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Abstract

In this paper bifurcation periodic traveling-wavelwions of the regularized
Boussinesq system which model waves in a horizavggér channel in both directions was
studied by using a local scheme of Liapunov —Schmitsymptotic representation of
bifurcation periodic solutions is given

Key words Boussinesq system for water waves, bifurcatidat®ms, scheme of Liapunov —
Schmidt.

|ntroduction
It is known that many of the nonlinear probfem mathematics and physics can be
written in the form of operator equation,

f(x,A)=b, x000OX, bOY, AOR. .. (1)

in whichf is a smooth Fredholm map of index zet$,Y Banach spaces a@iopen subset
of X. For these problems, we can use the method ottieduto finite dimensional equation

[1],
O(&,A) =4, &OM, BON, (2

whereM andN are smooth finite dimensional manifolds.

Passing from equation (1) into equation (rignt local scheme of Liapunov —Schmidt)
with the conditions that equation (2) has all tbpological and analytical properties of
equation (1) ( multiplicity, bifurcation diagrantce dealing with [2],[5],[6],[7].

In spite of that, the theory of bifurcationiig@mns of nonlinear Fredholm equations has
more works in different ways, but for this time th@re more problems that need to be solved
by using the method of finite dimensional reductias in this paper. In the theory of
polynomials and holomorphics maps [3] used the tfmliscriminant set which is similar to
the term used in the modern theory of bifurcation.

A continuous linear operatdx. E — F, (E,F are Banach spaces) called Fredholm , iff

dim (Ker A)<co, dim(CoKer A) <co.
the number,
dim (Ker A) —dim(CoKer A),

is called Fredholm index of operatér

nonlinear mapf: Q —F, whereQ is an open subset &, is cail redholm, if
9 f-EQF is a Fredholm operatoxe Q . The index off is the same index M .

0Xhe set of alh in which equation (1) has degenerate solutior@i¥s called the
discriminant set.
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In [4] the author considered the regulariBedissinesq system,

1
’71+ux+(’7u)x_6’7xxt =0,
3)

1, -
u, +’7X+UUx‘gUm =0.

which describes approximately the two-dimensionaedppgation of surface waves in a
uniform horizontal channel of lengthfilled with an irrotational, incompressible, inidsfluid
which in its undisturbed state has deptiThe non-dimensional variablgg x, t ) andu (X, t)
represent respectively, the deviation/®f the wataface from its undisturbed position and
the horizontal velocity at water Ievi/(I_—Q h. In his work [4] he found the traveling-wave
solution of system (3) in the formi= x- k3, with the initial and boundary conditions ,

n0.t) =hy(t), n(L.t) =hy(1),

u(O,t) = v, (t), u(L,t) = v, (t),
n(x0)=f,(x),  u(x0) = f,(x).

wherek is the speed of the traveling-wave, also he foandexact solution with a single
trough. In this paper, i shall study the two-moaés bifurcation periodic traveling-wave
solution in the form¢& =r x- kt, where (v= kIr - is the speed of propagation wave). In this
case system (3) has the form,

kr? _
?/7 +ru-kn+rnu=c,
) .. (4

r r
—u" -ku+rp+=u? =g,
6 2

wherey (x,t) =7 (&) andu (X, t) =u(d).
In this work i shall assume that = c,=0.

Bifurcation periodic solutions

It is easy to check that system (4) can b#ewias a single equation,
k2
36(r ——)
////_1_2u//+1_2uu//+£(u/)2_ ru- 54 u? + W=0 .. (5)

u
r2 kr kr k?r® kr? k?r?

We note that it is not difficult to find bifurcatioperiodic traveling-wave solutions of equation
(5) for r=1, so i shall not consider this case in this wddkir purpose is to study the
bifurcation periodic traveling-wave solutions of uagjon (5) with period @ in the
neighborhood of point zero by using local methédiapunov-Schmidt to reduce into finite
dimensional spaces. For this purpose, it is comrerp set the equation (5) in the form of
operator equation, that is;
k2

36(r ——)

u +£(u’)2— -4 u2+kg?2u3, ....(6

1_2u// +1_2u I
2 kr k?r?3 kr?

f(uA)=u"-
"

where A =(r, k) and f: E — F is a nonlinear Fredholm operaté Banach space of all
continuous differentiable periodic functions of ipdr(2r), F- Banach space of all continuous
periodic functions of period 2. The study of bifurcation solutions of equatid®) (s
equivalent to the study of bifurcation solutionsopkrator equation,

f(u,A)=0. (7).
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In the method of Liapunov-Schmidt it is nesary to determine the kernel of linear
operator f, (0,1), because the basis of the null spice the kernel of the linear operator
f, (0,1) . We can find the kernel of linear operator bydineed equation (7).

Thus, to apply the method of Liapunov-Schmidtan find the linearized equation
(corresponding to the equation (7)),

Ah=0, hUOE,

d* 12 d? 36 36
— - +—, O[0,2 .
dé* r?2dé? K*r? rf ¢bl0.2m

Note that the operatéris Fredholm and then the poi(@, A) is bifurcation point. Periodic
solution of linearized equation is of the form,

h=p, sin(pé) + p, cos(pé)

which is corresponding to the characteristic equation
p*rfk* +12k’r?p® -36r° +36k* = 0.

A——(O )=

this equation gives in thk-plane characteristic linds The point of intersection of two lines
is a bifurcation point [8]. In particular, the intersentiof the lined; , I, is the point (0, 0 ).
Localization parameters,

lle ]l =1,i=1,...,4 , i have;= @y = by= b, =+/2 .

Suppose thalN = Ker A =San{e; , &, €3, &}, then the space can be decomposed in
the direct sum of two subspacskand the orthogonal complementNo

E=N+E“*, E**=NNE={vOE:vON}.
Similarly, the spac& decomposed in the direct sum of two subspadesid orthogonal tdl:
F=N+F“*, F**=NYNF={f0OF:f ON}.
In this case, every vectarJE can be written in the form,
4
U=w+v, szgﬁ e ON, NOVOE™™, ¢ =<w,e >.
i=1
Similarly,

fuA)=f@wuA)+f=9wu,nN),

4
F@uA) =3V uAieON, £, ) OF=™"

V,(u,A) =< f(u,1),e >.

wheref @ (u, /) s the projection of the spaEeonN andf =4 (u, 1) is the projection of the
spaceF onF *, and

< f(ud),e>
f@(u,A
(ud) = Zl) <q.a> O

FED ()= f(ud) - @Oul),
< x,y>:%j;éxi )y, (1) dt.

HereT = 2n. Equation (7) can be written in the form,
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f@w+v,A)=0,
f e (w+v,1)=0.

by implicit function theorem, there exist smoothmmé@: N — E“* (depend upon. ), such
that

£ (w+ d(W,A),1) =0,

and then i have bifurcation equation in the form,
O(£,1) =0,

where , O(&,A) =@ (w+Ddw,A),1).

equation (6) can be written in the form,

f(w+v,)|):Aw+Eww”+£(w’)2—5—43 ? + 182 W+
kr kr kr kr
then,
4 12 6 54 18
fOw+v, 1) =Y <Aw+—=ww' + —(wW)? - w2 + w,e>e +..
( ) Izzl: kr kr( ) kr? k2r? b

where ( < ,- >- scalar product in Hilbert space 4 0, 2], R)) .

After some calculations of  (w+v, 1), we have bifurcation equation in the form:

E(E+E)+26(8 +E) + (66— 66) + 0.8,
& +E)26(E+E) -G E+EE) T A ||
2&,(& + &)+ &(&G +ED rad &+ ayd,
28,(&X+E)+E(E+EN +BE - &) +ayd,

0(£,0) = ..=0  ..(8)

where,
Ae =a (e, §=(6.6.6.8,), 0=(0.0.0,,0,.).
a, (A) — smooth spectral function.
In the complex variables,
2, =& +ié,, z,=&+ié,.

bifurcation equation can be written in the following form,
2 2 ~ 2
ZlZZ|Zl| +22122|22| +q121|22| +0,22,+...= 0,
20512 20512 , A (o4 4 5 o4 4 2 _ --(9)
22,7]|z| +2,Z}|z,| +4,(z' -|z| ) + B2 +|z]) +a,Z'z, +...= 0.

where, z;, z # 0 andq,, a,, 5, are complex numbers.

To solve system (9) it is convenient to consttiex system in polar coordinatg= r1
cosf, &=r19Nn0, &G=1r200sp, &=r28ng and then i have the following system,
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I +21) =0y, + 0, +...= 0, (10)
2 3 2 —_
2rr,+r,+ B +a,r, +...=0.

in which we can determine asymptotic representatibhifurcation periodic solutions.
Discriminant set of system (10) locally equivalémthe point zero to the discriminant
set of the system,
2 2
r“+2r, —q,r, +q, =0,
1 , 2 , ql 2 2q2 (11)
2rr,+r,+ g +a,r, =0.

we note that, it is easy to solve discriminant eétsystem (11) wherf;=0 but
unfortunately, in this work the value d¥; does not need to be equal to zero, also we
need to solve this system with the condition ( r> > 0), so in another paper i shall
discuss the discriminant set of system (11) f@rrg, qu, 02, S, a2 ) URC.
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