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Abstract

We have used the theory of Bose-Einstein condemsadevelop a theoretical model
to calculate the coherence length of the interggpiarticles. Three different types of atoms
are treated in this model in order to check itsdigl Comparing our results with the
available experimental and theoretical data inliteeature showed a very good agreement.
Since the atom laser is a brand new_study andasblsic, according to our knowledge, no
other values could traced for atoms &g, *°K, and***Cs in the literature. Therefore, we
can claim that our calculations for these atomsvaade for the first time.
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Introduction

More than 45 years ago, the invention of the fstical lasers marked a scientific
breakthrough. With optical lasers the ultimate oolinbver light waves at the quantum
limit had reached. Now, a similar spectacular degsf control over matter waves has
been achieved with the realization of Bose-Einstmdensation in dilute atomic
gases, see Anderson et al [1]; Davis et. al. [i2]; Bradley et. al. [3].
The highly phase coherent ensemble of atoms inse{instein condensate is usually
created in a trapped state and different technitpags been developed to convert the
trapped atoms into freely propagating coherentenattves, the so called atom lasers
Mewes et. al. [4]; Bradley et. al. [5]; Andersorddfasevich [6]; Hagley et. Al; [7] and
Bloch et. al. [8]. These novel atomic beam sourpesmise to be important
constituents of future atom interferometers ananatcaclocks and are also believed to
be important tools for the field of atom holograpWiprinaga et. al.[9]. The unique
properties of atom lasers will make it possibleeer an experimental regime in atom
optics that is not accessible for thermal atom sesirin light optics, the availability of
coherent sources has substantially increased thgeraf photonic applications.
Similarly, it expected that coherent matter waverses will have a profound impact on
applications such as atom interferometer Bermarj, [@0the manipulation of atomic
beams on a nanometer scale. Focusing of the aten lbieam is a central step towards
an atom laser microscope Balykin and Letokhov, [Dhak et. al. [12].
To achieve a highly mono energetic atom laser beashort de Broglie wavelength
our novel atom optical element could be used telacate the beam. It should then be
possible to focus the beam to spot sizes much emian achievable in focal light
microscopy and comparable to high-energy electraorascopy. To fulfill these
expectations it is crucial to invent atom opticééneents that are adapted to the
demands of the new highly coherent atom sources.tHermal atom, sources varieties
of atom optical elements have been investigatedmsdat. al. [13]; Holst and Allison
[14]; Hinds and Hughes [15], which redirect, spbi; shape atomic beams using
position- or time-dependent potentials. To presehe coherence properties of atom
lasers a very high “surface quality” of atom opitiedements is required. The de
Broglie wavelength of an atom laser beam can bé bedbw ten nanometers. The
effective surface roughness of atom optical elemsimbuld therefore be even smaller.
The simplest approach to realize a coherent matige source is to suddenly releasing
a Bose-Einstein condensate from the magnetic tfEipe mechanical manipulation of
released condensates has been demonstrated usca sfanding wave fields Kozuma
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et. al. [16]; Stenger et. al. [17]. Suitably shémdf-resonant laser fields Bongs et. al.
[18], and pulsed magnetic fields Arnold [19]. Besa of the sudden switch-off of the
confining potential, the energy of the repulsivderaction between the atoms is
transforming into kinetic energy. The velocity distition of the released atoms is
therefore much broader than the Heisenberg linsib@ated with the spatial size of the
trapped condensate. The velocity spread is drégticaducing for atom lasers
employing continuous output coupling, where a Fawuriimited output can be
approached Band et al. [20], and interaction edfexxe minimizing. The resulting
mono energetic atom laser beam is not susceptibleispersive effects in the
manipulation of coherent matter waves Bongs e{18l], however these are unwanted
in most atoms optical applications. The atom lasgput is extracting from’Rb Bose-
Einstein condensate using continuous output coglias investigating by Bloch, et al.
[8]. Immanuel Block, et. al. [21] reported the ermental results on the continuous
output coupling of atoms from magnetically trapfBabe-Einstein condensates.

The idea for an atom laser predates the deconstnuaf the exotic quantum
phenomenon of Bose-Einstein Condensation (BEC)lunedatomic gases. However, it
was only after the first such condensate was predirc (1995) by Anderson et. al.[1],
that the pursuits to create a laser-like sourceatofnic de Broglie waves become
intense. In a Bose condensate, all the atoms gdbepsame quantum state and can be
describe by the same wave function. The condertbatefore has many unusual
properties not found in other states of matter, vy can we think of Bose condensate
as a coherent source of matter wave? To addrissertitial point we have to remind
ourselves of some of the physics behind the pragsedf laser light. In laser, all the
photons share the same wave function. This isilplesbecause photons have an
intrinsic angular momentum, or “spin”, of Plancl¢enstanth. Particles that have a
spin that is an integer multiple bfobey Bose-Einstein statistic. This means thatemor
than one so-called boson can occupy the same sggim &s electrons, neutron and
protons, which all have spi2 and obey Fermi-Dirac statistics, and only onenfen
can occupy a given quantum state. A compositecpgrsuch as an atom, is a boson if
the sum of its protons, neutrons, and electronaniseven number; the composite
particle is fermions if this sum is an odd numb&odiunf® atoms, for example, are
bosons so a large number of them can force to gctup same quantum state and
therefore have the same wave function. To achi@sea large number of atoms must
confined within a tiny trap and cooled to sub-mikelvin temperatures using a
combination of optical and magnetic techniques (Bese condensate make quantum
leaps and bound sand, Townsend et. al. [22] ilnéunteading).

In this work, we will concentrate on the propertefsthe condensates rather than on
their creation. We have been able to create a noahemodel to calculate the
coherence length of highly collimated and mono gekr beams of atoms such as
Mg, *K, and **3Cs for the first time.

Theor _
A) Mathematical background

The general vector state to describe a highlyroalied non-interacting beam of
neutral atoms propagating in non-conducting mediGasstellanos and Lopez [23], is
given by:

W(r,t) = TA(IZ)e‘(R'F"‘”dIZ (1)

Equation (1) indicates a vector sum, whHeoerresponds to the vector associated to the
plane wave solution for a free particle. On theeothand, the integral stems from the
possibility of the particle beam of taking any (tonous) value of momentum. In case
of discrete changes in momentum, it is customawyrite down:

wr,n) =Y A k)er @)

Going from equation (1) to equation (2) is straigiward, but the former it is not so
easy to deal with. For instance, the current dgnsi
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can be written using equation (2) as (noticee tdependence is dropped):

’= %{Z‘ZR\MD\Z +Y Vik(A AL O A A ‘”W} )

mi k kzk K

In the integral form it reads:

J — h i, =2 4 1 1

J _m{zjk\A(k)\ dk +£F(k )dk } (5)
where,

rk) = [, KAR)A (0e™ 7 + A (k) AR)E " Jdk (6)
The physical meaning of equation (5) is madélie when one writes:

r=k-k'=dr=dk (7)

for a fixed k. Then the first term at the right-hand side afiaipn (6) (the remaining
is a complex conjugate) will be:

y:J‘EA(EI)A*(R)e—i(R—R’).rdE —y= J'[A(IZ . G ]lEA*(E)e_iR.r Jdlz @)
Equation (8) dose not quite satisfy the correlafioiassical) definition for a pair of
functions g(¢) and h(¢ ).

y=9()0h(@) = y=[g@hn (& -1)dé 9)
Because in this expressidnis a fixed correlation parameter and in this tresit (see
equation (7)),7 is changing continuously together with However, one still can say
that equation (8) has the meaning of a correlatisince the integrand can be
understood as a correlation between particles ohemumk and (k —7)for a given
k'. Keeping this in mind equation (6) makes acconintll these correlations for
different values ok'. Then one writes:

r(k) = [y +y (K)]ok (10)
Now, a particle beam can be experimentally preparedch a way thaf(k) may be a

real number. This only means that for initial citiod (t = 0, r = 0) A(k ) has already
some definite value (including zero). With thig@ment, equation (5) now reads:

j= %{zj R\A(R)\Zouz +2f di’| Re[A(E -7)e'® ][EA (R)e“”]dE} (11)

J= %{2[ K|AK)|" dk +2[[ AR A (K)K cod(K' - R).r]dlzdlz'} (12)

This equation represents the more general expre$siodescribing non- interacting
particle beam propagation. The second term (agsdcwaith coherence throughout
correlation) describes focusing phenomena bothcutirgal (i.e., certain directions
contain a bigger amount of particles than otheedfions) and longitudinal (along a
particular direction, where some focus will exist).

From the second term on the right hand side oftemyuél2) one note that for a pair of
atoms traveling in the same direction and with mhsl difference in k, the
corresponding focusing along z-axis will corresptmthose points where:

(k'-k)ez=2nm (13)
wheren = 1,2, ... ; For de Broglie particles with= hk = mv we have,
0 2n7h _ 2n7#h (14)
Ap mAv
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where Av =V' —vis the atomic velocity difference between atomsthe atomic mass
and 7 is the Planck constant. If the coordinate z issused from the beam origin, eq.
(14) can be put in the form

AzAp C 2n7h (15)
To understand eq. (15), it is straightforward fréme quantum mechanical point of
view. In fact, this expression is identified a® thncertainty principle sincép= 0
means that we cannot localize any focus eaxis. We are in the presence of a perfect
monochromatic plane wave (i.e. every particle ie team has exactly the same
energy).
On the other hand, if we choose any two partiats the beam with a momentum
differenceAp, and we track them in time, there is a certainsjpdgy, different from
zero, that they will focus in some point z givendguation (15). This probability will
be smaller ag\pincreases. It comes out from this argument timageiometrical term,
the existence of any focus will mean some degrembérence, and therefore focus at
infinity means perfect or total degree of cohere(ioe a given n). On the contrary,
focusing near the origin without any farther focwdl mean a lower degree of
coherence since the beam will spread along theggaimn axes. When we deal with
light, we better put equation (15) as:
27AVvAz

(k'—k)z:ZnH:}(Aw) =2nmr= =2n7= AZ:ALC (16)
c \Y

For n=1 we obtain the so-called coherence lengthpincs AZ:AL, Born and Wolf
\Y

[24]. If we know the bandwidth of a laser, we vkiiow the distance at which the field
will oscillate in rigorous phase. Therefore, itimeresting that requiring focusing in
equation (13) as a coherence condition, we arriveh@a well-known formula of
coherence length.

Since the first Bose-Einstein condensate (BEC) whtined, the laser of atoms
became visible, Anderson et. al. [1]. This objsctlefined as a device producing an
intense and well-collimated coherent beam of atdfesterle [25] and Wisemen [26],
involving a process of coherent matter-wave angalifon, Miesner et. al. [27]. Since
atoms have masses and they interact while travetimg coherence of the beam
presents an additional spreading, which has toi@genss variant of the Photon Laser.
One can do this by replacing equation (1) with ¢he#going wave function of the
condensate¥, and then perform the same prosecutor as befarghel following, we
describe briefly how to obtait¥,. A more detailed and rigorous deduction can be
found in the paper by Gerbier et. al. [28].

These authors consider a (BEC) 0UfRbin the hyperfine level with F=1. This
condensate could be in any of the sublevelsyg,1. Atoms in a state with m% is
confined in a magnetic potential of the form:

Vi = 5 MW +wy? +wiZ?)
Atoms in a state with m=0 are the un trapped oaes those with m=1 are rejected out
of the trap. These are the three components ofpimorial wave function of the

condensatey =[‘/’m]m=—1,o,1 and they obey a set of Schrodinger coupled equstio

Ballagh et.al. [29]. When the limit of weak coupliis considered, Steck et. al. [30], the
population N,, satisfy N, <N, <N_ and only the states with m and m=0 are

considered. The condensate atoms are transfemexdtiie state m-=L (trapped) to the
state m=0 (un trapped) by using a rf. pulse:

B = By cos@;1)é, (17)
Thus the components of (BEQ),, =t,1/;1e_im"w satisfy the two coupled equations
Gerbier et. al. [28]:

_ /1)
Ih%: hdrf +P2 /2M +Vtrap+U‘l//—l‘2}p—l+ .

2

Yo (18)
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sl 19
> Y (19)

The intensity of the interaction is given ly =47:°aN/M , whereN is the initial
number of trapped atomy] is the atomic mass, and is the diffusion lengthifber
atomic collision process which, for theRb is 5nm.

oy, |4
m% =(P? /2M - |\/|gz+u|¢//_l|2]zpO "

The uncoupling intensity between states fi1 and m =0 is given by the Rabi flopping
frequency:

hQ., = (B, 122 (20)
The detuningd,; is

noy =V —ha (21)
and

Ve = UgB, 12+ KZ* /2 (22)

B, is the background magnetic field due to the cofishe trap. Equations (18) and

(19) are uncoupled in the framework of the meald fieeory and the weak coupling
limit, Gerbier et. al. [28], obtained fa#s,

.2 CE_gt
el =S

Wo(r.) = NQ, F) S ——— (23)
<]

where,
hQrf
AQ, .F)= —JTTM—QI @, (% Y,z )F (24)

Here,F describes the finite extension of an atom lasanbdue to the finite coupling
time (e.g. the time of rf irradiation) and is cardt for each particular laser. The
dimensional paramete¢, =(z-1z)/l provides a scale to the size of the trap,

z, =Nz, /2 is the extraction point from the trap, and

1/2

0,(%Y,2,) = (5)“2[1— (X %) = (Y1 Yo)? = (2/ 2,)?] (25)

The quantity|qo_l(x, Y.z, )|Zcorresponds to the trapped atomic population inothput

point z,. In what follows a definitions of some importdigures such a$, z,, X,, Y,
andn:

1/3
h® 24 24 24 1
| = X2 = Y = o N =(2no, +4ul7)—— (26
Whereu is the chemical potential, and is understood asntttessary energy to either
add or remove a condensed atom in the trap ensenilile chemical potentigl is
defined as, Dalfovo et. al. [31]:
15aN_

p= (ol (=)
with w= (w.w?)"® and the harmonic oscillator length defined as (/Mw)>.
Note thatl << x,,Y,, Z,.

(27)

)1/3
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B) Numerical model for Coherence Length for an Atom L aser

We now use Eq. (13) in order to find the coherdangth. To do this we need to know
the propagation vectdk , which is calculated using Eq. (23) and followthg standard

procedures, Flugge [32]. We then calculdteand findv=J/P with p = \t//o\z.

LI P (R SV B R R [
J——(l//Dl// Yy )v P:v mI\/?r:V T (28)

2mi
where &, =2+% . We now use the de Broglie relatidh=7k =nv to obtain the

propagation vectok , we obtain for its magnitude:

k=N2*% (29)

|3/2

We then replace equation (29) into equation (13):

[(z+ z )'? —(z’+zr)”2Jz:2nn‘3’2 (30)
It is clear from section A and Eq.(13) that-Zz' is the correlation length for the
interacting atom laser beam between two differemttp of the beam. Since we are
interested in the coherence length measured frame#traction pointz,, we make

Z' =z, . Therefore:
[(z+ z )'* - (zr)”zjz = 2n7t®"? (31)

By solving this equation fan=1, we obtain the coherence lengtior the atom laser.

Results and Conclusion

The coherence of a condensate or outparnlzan characterized using the theory
of "partially” coherent matter-wave fields. The @hg incorporates various so-called
coherence functions that provide quantitative imfation about the coherence. The
simplest of these, first-order coherence, tellsvhsther we can see interference fringes
formed by two overlapping fields. Higher order camee functions can represent
intensity correlations between fields, for example.
According to the theory, the matter waves outputibyatom laser are coherent in two
respects: they contain a narrow range of wavelsngtid they are much more stable in
intensity than thermal beam. An important chalkemg building a continuous atom
laser is to design an output-coupling scheme thap& the phase of the matter waves
"in step” over a long period. Suppose that we descthe matter wave by
[(x,t)=A(xt)cos(wt+f(x,t)) and we can keep the intensity, A, constant. Therallv
coherence of the output is then limited by theibtalof the phase, f, over time and in
space. If the phase wanders over time then italgth limit the line width of the atom
laser via the uncertainty principle. An atom laseanalogous to an optical laser, but it
emits matter waves instead of electromagnetic walt®utput is a coherent matter
wave, a beam of atoms which can be focused topominor can be collimated to travel
large distances without spreading. The beam isreahewhich means, for instance, that
atom laser beams can interfere with each other. p@oed to an ordinary beam of
atoms, the beam of an atom laser is extremely br@he can describe laser-like atoms
as atoms "marching in lockstep". Although theraasrigorous definition for the atom
laser (or, for that matter, an optical laser)palbple agree that brightness and coherence
are the essential features. A laser requires gyqagsonator), an active medium, and
an output coupler. In atom laser, the "resonaiod’ magnetic trap in which the atoms
confined by "magnetic mirrors". The active mediusnai thermal cloud of ultra cold
atoms, and the output coupler is an rf pulse winchtrols the "reflectivity" of the
magnetic mirrors.The analogy to spontaneous emissiothe optical laser is elastic
scattering of atoms (collisions similar to thosetwsen billiard balls). In a laser,
stimulated emission of photons causes the radifigtwhto build up in a single mode. In
an atom laser, the presence of a Bose-Einsteinetsate (atoms that occupy a "single
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mode" of the system, the lowest energy state) sastsmulated scattering by atoms into
that mode. More precisely, the presence of a caadenwithN atoms enhances the
probability that an atom will be scattered into toedensate b+ 1.

In a normal gas, atoms scatter among the many mofiése system. But when the
critical temperature for Bose-Einstein condensatiesm reached, they scatter
predominantly into the lowest energy state of tystesn, a single one of the myriad of
possible quantum states. This abrupt process gelgl@nalogous to the threshold for
operating a laser, when the laser suddenly switohess the supply of radiating atoms
is increased.In an atom laser, evaporative coaimgs the “excitation” of the “active
medium” - the evaporation process creates a clagth is not in thermal equilibrium
and relaxes towards colder temperatures. ThidltseBu growth of the condensate.
After equilibration, the net "gain" of the atomdass zero, i.e., the condensate fraction
remains constant until further cooling applied.ike-loptical lasers, which sometimes
radiate in several modes (i.e. at several nearbguincies), the matter wave laser
always operates in a single mode. The formatiorthef Bose condensate actually
involves "mode competition": the first excited statannot be macroscopically
populated because the ground state "eats up gli¢he

The output of an optical laser is a collimated be#night. For an atom laser, it is a
beam of atoms. Either laser can be continuousutsed - but so far, the atom laser has
only realized in the pulsed mode. Both light ateh# propagate according to a wave
equation. Light is governing by Maxwell's equatiobsit matter is describing by the
Schrddinger equation. The diffraction limit in @yst corresponds to the Heisenberg
uncertainty limit for atoms. In an ideal case, #wem laser emits a Heisenberg
uncertainty limited beam.Now we have a sufficierachkground to calculate the
coherence length for some atoms. In this calarative use the Mathematical program
to solve numerically equation (31). In the taldi®wn below we list the results of all
possible atom lasers with alkaline species togetlier a comparison with the available
theoretical and experimental data:

Coherence length in micrometer
Atom Our results Other theoretical results Experimemsillts
BNa 2.4814 2.4622 2.0t05.0
¥Rb 1.0246 1.0299
Li 5.4803 5.4461*
2"Mg 23929 | -
K 17428 | -
133cs 0.7727

Table: Comparison between our resultsfor the coherence length and theresults of

Castellanos* et. al. [23] and Mark Trippenbach** et al. [34]
In particular, our treatment leads to a quantieaigreement with the experimental results of
Trippenbach et al. [34] for the atomONa. In their experimental data, they obtained ltgsu
as different rf for the coherence length rangingMeen 2.0 pm to 5.0 um. Moreover, our
results for atomé&Na, ®'Rb, ‘Li are in excellent agreement with the theoreticles obtains
by Castellanos et al. [23].
In conclusion, we have proposed a very simple féamthe calculation of the coherence
length for an atom laser, and have shown the walafi the method by comparison with the
experimental results of Trlppenbach et al. £34]h|sTagreement encouraged us to calculate
the coherence length of atoms Iik#g, *°K, *3%Cs.
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