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Abstract
We Will relate the Behavior of derivatives of the near best approximation to the
Ditzian - Totik modulus of smoothness of the functions in L ,0<p <1.
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1-Introduction and the Auxiliary Results
In the unconstrained approximation field we have a question: |Is there any relation

between the nearly best polynomial n th degree approximation to functionsin the L, [— 1,1]

for p <1 to the Ditzian Totik modulus of smoothness? The prime interest of this paper is to
provide answer to the above question. Let 1, denote the set of al algebraic polynomias of
degree <n. L, (I ), | = [— ll] consisting of the collection of all equivalence classes under
equality a.e. for which

iy = frod] <

Since we need the Lp quas norm on other intervals we will in all cases of an interval

J # |_— ZLZI_J, indicate that by writing HfHL ()"
p

If (p(X) =+/1-x? themth order Ditzian Totik Modulus wg‘ (f,5) is given by (see
[5],0r [1] for example)

Lp(|)’5>0

W (f.0,1), = supéj rﬁq,,(x)(f,xx

O<h<
where
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AN, x,1):= AP (F,x) =4 5l
0, oW,
is the symmetric mth difference.

For f O Ly (I ) the rate of unconstrained approximation is defined by
En(f)p = p:glf_lnuf - anp.

If f isafunctionin L (1), 0 < p <1 then apolynomial p,, of degree N is a near
best Lp approximation (with constant M) to f from among al polynomials of degree < K if
- pul, < MEL (1),

if M =1 then p,, isabest approximant.
We shall make use of the following lemmas that were proved in [2], [4], [1]

respectively
Lemma 1.1 For f [ L, (I ),O < p <1 and k a positive integer, there exists an algebraic

polynomial p,, of degree < N such that

It = b, < c(pkaf .02,

Lemmal.2 Forafunction f L, (1) 0<p<ow,andrON wehave

o, (f,6,[a,b]), =K, ,(f,67),,6 >0
o

where K, , isthe Ditzan-Totik K —functional [4], defined by
K (f, r) = inf {f - + 0" p)
r.g o p o 0N H anLp(J) o (”rpn
1
Lemma 1.3. Suppose for m O N, that H(pmpgm)H < Cnmc(—j , Where P, isthe best
p n

n=l =
o

where [K] is the least integer greater than k.

nth degree polynomial approximation to f in L,, p <1, and U(U) > 0asu - 0+.

Then
1/n (

En(f), <clp) [ a—)du,

and
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bl

Ealty < o(pk{ 2

In particular if

the above implies

. A (f,n'l)p < c(p)o(%j

| ),
We mean by f(X) = O(g (X)) as X - A, Aisconstant , that m < k withk constant as
X - A.

Throughout this paper cs denote constants not depending on n and f (X) the value of
cs may vary at different places, even on the same line. In order to emphasize ¢ depends only
on parameters v and w the notation C(V,W) is used.

1. The Main Results
Our main resultsin this article are
Theorem 2.1. For any O0<p<l and any polynomial p, Ul satisfying

If = pn”p < MEn(f)p with fixed M ,and integerr >0 we have

H(d pr| < c(p )w}a(f,n_l)p. (2.2)
Proof. First we prove the estimate
‘¢r+1pgr +1)‘ < Cn”lwé, (f,n_l)p. 2.3)

For / givenby / = maX{k 2K < n} we expand P, (X) by
Pn ()= Po (X) = Pr (x) = P (%) + (P, (X) = Py (%)) + -+ (po(x) = Po (X))

We  recall that  for m<n,|p, - pm||p < 2ME,, f) and use

-] *p06) <o’

‘ ‘ <C r+122kr+lpE )

The inequalitiesin Lemma 1.1 and 1.2 lead to
£, () <c(p)a,ff 27 )

<c(p)K;, (f,2"‘r )E

pn(xﬂ ,p <1 with r +1 instead of r to obtain:

p

r+1 (r +l)

@ Pn
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< C(p)zpr +p(r=k)r k‘r B (f ’2—(£+1)r )E
< c(p)2Pl-k)r a);(f,Z'f)E .

Combining the above we write

H¢r+1 r+1

( )Z[:ZK r+1 p+( k)rpw (f 2—/)
k=0

(r+1)p ( 1)p
<c(phn" Py lf,n 7).
For (p(X) =+/1-x? it follows from awell-known result on difference that

0™ - x?J2 P (E (x)) = By pa (¥)

p

for some §(X) satisfying X — rqg(x) sf(x) <X+ rqg(x). To estimate Arq,(x)pn (X) in
n n —
n
2
L, ® ., ) where D, { 1+2nL2 1—%} which guarantees
2 2
X i@D —1+r—,1—r— for x D,, wewrite:
p p p

KyPn <] (p, —f) + 0, f

" L, (D,) " L(@,) 10, (o)

P p

To obtain (2.2) we write (note that pr({ )(f (X )) is ameasurable function of X)

p p
- p -

InerpY)l o S ‘o ) -, p, +0,p,
pn ol ,) o

r P P
=T () — a=Tn2n(r) r

=N @ Pn”—N @°Py + AQpn
L(D,) ™ e
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r P P
e Fz(ps:) ol (x)q -t
L,(D,) n o lp
L‘f(x) P
< (1—x2)2 Ipr({ﬂ)(u)du +C(p)‘*é(f’”_l)p
X Ly (Dn)
=E "‘C(p)“%;(f’n_l)g'
We have for L, (Dn)i
0 ;
E, < (1—x2ﬁ | pr(fﬂ)(u)‘du =lp,

2n L, (Dy)
for O < p <1 we can deduce from (2.3), recalling that the maximal function M(F) satisfies

. To0x) P

p{ ) (u)du

p(x) T fn

rQD(X) _ro(x)
2n Ly (D)

E] )H (¢r+1pnr+1)’ lf
<c(p)
< c(pkpfr.n 1)2-

Hence using the following inequality from [2] we can obtain (2.2).
r
P for P, UIM,.
(0 n I—p (Dn ) n n

This completes the proof of theorem 2.1 n

» (D)

r+1 r+l

P)® "Pn

e, [

We can gtate the following consequence to Theorem 2.1 and Lemma 1.3

Corollary 2.4. Forany p<l andO <a <r ,we have

"plr) )< c(p)n" @ and a{,(f,n_l)p <c(p)n™

are equivalent.
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