a fuzzy Kernel and its relationships with fuzzy
linear transformation and a characterizations of fuzzy linear transformation is presented .
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INTRODUCTION
The present paper introduces and studies fuzzy linear transformation . In fact , some basic
definitions and results which will be needed later are recalled.

In section one , we applies the concept of fuzzy set on a vector space and we give some of
properties , a binary operations addition and scalar multiplication . Finally , we studied and debated
some properties that are necessary in this work .

In section two , we studied and discusses the concept of fuzzy linear transformation on vector
space , a binary operations addition and scalar multiplication and some theorems we studied and
discusses the concept of a fuzzy kernel on a vector space .

In section three , we shall give definition and some properties of fuzzy coset and we shall give
definition and some properties of quotient fuzzy ring . Moreover , we studied the concept of a
fuzzy isomorphism .

Throughout this paper (R,+, . ) be a commutative ring with identity .

PRELIMINARY CONCEPTS

In this section some basic definitions and results which we will be used in the next section are
considered .

Let X be a nonempty set, A fuzzy subset of X is a function from X into [0,1] , ([7],[2]) .

Let A and B be fuzzy subset of X . If for all x € X, A(x) <B(x) then wewrite AcB.IfAcB
and there exists x € X such that A(x) < B(x), then we write A — B and we say that A is a proper
fuzzy subset of B, [7] . Note that A =B if and only if A(X) = B(x) , forall x € X, ([7],[8]).

Let Ax denote the characteristic function of X defined by Ax (X) =1 ifx € X and Ax (X) =0 if X ¢
X, ([81,[1]) -

Let (R,+,+) be a commutative ring with identity , for each t € [0,1], the set A= { x € R | A(X)
>t }is called a level subset of Rand A =B ifand only if A;=B; theset A~={x e R|A(X) >0}
is called the supportof R, ([2], [1]) .
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Let x € Xand t € [0,1], let x; denote the fuzzy subset of X defined by xi(y) =0 if x # y and x(y) =t

if x=yforall y € R. x; is called a fuzzy singleton , ([1],[8] ) . If x; and y; are fuzzy singletons, then

Xe+Ys=(X+Y) and Xeoys=(X.y) ,where A=min{t,s}, ([7],[4 1.[8] ).

Let IR = {Ai | i € A} be a collection of fuzzy subset of R. Define the fuzzy subset of R

(intersection) by ( ﬂ A)X)=inf{AXX)|ieA}forallx e R ,([2],[4]). Define the fuzzy
ieA

subset of R (union) by ( UA,. )(X)=sup{Ai(x)|ie A}forallxe R ,([3].[4]).

The empty fuzzy subset of R denote by ¢ is definitionby : ¢ (x) =0forallx e R, ([7],[4]) .

Let A and B be fuzzy subsets of R, the product A B define by :A-B (x) = sup {A(y), B(2) }| x
=y-z} y,ze R, foral x € R, ([2],[3]) - And the addition A+B define by : A+B (X) = sup
{A(Y), B(2) }}x=y+z} y,ze R, forallx e R, ([4].[2]) .

The complement of A denoted by E = A and define by E(x) = A°(x) =1- A(x), for all xe R ,[7].

When we say fuzzy subset we mean a non empty fuzzy subset. We let Im (A) denotes the image
of A. We say that A is a finite —valued if Im(A) is finite and |Im(A) | denotes the cardinality of
Im(A) ,([21.[81]).

Let f: X —> Y, A and B are two nonempty fuzzy subsets of nonempty sets X and Y respectively ,
the fuzzy subset f (A) of Y defined by : f (A) (y) = sup A(X) if x e f* (y) =@ ,y e Y and f(A) (y)
=0, otherwise , where f * (y) = { x: f(x) =y }. It is called the image of A under f and denoted by f
(A) . The fuzzy subset f* (B) of R defined by : f* (B) (x) = B(f(x)), for x € X .(i.e. ¥} (B) = (B of
). Is called the inverse image of B and denoted by f* (B), [2]. A fuzzy subset A of X is called f-
invariant if f(x) = f(y) implies A(x) = A(y) , where x .y € X, [8] . Ais called the sup property ,
if every set of Im (A) , the image of A has a maximal element , ([8],[4]) .

Let X be a nonempty set and a fuzzy set A in X can be represented by the set of pairs : A = {(x,
A(X) : x € X }. The family of all fuzzy sets in X is denoted by 1 ([7],[2]) .

Let A be a non empty fuzzy subset of a group G, A is called a fuzzy subgroup of G if for all X,
y € G, A(x +y) =min {A(x), A(y)} and A(x) = A(-x), ([8L.[8L.[4]) -

A is a non empty fuzzy subset of R, A is called a fuzzy ring of R if and only if forall x,y € R,
then A(x - y) > min {A(X), A(y)} and A(x - y) > min {AX), A(Y)}, ([8].]2]) .

A non empty fuzzy subset A of R is called a fuzzy ideal of R if and only if for
all x, y eR, then A(x - y) > min {A(X), A(y)} and A(x - y) > max {A(X), AW}, ([4].,[2]) . Itis
clear that every fuzzy ideal of R is a fuzzy ring of R, but the converse is not true.

SECTION ONE

Fuzzy Vector Space

In this section, we applies the concept of fuzzy set on vector space and we give some of
properties , a binary operations addition and scalar multiplication . Finally , we studied and debated
some properties that are necessary in this work .
DEFINITION 1.1 [3]:

A vector space over a field F is a set X , whose elements are called vectors which two operations
, addition ( + : XXX — X ) and scalar multiplication( . : FxX — X ) with conditions is satisfies :-
1 x+ye X, forallx,y e X;
2 Xx+ty=y+x,forallx,y e X;
3. X+(y+z)=(x+y)+z,forallx,y,z € X;
4. There exists 0 € X such that 0 + x =x, for all x € X and 0 is the zero vector or the origin ;
5
6
7

For all x € X, there is a unique element (-x) € X such that x + (-x) =0 ;
Ax e X,for Ae Fand forallx e X;
AMx+y)=Ax+Ay ,for heFandx,ye X;
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8. (M t+ta)x=Ax+ax ,for A,o0 e Fandx € X;
9. (Aa)x=A(ax) ,for A,a e Fandx € X;
10. . x=x.1=x,forall x € Xand I is the unity element of the field F .

DEFINITION 1.2 [2]:

If X be a vector space over Fand A, B < X, G c F, the following notations will be used :
A+B={x=a+b:acA,beBlandGA={x=Xa:acA,rAeG}.
DEFINITION 1.3 [15]:

If A, B are fuzzy sets in vector space X over Fand letA € X, G c F.Wedefine A+Band A A
by :-
1. A+B=f(AxB),where AxB (X,y)=min { A(X),B(y) }and f X x X —» X is a
function defined by f (x .y ) =(x+y),forall x,y e X .
2. A A=g(A)where g: X — X is a function defined by g (x) =A x, forall x € X.
DEFINITION 14 [117:

A fuzzy subset A of a field F is a fuzzy field of F if

1. AQ)=1.
2. A(X-y) > min{A(x), A(y)} , foreachx ,y € F.
3. A (xyh > min{A(x), A(y)} , foreachx ,y e F,y#0.

Let A be a fuzzy field of F. If x € F, x # 0, then A(0) = A(1) > A(x) = A(-X) = A(x'}) .

3 DEFINITION 15 [157:
Let X be a vector space over F . A fuzzy set A in X is called a fuzzy subspace over F if :
1. A+AcCA;
2. AA cC A, forall Ae F.
. DEFINITION 1.6 [117:
A is a fuzzy set of a vector space V over a field F . A is a fuzzy subspace of V over a fuzzy

subfield K of F if :
1. A(0)>0;
2. A(X-y) > min {A(x) ,A(y) } ,forallx,y eV,
3. A(cx)>min { K(c), A(x) } , forallce F,forallx e V.
THEROEM 1.7 [8] :

Let A be a fuzzy set in a vector space X over F, then the following statements are equivalent :
1. A is a fuzzy subspace of X .
2. Foralla,B e F,wehavea A+BACA.
3. Foralla,p € Fand forall x,y € X, we have A (a.x + By ) >min {A(X) ,A(y) } .
P
1.

ROPOSITION 1.8 [16]
If A'is a fuzzy subspace of vector space X over F . Then A(0) > A(x) , forall x € X..
2. If A'is a fuzzy set in a vector space X over F . Then A is a fuzzy subspace of X if and only if
A¢ is a subspace of X , forall 0 <t < A(0) .
PROPOSITION 1.9 [15]
1. If A, B are fuzzy subspaces of vector space X over Fand AL € F. ThenAA,A+B,ANB
are fuzzy subspaces in X .
2. Letx,y e X and A be a fuzzy set of a vector space X over F such that A(x) > A(y) , then
Ax+y)=A(y) .
3. If A is a fuzzy subspace of vector space X over F and x , y € X with A(x) # A(y) , then
Alx+y)=min {A(x), A(y) } .
PROPOSITION 1.9 157 :
Let X, Y be two vector spaces over F and let f: X — Y, be a linear function . Then

1. If A is a fuzzy subspace in X, then f(A) is a fuzzy subspace in Y .
2. If B is a fuzzy subspace in Y , then f* (B) is a fuzzy subspace in X .
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SECTION TWO

Fuzzy Linear Transformations
In this section , we studied and discusses the concept of fuzzy linear transformation on vector
space , a binary operations addition and scalar multiplication and citation some theorems . Finally ,
we studied and debated some properties that are necessary in this work .
DEFINITION 2.1 [3]:
Let X, Y be two vector spaces over F and let f: X — Y is called a linear transformation on a
vector space if :-
1. f(x+y)=fXx)+f(y) ,forallx,ye X;
2. f(Ax)=Af(x),forallx e XandA € F.
Or f(Ax+ay)=Af(x)+af(y) ,forallx,ye XandA,a e F.
The linear transformation f : X — Y is called a linear functional on X .
DEFINITION 2.2 :
Let A, B be two fuzzy subspaces of vector spaces X , Y over F respectively . K: A —» B is
called a fuzzy linear transformation on a fuzzy subspace if :-
KMXxitoy,)> min{K (X)), K(yy) }},forallx;,yne A, A,a e Fandt,h € [0,1] .
The fuzzy linear transformation K : A — B is called a fuzzy linear functional on A .
EXAMPLES 2.3 :
1. Let A be a fuzzy subset of R® such that A(a,b,c)= 1forall(a,b,c) e R and B bea
fuzzy subset of R? such that B (a, b) = 1/2 forall (a,b) e R>. K: A — BsuchthatK (a,b,c) =
(a,b) ,forall (a,b,c)eR®. IsKafuzzy linear transformation on a fuzzy subspace A .
Solution :
To prove A and B are two fuzzy subspaces of vector spaces R® and R? respectively .
Let x,yeR% a,P e F(Fisafield), then A (a x + By ) > min {A(X) ,A(y) }, where
x:(a1 ,b1 ,C1) ,y:(ag ,b2 ,C2) .
A(x+By)=sup {min { A(w) Aw)} lu+w=ax+By} uweR®.
= sup { min { A(@x) , A(BY)} },
= sup { min { sup { min {A(a), A(X)}}, sup { min { A(B).A (y)}} } }.
=sup {min { A(2),AR), AB).A(y)}},[4],
> sup { min { A(X) ,A(¥)} },
> min { A(x) ,A(y)} .
A and B are two fuzzy subspaces of vector spaces R® and R? respectively .
K:A—BsuchthatK (a,b,c) =(a,b) ,forall (a,b,c)eR®.
K(oax+By)=sup{min{K (ax),K(By)}} forall x,y eR®.
=sup{ min{ K (s),K(d)} s=ax,d=py}, forall s,d e R® .
=sup{ min { K (s), K(d)}\s=(aa1, abj,ac) ,d=Paz,pb,pc2)}
> sup{ min { K (x ), K(y) }},
>min {K(a),K(b)},
Hence K is a fuzzy linear transformation on a fuzzy subspace A .
2. Let A be a fuzzy subset of R® such that A(a,b)= 1/3 forall (a,b) € R> and B be a
fuzzy subset of R such that B (a) = 1/4 forallae R. K: A — BsuchthatK (a,b) =a , forall
(a,b) e R? . Is K afuzzy linear transformation on a fuzzy subspace A .
Solution :
To prove A and B are two fuzzy subspaces of vector spaces R? and R respectively .
let x,ye R a,PpeF(Fisafield), then A (a x + B y) = min {A(x) ,A(y) }, where
X=(a1 ,bl) ,y=(a2 ,bz) .
A(ax+py)=sup { min { A(u) ,A(W)} |u+w=(xx+By},u,W e R?,
=sup { min { A(ax) ,A(By)} },
= sup { min { sup { min {A(a), A(X)}} , sup { min { A(B).A (y)}} } }.
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=sup {min { A(a), A(X), A(B) . A(y)}},[4],
>sup { min { A(X) ,A(Y)} },
> min { A(x),A(y)} .
A and B are two fuzzy subspaces of vector spaces R” and R respectively .
K:A—BsuchthatK (a,b) =a ,forall (a,b) e R?*.
K(axtBy)=sup{min { K(ax),K(By)}}, forall X,y e R? .
=sup{ min{K (s),K(d)}| s=ax,d=By}, forall s,d e R? .
=sup{ min { K (s) , K@) }|s= (e ar, aby) ,d=(Baz, p b},
>sup{ min { K (x), K(y) }},
>min { K(a),K(b)},
Hence K is a fuzzy linear transformation on a fuzzy subspace A .
REMARK 24 :
1. Let A , B be fuzzy subspaces of vector spaces X , Y over F respectively . K : A — B is
called a fuzzy Zero transformation on a vector space if K (x)) =0, , forall x; e Aandt € [0,1] .
2. Let A, B be fuzzy subspaces of vector spaces X , Y over F respectively . K: A —> B is
called a fuzzy Identity transformation on a vector space if K (x;) = x; , forall x; e Aandt e
[0,1] .
THEROEM 2.5 :
Let A, B be fuzzy subspaces of vector spaces X , Y over F respectively . K : A — B is a fuzzy
linear transformation . Then , forall t € [0,1] ,
1. K(Ot) =0 ;
2. K(-xt) =- K (x¢), forall x; € A;
3. K(Xt- Yh) = K (Xt)- K (yn), forall x;,yne Aandt, he [0,1] ;
4

KO Axg) = Y A4K(x;), forall xj e A, Le Fandti e [0,1],i=1,2,...,n
i=1 i=1

PROOF:

1 Since Ot o 0; =0 ,then K(Ot) = K(Ot o 0 ): K(Ot) OK(Ot) =0 .

2. K(-xt) = K[(-1)(X¢:)] =-1 K (xt) =-K(x;) , forall x; € A.

3. K(Xt- Yh) = K[(X:) = (yn)] =K (%) + K (-yn) = K(xt) K(yh) forall x;,yne A,
4

Since K (M Xt ) =M K (X ) =Ag Xy , let K(Zﬁ X;) > 2/1 K(x;), forall xi e A,AieF

i=1 =1

andti e [0,1],i=1,2,...,k.
k+1 K+1

To prove K(Zzixﬁ)z ZﬂiK(xﬁ),for allxg e A,\je Fandt € [0,1],i=1,2, ... ,k+1 .

k+1

K(Zﬂ X“) K(Zﬂ. Xi T M1 Xkt )

IV

K (Zzixﬁ) + K (Aot Xeke1)

i=1

K
Zﬂi K(Xti )+ Aker K (Xt ket )
i=1

k+1

= Zj‘iK(Xti)

v

Hence K(D  4x;) > D AK(x,;), forallx;s € A, L e Fandti e [0,1],i=1,2,...,n.
i=1 i=1
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PROPOSITION 2.6 :

Let A be a fuzzy subspace of a vector space X over F and B be a fuzzy subspace of a vector
space Y over F . Let K: A— B, be an epimorphism fuzzy linear transformation , then :
1. K(A) is a fuzzy subspace of B .
2. K (B) isa fuzzy subspace of A .
PROOE:
1. Let Xu1 , Yr2 € B such that K(ai ) = Xu1 , K(bw) = Y2, Where ais , by e A, sincety , tp, t3, ts
€[0,1] and ap =K ™ (xu) ,bu=K ™ (y) , where az, by e A
K(AI)O(x ;u + o Yi) = sup{ min {K(A) (aw), K(A) (bia)} | ag=K (% Xu1), bu=K (a0 yio) ; Axep + auyrp =
a + Dy g,

> sup{ min {K(A)(aw), K(A)(bw)} | as=K *(xu1), bu=K (y2) }.
= sup{ min {K(A)(aw), K(A)(bw)}| K(as) =Xu , K(bw) = Yo},
> min { K(A) (xu) , K(A) (V) }; K(@s) = xa , K(bw) =y [4].
K(A)(A xt1 + a yo) = min { K(A) (xu) , K(A) (Yr2) . Then K(A) is a fuzzy subspace of B .
2. Letas, bu e Asuchthatas = K™ (xu) , bu = K™ (y) , where Xu , yio € B, since ty , o, t3
y e [0,1] and K(at3) =Xy , K(bt4) = V2, where a3 , bt4 e A
K -1(B)O\, a3t o bt4) = SUp{min { BO\, Xt]_) , B ((l yt2) } | X1 :K(at3 ), Y= K(bt4) } ,
> sup{min { B(xu) , B (¥i2) } | xa =K(ag), yio= K(bee) }
>sup { min { K (B)(as ) , K *B)(bi)} | ag=K ™ (xu), bu=K ™ (yo) },
> min { K }(B)(ag) , K "(B)(bu)}; @ = K ™ (xu) , bu = K™ (yro) ,[4] .
K "{(B)(\ a+ a brg) > min { K (B)(as ) , K *(B)(bw)} . Then K (B)is a fuzzy subspace of A .
PROPOSITION 2.7 :

Let A be a fuzzy subspace of a vector space X over F and B be a fuzzy subspace of a vector
space Y over F . Let K: A— B be a fuzzy linear transformation if and only if f: X — Y is a
linear transformation on vector space .

PROOEF:
(—) Since K: A— B isfuzzy linear transformation , that mean :
KAxu+taywp)> min{ K(Xa), K(Yre) }, forall Xg ,ype AandA, a0 e F, 11,1t € [0,1] .

To prove f: X — Y is a linear transformation on vector space ,(i.e. ) f (A x +a y) = A f(x)+a f(y)
,forallx,y e Xand A,a e F.

Since Xu , Ype A, t1, t, € [0,1] , then there exists X , y € X such that K(xi1) = f(X) , K (yr2) = f(y)
implies that x = f* (K(xw)) and y = f* ( K(yw)) .
fAx+tay)=f(Ax)+flay)

F O (K(xw)) + o £ (K(ye))
=0 (™ (K(a) + o fif* (K(yi)))
=L K(xu) + o K(ye)
=Af(x)+taf(y) ,forallx,ye X.

Thenf(Ax+tay)=Af(x)+af(y) ,forallx,ye Xand A,aeF.

Hence f: X — Y is a linear transformation on vector space .

(«=) Since f: X — Y is a linear transformation on vector space , that mean :

f(Ax+tay)=Af(x)+taf(y) ,forallx,y e X.

To prove K: A— B is fuzzy linear transformation, (i.e.)

KA xy+abyrp)> min { K(xi) , K(ye) }, forall Xi , ype Aand A, a e F,t;,1t, € [0,1].

SinceA,a e F andx,y e X then there exists X , ytge A 11, t; € [0,1] such that K(xq) =
(x), K (y) = f(y) implies that xq = K™ (f(x)) and y o = K’ (f(y) .

K()\,th‘i‘ Otytz) :K()\,th) +K( a}’tZ)

=K WK (F()) + K (0 K* (f(y)))
=LK (K™ (f(x)) + o K(K™ (f(y)))
=)\ f(x) +a f(y)
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=L KXu)+ta K (yr),forallx,ye X ,A,aeF.
> K(xu)+ K (Yr),forallx,ye X ,A,aeF.
KA xut+ayr)> K(xg)and KA xa+oyr)> K(yw), [4].
KAxy+taygp)> min { K(xu), K(Yr) }, forall Xu , ype AandA, 0 e F,t;, 1, € [0,1] .
Hence K : A— B is afuzzy linear transformation .

PROPOSITION 2.8

Let A be a fuzzy subspace of a finite vector space X = { Xu1 , Xt2, ... , X;n y Over F and B be a
fuzzy subspace of a finite vector space Y={ yu , Y2, ... ,Yin } over F. Then K: A— B such that
K(Xi)=Vi ,foralli=1,2,...,n,te [0,1] is a fuzzy linear transformation .
PROOE:

Since a finite vector space X = { X1, Xt2, ... , Xn } OVer F and a finite vector space Y= { yu , Ve,

..,Ym} overF then f: X—> Ysuchthatf(xj)=y; ,foralli=1,2,...,n,Dby[3].

Then A; is a subspace of X , for all 0 <t < A(0), and proposition (1.8 (2)) , A is a fuzzy
subspace of X .

Hence K = f by proposition (2.7) , and K(X¢ ) =i , foralli=1,2,...,n,te [0,1].

To prove K is a fuzzy linear transformation .Let X1 , Xt € A such that :

X1 = Zﬂi Yi » X2 = Zai Y »then (A xut aXp) = (Z(,Bﬂi +ua)X) ,B,peF .
i=1 i=1

i=1

K (A xut axg) =K (Zn:(ﬂjﬁ + 4oy Yy)

=BK XAy +HK (Cay,)

=BK (xu) +rK(xe)
KA xataxp)>pK(xn) and K (A xgt axp) > pn K (xp) .
K (A xutaxp)>K(xy) and K (A xgt axp) > K(xp) .
K (}\. X1t o th) > min {K (th ) , K (th ) } .
Hence K is a fuzzy linear transformation .
DEFINITION 2.9 [7]:
A linear transformation f from a ring (R ,+,.) to aring (R" ,+,.") is called ring homomorphism
if it satisfies the following properties : foralla,b € R,
1. f(a+b)="f(a)+ f(b)
2. f(@-b)y=f()- f(b).
PROPOSITION 2.10 [7]:
Iff:R >R and g:R — R" are homomorphism between the fuzzy subsets A , B and C, then
fog is a homomorphism between A and C.
REMARK 2.11 [7] :
1. If f and g are isomorphism, then gof is an isomorphism since f and g are one — to- one and onto
implies that go f is one — to - one and onto.
2. If fand g are homomorphism , one — to - one and onto, then gof is an isomorphism .

THEROEM 2.12

Let A, B, C be fuzzy subspaces of vector space X, Y, Z over F respectively and let K : A— B
, G : B — C be fuzzy linear transformations . Then Go K : A — C be a fuzzy linear transformation .
PROOF:

Since K and G are fuzzy linear transformations , then :
KMAxutaywp)=sup {inf { A, K(xu), o, K (y2)}, forall Xy ,ype AandA,a e F, t;,t, € [0,1].
G (Azztauy)=sup {inf {2, G(zg), o, G(uw)}, forall zz,uue Band A ,a € F, t3,t; € [0,1]
and K(th) =273, K(ytz) = Uy, K(Zt3) = a5, K(Um) = bte, a5 | bt6 eA, 5,1 € [0,1]

¢
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To prove GoK : A — C be a fuzzy linear transformation .
Let ai b e A (thatmeana,b e Xandts,ts € [0,1]), forallA,a € F, then:
GOK(;L ai + (thG) = G( K(}L i+ (lbte))
> G(min {K(as) , K (bw)}) ,
=G(min{z3, U4},
=min {G( Zt3) ) G(ut4) }! [4] '
= min {G(K(x)) , G(K (b))},
=min{GoK (a5 ), GoK (b)}
GoeK(hastabg)>min { GoK (a5 ), GoK (b)}-
Then GoK : A — C be a fuzzy linear transformation .
DEFINITION 2.13  ([8],[4]:
Let X : R = [0,1], Y : R'— [0,1] are fuzzy sets . f : R — R’ be homomorphism between them.
We define the fuzzy kernel of f, ker f,f : R — [0,1] by :

X(0) X € ker f
x¢ ker f

ker f,, f(xX)=

DEFINITION 2.14

Let A be a fuzzy subspace of a vector space X over R and B be a fuzzy subspace of a vector
space Y over R'. Let K: A~ B be a fuzzy linear transformation and f: X — Y be homomorphism
between them .We define the fuzzy kernel of K, ker f,; K: A — [0,1] by:

A(0) X € ker f
ker .. K(X):{ 0 x¢ ker f

PROPOSITION _2.15 :
ker f,, K: A — [0,1] is a fuzzy subspace of X .

PROOEF:
Leta,b e X, forall A, a € F, since ker f; K(0) = X(0) , if x € ker f, then :
A0 Aa+ab e ker f
ker f. K(za+ )= O rae
0 Aa+abg ker f
A0 a e ker f
ker f,, K(a)= (©) ©
0 ag ker f
A0 b e ker f
ker f. Kpy=1 "0 <
0 be ker f

Then kerf,K((a+ab)=sup {inf {1, kerf,K(a),a,kerf,K(b)}.
Hence ker f;; K is a fuzzy subspace of X .
PROPOSITION 2.16 :

Let A be a fuzzy subspace of a vector space X over F and B be a fuzzy subspace of a vector
space Y over Fand K: A— B be afuzzy linear transformation . Then ker f,; K = ¢ if and only if
K'is one —to - one.

PROOF:
Since ker f,,K=¢ , then ker f= {0}, by theorem (2.1.10) in [3] , Kisa one —to - one.

o)



Journal of Kerbala University , VVol. 10 No.1 Scientific . 2012

SECTION THREE

Fuzzy Coset and Quotient Fuzzy Rings

In this section, two definitions about fuzzy coset and quotient fuzzy ring are given , some
properties concerning with this definitions are given and we studied the concept of a fuzzy
isomorphism.

DEFINITION 3.1 [3]:
Let A and B be fuzzy subsets of vector space X over Fsuchthat B — Aand x;c A, t € [0,A(0)]
. Then x; + B ( B + xy) is called a fuzzy left (right) coset of B in A with representative Xx; .

REMARK 3.2 [3I:

Let A and B be fuzzy subsets of vector space X over F suchthat B — Aand x;c A, t € [0,A(0)]
Forall zeX, (xx+B)(z)=inf{t,B(zx) }and (A/B) = { X+ B: xxc A, xe B} is
commutative group under + .

PROPOSITION 3.3 [3]:

Let A and B be fuzzy subsets of vector space X over F suchthat B c Aand x;,ysc A t,s €
[0,A(0)] . Then:
1. Forallze G, (x+B)(z) = inf{t,B(z-x) }and (B+ x¢) (z) =inf{t,B(x+(-2)) }.
2. (@) X+ B =y, +B iffinf{t,B(e) } =inf{s, B((-y)+x) } and inf { s, B(e) } =inf { t, B(x + (-
)}
(b) xi+B =y;+B iffinf{t, B(e) } =inf{s, B(x+ (-y)) }and inf { s, B(e) } = inf { t, B(y + (-X))
}.
3. IfB((-y) +x)=B(e) ,thenx;+B =y;+B .
DEFINITION 3.4 [18]:

Let A and B be fuzzy subsets of vector space X over F such that B — A and x; < A ,t € [0,A(0)]
. B(e) = A(e) and B is a fuzzy normal in A . Then (A/B) = { X+ B: xtc A, xe G}, forallt
[0,1] is a group under “+” . (A/B); is called a quotient group of fuzzy subgroup .

(A/IB)={x+B: xtc A, xe G,t € [0,1]} . Then ((A/B), +) is a semigroup with identity and
(A/B) is completely regular ((A/B) is a union of disjoint groups ) i.e., (A/B) = [ J(A/B) ).
te[0,A(0)]

PROPOSITION 3.5 [3]:

Let A and B be fuzzy subsets of vector space X over Fsuchthat B < Aand x;c A, t € [0,A(0)]
. Then (A/B)t :At/ B: .

PROPOSITION 3.6 :

Let A and B be two fuzzy subspaces of a vector space X over F suchthat B < Aand x;, yic A,
t € [0,A(0)] . Then (A/B) is a fuzzy subspace over F on (+ and . ) such that :

1 (X+B)+(+B) =(Xc+y:)+B .
2. AXtB) =(x¢)+B,forallA e F.
PROOF:

Letx;,yic At [0,A0)] andB — A ,then (X¢+yi)cAandAx; c A.Thus (xi+Vy;) +AcC
(A/B); ,then(A/B,+)and (A/B,.)areclosureon(+and.).

Letz;,uuc A,te[0,A0)] and B < A , then (x¢-z) c Aand (y;- uy) < A, since A is a vector
subspace , (X¢- z¢) + (Y- Uy) < A implies that (X¢+ y;) - (ze+ Uy ) < A implies that (X¢+ yt) + A = (z
+U;) + A < A implies that (A/B) is a well defined of (+) .

And (X;- z;) < A and (A (X¢- Z1)) < A implies that (A x;— A z;) < A implies that (A x;) + A = (A
yi) + A < A implies that (A/B) is a well defined of (.) .

1
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Since A(0) >0, AX —y)>min{ A(X), A(y) }, forall x,y € X and A( ¢x) > min { F(c) , A(X) }
, forall x eX and ¢ € F, then (A/B) is a fuzzy subspace over F on (+ and . )
THEOREM 3.7
Let A and B be fuzzy subspaces of vector space X over Fsuchthat B c Aand X;,yic A, t e
[0,A(0)] . Then K : X — X/ A define by: f (X) =X+ A . Then K is an epimorphism fuzzy linear
transformation and ker fzz K= A..
PROOF:
Let x¢,yic X,t € [0,A(0)] anda,p € F, then:
1. K@x+By)=(x+py) +A
=o(xtA)+P (it A)
>min{ (Xt A), (yi+ A)}}
= min {K(x) , K(y}} .
Then K is a fuzzy linear transformation .
2. Let z < X/ A , then there exists x € X such that z; = (x;+ A) =K (x¢) , then Kiisaonto .
3. Since the fuzzy kernel of K isker f,, K: A —[0,1] by :
A(0) X € ker f

ker f,, K(x):{ 0 < ker f .Then kerf, K=A.

REMARK 3.8

The function K is called fuzzy Canonical function . In general , K is one — to- one since X , Y;
c A, te[0,A)].Then (x;-y:) < Aimplies that (xi+ A) = (y:+ A) , then K(x) = K(y) .
DEFINITION 3.9 :

Let X and Y be fuzzy subsets over F. Then we define fuzzy linear isomorphism , if there exists
K: X — Y is afuzzy linear transformation , one —to — one and onto . We denoted by X = Y .
THEOREM 3.10 :

Let A, B, C be fuzzy subspaces of vector spaces X , Y and Z over F respectively such that A =B
@C.ThenB=A/CorC~A/B.
PROOF:
Define K: B — A/Csuchthat K(x)= x+C,Xx; < B.
Letx;,yicB,te[0,1] anda,p € F, then:
1 K@axt+By)=(ax+pBy) +C
=a(x+C)+B(y+C)
>min { (xi+ C), (it + C)}}
= min {K(x) , K(y)}} .

Then K is a fuzzy linear transformation .

2. Let zz < A/ C , then there exists x; e Bsuchthatz; = (x;+C)=K (x;) ,butA=B&C,
then x; = (us+w¢), uyc Band wyc C) ) implies that u; = (X¢- wy) , thus X;+ C =w;+ C , then z
=K(uy) . Hence K isaonto .

3. Since X;, Y; < B such that K(x;) = K (y1) , thenx;+ C=y;+ C,t € [0, 1] and (Xx;- w;) < C,
Kisaone—to—one.

ThenB~A/C,bythisstyle C~A/B.

(First Fuzzy Isomorphism Theorem For Fuzzy Subspaces )
THEOREM 3.11
Let X and Y are fuzzy subspaces of a vector subspace over F and K be onto homomorphism
between them. Then X / ker f,; K ~ K (X).
PROOF:
Define G : X/ ker K — K (X)such that: G (a; + ker K )= K (a;), for each a; + ker Ke X /ker K .
By definition, G is a non empty function of X / ker K since g (0; + ker K') = K (0y)

1y
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Let a; + ker K, by + ker K € X/ ker K, a; + ker K = by + ker K implies that a; — bie ker K,
therefore K (a; — by)=0; and K is homomorphism, then K (a;) — K (by) = 0; implies K (a;) = K (by).
Thus G (a; + ker K) = G (bt + ker K'). Hence G is well — define.

Now, we must prove G is an isomorphism
Eirst, if G (a; + ker K) =G (b; + ker K)), then K (a;) = K (by) and K (a;) — K(b;) = 0; implies that
K (a; — by) = 0¢. Thus a; — by € ker K therefore a; + ker K = b+ ker K , G is one —to — one.
Second, for any b; € K (X) there exists a;c X such that: K (a;) = b; since K is onto then
K(a)=G(aa+kerK)=Db, Gisonto.

Finally, Let a; + ker K, by + ker K € X/kerK] anda,p € F, then:
G [a(ar+ kerK) @ B (b+ ker K)] = G [(oac + B by) + ker K]
=K (aa+pby]
=a K (a) + B K (by)
=G (a (ag + ker K)) + G(B (b; + ker K))
> min {G ((a; + ker K)) , G((b; + ker K) }}
Then G is a fuzzy linear transformation .
Hence X/ ker f,K =~ K (X).

(Second Fuzzy Isomorphism Theorem For Fuzzy Subspaces)
THEOREM 3.12
Let A and B be fuzzy subspaces of a fuzzy subspace X over F ,with A < B such that. B(x) =
B(0) , whenever A(x) = A(0) . Then (X/A)/ (B/A)~ (X /B).
PROOE:
Define G: (X/A)/(B/A) - (X/B) suchthat: G((xx+A)+ (B/A)=x+B isan
isomorphism by [7] .
By definition, G is a non empty function of (X/A) /(B/A) sinceg (0;+ (B/A) ) =K (0+A)
Let(aitA+(B/A)), (bi+tA+(B/A) e (XIA) I (B/A), (a+tA+ (B/A))=(b+A+ (B/A))
implies that ((a; — by ) +A) € (B / A) , therefore K((a; — by)+A) =0; +A and K is homomorphism,
then K (atA) — K (be+ A) = 0; +A implies K (a+A) = K (b+A). Thus G (atA+ (B/ A)) = G (b +tA
+ (B / A)). Hence G is well — define.
Now, we must prove G is an isomorphism
Eirst, if G (aa +tA + (B/ A)) = G (b +A + (B / A)), then K (a+A) = K (b+A) and K (a+A) —
K(b+A) = 0+A implies that K ((a; — by)+A) = 0;+A Thus (a;— by )+ Ae (B / A) therefore (a; + A)
+ (B/A)) =(bi+A+(B/A)), Gisone-—to-one.
Second, for any (b; +A) € K ((X / A)) there exists a+A < (X / A) such that: K (ar+A) = b; +a,
since K is onto then K (a+A) = G( (a; +A+ (B/ A)) = (b; +A), Gisonto.
Finally, Let (a; +A+ (B/A)), (b +tA+ (B/A)) € (X/A) /(B/A)] anda,p € F,then:
G [o(atAt (B/A)) @ B (betA+ (B/ A))] = G [(a (a +A)+ (B(betA)) + (B 1 A)]
=K(a(a+A) +p(brtA)]
= a K (atA) + B K (b+A)
=G (a(a+A+ (B/A)) + GB (b+A + (B/ A)))
>min{G (aa+A+(B/A),G(bi+tA+ (B/A))}.
Then G is a fuzzy linear transformation .
Hence (X/A)/(B/A) =K ((X/A).
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