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الملخص 

ىذه  أثبتت حيث  MADM [4].طريقة قد تم حمو باستخدام  Van der Pol  نظام إن     
 مع طريقة إيجاد الحمول العددية عند كل فترة زمنية مقارنة  في ودقتيا العالية كفاءتيا الطريقة
RK45  وطريقةADM ليذه الطريقة في ىذا البحث سنقوم باشتقاق تحميل التقارب  .الكلاسيكية

سوف نبرىن بأنو  ،ظامليذا الن( Homotopy Analysis)ن خلال الاشتقاق العددي لطريقة م

                   إذا كانت المتسمسمة  











2

1 0 0 1

)()0(
j n

t

n

ininiji dttxdtxatx 

حيث    
 




2

1 0 0

i2
2

1

00 1,
),,(R

~

!

1

!

),(~

!

)(~
)(

p

t

n

qp
n

q

ipq

n
i

n

i
in ndt

d

xxd

n
a

n

d

txd

n

tx
tx











 

)(,)(فان المتتابعتين ،لمنظاممتقاربة وكانت ىي الحل 
11

thvtR
k

n

ink

k

n

ink 


 تتقاربان إلى  

        . الصفر
 

Abstract 
         The autonomous Van der Pol system was solved accurately by 

MADM [4]. The method has the advantage of giving the form of the 

numerical solution within each time interval which is not possible in 

purely numerical techniques like RK45 and classical ADM. In this paper 

we will derive the convergence of A Multistage Adomian Decomposition 
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Method (MADM) by deriving the Homotopy Analysis Method for this 

system.  We will show that if the series 
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is convergent and it must be a solution of Van der Pol system, then the 
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   are  converges to zero. 

 

1. Introduction 
      The study of nonlinear oscillators has been investigated in the 

development of the theory of dynamical systems. The Van der Pol 

oscillator (VPO), described by a second – order nonlinear differential 

equation which can be regarded as a description of  a mass - spring - 

damper system with a nonlinear position ـ dependent on damping 

coefficient or, equivalently, an RLC electrical circuit with a negative - 

nonlinear resistor, such as electronics, biology or acoustics. It represents a 

nonlinear system with an interesting behavior that arises naturally in 

several applications. 

    This kind of nonlinear oscillator was used by Van der Pol in the 1920s 

to study oscillations in vacuum tube circuits.  

     In standard form, it is given by a second – order nonlinear differential 

equation of type: 

)1(,0)1( 2  xxxx  

Which can be reduced to two dimensional system of first order 

differential equations           

yxxy

yx

)1( 2 






                                                                                  )2(    

Where )0(   is a control parameter that reflects the degree of 

nonlinearity of the system. In studying the case )1(  , Van der Pol 

discovered the importance of what has been become known as relaxation 

oscillations [21]. 

      The Multistage Adomian Decomposition Method (MADM) that will 

be handeled in this paper, has been applied to such as the multispecies 

Lotka–Volterra equations [16,17], the extended Lorenz system [20], the 
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prey– predator problem [7] the chaotic Lorenz system [1,8-10], systems 

of ODEs [18], the classical Chen system [15, 1] and the Haldane equation 

for substrate inhibition enzyme kinetics [19]. The Homotopy Analysis 

Method (HAM), which was first introduced by Liao (see [11–14] and the 

references therein), is another technique used to derive an analytic 

solution for nonlinear operators. It consists of introducing embedding 

operators and embedding parameters where the solution is assumed to 

depend continuously on these parameters. The method has been used 

intensively by many authors and proved to be very effective in deriving 

an analytic solution of nonlinear differential equations [5,6,11,12]. In [4] 

we have been considered the (MADM) for solving Van der Pol system 

and the numerical results of this method show the efficient and powerful 

of the method as it compared with the classical Rungge – Kutta order four 

(RK45) and the classical Adomian Decomposition Method (ADM) for 

finding the solution of this system. In this paper we are interested to 

obtain the convergence of the Multistage Adomian Decomposition 

Method (MADM) by deriving the Homotopy Analysis Method (HAM) 

for this system.         

 
2.  The Multistage Adomian Decomposition Method for solving    

system (2) 
     Recall [4], we consider the general system: 

)3(2,1,
2

1

2

1

2

1

2
 
  


j p q
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Where xtxx  )(1 and ytyx  )(2 , the prime denotes differentiation 

with respect to time.   

    If we denote the linear term (the first term on the r.h.s.) as 1iR and the 

nonlinear term (the second term) as 2iR , then we can write the above 

system of equation in an operator form: 
)4(2,1,21  iRRLx iii

Where L  is the differential operator dtd /(.) . Applying the inverse 

(integral) operator 1L  to (4) we obtain  

)5(2,1,)0()( 2
1

1
1   iRLRLtxtx iiii

According to the ADM [2, 3], the solution )(txi will be given by the series 

)6(2,1,)()(
0






itxtx
n

ini

Bearing this in mind, the linear term 1iR then becomes 

)7(,
2

1 0
1 








j n

iniji xaR

so that 1
1

iRL  will be given by: 
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The non-linear term 2iR is decomposed as follows: 
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Where the qpinA ,, ’s are the so-called Adomian polynomials, computed by 

using Algorithm [4] or using the following formula:  
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 Now by using only the nonlinear terms of the input functions in 

Algorithm bellow 

 
Algorithm (Computing Adomian Polynomials)[4] 
Input: the system 
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set  ;,, KkMmNn   the input of Adomian Polynomials needed. 

Output: Aji ; the Adomian Polynomials  

Step 1:   set 1i  
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Step 2:   while ni   we have: 

                                              



m
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Step 3:   set 1j   

Step 4:   while nj   do steps (5) and (6) 

Step 5:  ))()(()(  jjii utuGG   

Step 6:  )(ii GG   

Step 7:   is expansion of )(iG  w.r.t.   

                                                              )(ii sft   

Step 8:   while kj   and while mj   
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Step 9:   output Aji (the Adomian Polynomials) 

Step 10:  end. 
 

 

From equation (10) we compute the Adomian Polynomials as follows: 
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and so on  
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and so on  

Upon calculating the polynomials (10) and integrating, one then has for 

all 0t  : 
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Hence from (27)-(29), the explicit solution to the autonomous Van der 

Pol system (2) is: 
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)32(,)0(,)0( 00  tybtxa

)33()1( 0

2

001

01

yxxb

ya







)34(1,
)!1(!

)!1(

1,

1

0

1

2

11

1


















n

k

knk
nnn

nn

n
knk

ba
nbab

nba





 

 

Again, Recall [4], we have been considered the numerical results of this 

method.  This results show the efficient and powerful of Multistage 

Adomian Decomposition method when compared with RK4 and classical 

ADM for finding the solution of the system (2). 

 

Case 1:  2 , and the initial conditions 1.0)0( 0  xx and 1)0( 0  yy     

Case 2:  5 , and the initial conditions 1.0)0( 0  xx and 1)0( 0  yy          

Case 3: 10 , and the initial conditions 1.0)0( 0  xx and 1)0( 0  yy  

 
 

 
 

Fig. (1): Comparison of the solution of system (2) x and y at time t  for case 1 

using 4-term classical  ADM, 4-term MADM and RK45. 
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Fig. (2): Comparison of the solution of system (2) x and y at time t for case 2  

using 4-term classical  ADM, 4-term MADM and RK45. 

 

 

 

 
 

Fig. (3) Comparison of the solution of system (2) x and y at time t  for case 3  

using 4-term classical ADM, 4-term MADM and RK45. 
 
 

 

As depicted in Fig. (1), Fig.(2) and Fig. (3), these 4-term ADM solutions 

are not accurate enough. However, our 4-term MADM solutions agree 

very well with the RK45 solutions.  
  

Now in order to obtain the convergence of the MADM, we have to derive 

the Homotopy analysis method for the system: 



The Derivation of Convergence Analysis for the Multistage Adomian … 

142 

3.  The Derivation of the Homotopy Analysis method for system 

(2) 

     Consider a nonlinear differential operator 2

~
iR , let 0h  and  be 

complex numbers and )(iA  and 2,1),( iBi   be complex functions 

analytic in the region ,1  satisfying  
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denote the Maclaurin’s series of )(iA  and 2,1),( iBi   respectively. 

Because )(iA  and 2,1),( iBi   are analytic in the region ,1  therefore 

we have 
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The above defined complex functions )(iA and 2,1),( iBi  are called 

the embedding and   is the embedding parameter. 
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Where 2
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iR is a differential operator, )(txi is a solution defined for .0t  

To solve Equation (38) using Homotopy analysis method we construct 

the equation  
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Similarly, when ,1 Eq. (39) is the same as Eq. (38) so that we have  
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)42()()1,(~ txtx ii 

Suppose that Eq. (38) has solution of nonlinear term ),(~ txi that is 
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continuously from )0,(~ txi to the solution )(txi of the original Eq. (38). 
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and the general solution )(txi . 

    The homotopy analysis method depends on finding a direct 

relationship between the two solutions which can be described as follows: 
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Assuming that the series above converges at 1 , we have by Eqs. (41) 

and (42) the relationship:  
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To derive the governing equation of )(txin , we differentiate Eq. (39) n  

times w. r.t.   we get 
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Further dividing Eq. (47) by n!  and then setting 0 , we have the so 

called nth-order deformation equations 
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   We emphasize that Homotopy Analysis Method provides us with the 

large flexibility to select the nonzero auxiliary parameters h , the 

embebbing functions )(iA and 2,1),( iBi   and the auxiliary linear 

operator £.     

    Now by comparing Eq. (50) with the Eq. (10) we conclude that 

Homotopy polynomials will be reduced to the Multistage Adomian 

decomposition polynomials and when 1h , we conclude that 

.)()( thtA inin   

 

4. The Convergence of MADM for system (2) using HAM 

     In this section the question of convergence of MADM will be 

addressed. 
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Theorem 1.  

      If the series 
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is convergent, it must be a solution of system (2). 

Proof.   By Eq. (48) we have 
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Recall that 2,1,)(  ii   therefore 
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Which given by Eq. (42) 
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 On the other hand by Eq. (49) and Eq. (50) that: 
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Note that 1h , therefore, By Eqs. (53) and (54) we have  
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Now define )],,(~[)]([)],(~[),( 222  txRtxRtxRt iiiiii  as a residual error 
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According to (50), the above Maclaurin's series converge at 1 , say  
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Which means that 

 



 











2

1 0 0

i2
2

1

0

2

1 0

1,
),,(R

~

!

1

)0()1,(~)(

p

t

n

qp
n

q
ipq

t

in
j n

ijiii

ndt
d

xxd

n
a

dtxatxtxtx




   

must be a solution of Eq.(2), which completes the proof. 

    To estimate whether the series converges or diverges, one can use the 

following theorem: 
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Theorem 2.  If the series in Eq. (51) converges then the following two 

sequences: 
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Where )(tRin  and )(thin  are defined by Eqs. (49) and (50) converges to 

zero. 

Proof:  The proof of this theorem is subsequent of Eqs. (53) and (55). 

 
5. Conclusions 

The derivation of the Homotopy Analysis method for system (2) 

has been applied in this paper. This method provides us with a convenient 

way of controlling the convergence of approximation series.  We have 

been shown that if the series (51) converges then the two sequences 
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