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الملخص 

فريدهولم التفاضمية التكاممية  –في هذا البحث درسنا وجود الحل الشامل لمعادلة فولتيرا  
النتائج التي تم الحصول عميها اعتمدت عمى . شرط غير موقعي في فضاء بناخمع غير الخطية 

. ليري المتناوبة -شاودر مبرهنة
  
Abstract 

In this paper, e investigate the existence of global solution for 
nonlinear mixed Volterra–Fredholm integro differential equation with 
nonlocal condition  in Banach space. 

Our results depend on Leray –Schauder alternative theorem.  
   

Keywords: Existence theorem; Global solution; Volterra–Fredholm 
integro differential equations; Banach space; Leray –Schauder alternative. 

                                            
1. Introduction 
 Many authors [4,5,6] have interested to solve the linear and 
nonlinear integral and integro differential equations of type Volterra and 
Volterra- Fredholm, for example in [7], Pachpatte studied the existence 

and uniqueness of solutions of mixed Volterra- Fredholm type integral 
equations which a rises in various physical and biological problems in 
[8], Pachpatte studied the problem of global existence of solutions of 
some Volterra integro differential equations, also in [2], Balachandran 
and Kanagrajan studied the problems of existence and uniqueness of 
solutions of a class of nonlinear fuzzy Volterra- Fredholm integral 
equations, in [3], El-Borai and Abdou considered the existence and 
uniqueness of solutions of nonlinear integral equations of the second kind 

of type Volterra- Fredholm.Also the normality and continuity of the 
integral operator are discussed, in [10], Tidke investigated the existence 
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of global solutions to first order initial –value problems with nonlocal 
condition for nonlinear mixed Volterra- Fredholm integro differential 
equations in Banach space. Finally in [1], Balachandran and Kim 
established sufficient conditions for the existence and uniqueness of 
random solutions of nonlinear Volterra-Fredholm stochastic integral 

equations of mixed type by using admissibility theory and fixed point 
theorem. 
 The purpose of this paper is to study the basic problem of existence 
of global solutions of nonlinear integro-differential equation of Volterra- 
Fredholm integral equation of the form 
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By using theorem known as Leray – Schauder alternative. 

 Where nnnn RRRRbf ],0[:  is a function, nRbbhk  ],0[],0[:,  

are continuous functions and nn RRbQG ],0[:,  are also continuous 

functions and 
nRBu :  is given function and 0x  is given element of 

nR  and 
nR  denotes the Euclidean n-space with norm . . and let 

)],,0([ nRbcB   be the Banach space of all continuous functions from 

[0,b] into 
nR  endowed with supremum norm 

}.],0[:)(sup{ bttxx
B

  

 The paper is organized as follows: In section 2, we present the 
preliminaries and hypotheses. And, in Section 3, we deal with the main 
results.  

               
2.  Preliminaries and Hypotheses 

Our existence theorem are based on the following  theorem, which 
is a version of the topological transversality theorem given by Tidke [10] 
and is known as Leray – Schauder alternative. 

                                  
Theorem (2.1) [10]  (Leray –Schauder alternative) 

Let S be a convex subset of a normed linear space E and assume 
S0 . Let SSF :  be a completely continuous operator and let 

 10:)(   someforFxxSxF , then either )(F  is             

unbounded or F has a fixed point. 
 

Theorem (2.2) [9]  (The Arzela – Ascoli  Theorem) 
 Let A be a subset of )),((  I . Then the following statements are 

equivalent: 
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(i)   A is compact. 

(ii) A is closed subset of )),((  I  and is both uniformly bounded and       

equicontinuous over I.      
          

          We list the following hypotheses used in our discussion. 
1)  There exists a continuous function ),0[],0[:  Rbp  and there 

exists a constant 0L , s.t. Lstk ),(  for 0 st  and 

)()())((,(),(
0

xHtLpdssxsGstk
t

  for every ],[, bost   and 

nRx , where ),0(: RH   is a continuous nondecreasing function.                                                                                                                                                                                                                                                                                                                                                                  

2)  There exists a continuous function ),0[],0[:  Rbq  and a 

constant 0N  s.t. Nsth ),( , for 0 st  and 

)()())(,(),(
0

xMtNqdssxsQsth
b

  for every ],[, bost   and 

nRx ,  where ),0(: RM  is a continuous nondecreasing function. 
3) There exists a continuous function ),0[],0[:  Rbl  s.t. 

))((),,,( zyxtlzyxtf   for every ],[ bot   and 
nRzyx ,, . 

4)    There exists a constant  A   s.t.   .,)( nRxforAxu  .          

 
3.  Main results 
The following theorem ensures the existence of solution to equation 

(1.1)-(1.2). 

 

Theorem  (3.1) 

If the hypotheses (1-4) are satisfied, then the initial –value problem                      
(1.1)-(1.2) has a solution x defined on [0,b] provided b satisfies  
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Where Axc  0   and   )(),(),(max)( tNqtLptltR    for  ],[ bot . 

Proof 

The proof will be given in the three steps. 

Step I 
 To use theorem (2.1), we establish the priori bounds on the solution 

of the problem  

,))(,(),(,))(,(),(),(,)( 
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     Under the initial condition (1.2) for )1,0( . Let )(tx  be a solution of 

the problem (3.2)-(1.2), then it satisfies the equivalent integral equation  
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for ],0[ bt , from (3.3) and using the hypotheses (1-4) and the fact that 

)1,0( , we have 
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                                                                                                    (3.4) 
Let v(t) be defined by the right hand side of (3.4),then  

         cAxvtvtx  0)0()()(         and 

   dssxMsNqsxHsLpsxslAxtv
t

))(()())(()()()()(
0

0    

      then 

 dssxMsNqsxHsLpsxslctv
t

))(()())(()()()()(
0

                             

                                                                                                               (3.5) 
Differentiating both sides of (3.5) with respect to t we have  
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That is, 
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Integrating of (3.7) from (0 to t), the change of variable and the condition 
(3.1) gives  
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From this inequality, we conclude that, there is a constant   independent 

of )1,0(  such that )(tv  and hence )(tx  for ],0[ bt , and 

consequently     ],0[:)(sup bttxx
B

. 
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Step II 

 We define  nRbocB ],,[  to be the Banach space of all 

continuous functions from [0,b] into 
nR endowed with sup norm defined 

above. We rewrite the problem (1.1)-(1.2) as follows. 
If  By  and ],0[),()()( 0 bttyxuxtx   it is easy to see that y  

satisfies 0)0( 0  yy   

],0[,)))()(,(),(
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 If and only if  x(t)  satisfies  
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 We define the operator 
00: BBF  ,  0)0(:0  yByB  by  
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Then F is clearly continuous. 
Next, we  prove that F is completely continuous. 

Let  mb  be a bounded sequence in 0B , i.e. 
Bmb  for all m , where 

  is a positive constant. From (3.9) and using the hypotheses (1-4) and 

letting   ],0[:)(3sup* bttRR    we have  
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This means that  mFb  is uniformly bounded. 

 
Step III 

We shall show that the sequence  mFb  is equicontinuous Let 

btt 
21

0 . Then from (3.9) and using the hypotheses (1-4) and 

letting   ],0[:)(3sup* bttRR    we have  



Existence of a Solution of a Certain Volterra –Fredholm Integro Differential … 

67 

  
2

1 0
0012 ,)()(,(),(),()(,()()(

t

t

s

mmmmmm dbuxbGskbuxsbsftFbtFb   

                                                          dsdbuxbQsh
b

mm
 
0

0
))()(,(),(   

               
   

 dsbuxsbMsNq

buxsbHsLpbuxsbsl

mm

mm

t

t

mm

)()()(

)()()()()()(

0

00

2

1



 
 

               ))(()(( 12
*** ttcMRcHRcR                      (3.11)          

From (3.11) we conclude that  mFb  is equicontinuous and hence by the               

Arzela- Ascoli theorem (2.2) the operator F is completely continuous. 
Finally, the set  )1,0(,,)( 0   FyyByF  is bounded in B, since 

for every )(Fy  , the function )()()( 0 tyxuxtx   is a solution of 

(3.2)-(1.2) for which we have provid that 
B

x  and hence cy
B

 . 

Consequently, by theorem (2.1), the operator F has a fixed point in 0B . 

This means that the initial – value problem (1.1)-(1.2) has a solution. This 
completely the proof of the theorem. 
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