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Abstract

In this paper, we apply Adomian decomposition method (ADM3$dlve the generalized nonlinear
Fisher’'s equation with give it is convergence proof. The te&sfl numerical test for three types of this
equation are show the efficiency and simplicity applicatiotie method.
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1-Introduction

Mathematical modeling on many phenomena analytical approximation that converges rapidly. In
in applied sciences such as physics, chemistry[12, 13] introduced formula to generate Adomian
biology and engineering leads to nonlinear partial polynomials for all forms of nonlinear operators,
differential equations for example, in mathematical some feasible methods for the calculation Adomian

biology Fisher’s equation [11, 2] is defined by polynomials in simple way has been studied [5, 1]
without any need for the formulas which introduced
Ut =Uyy +Ul—U + ), (1a by [12, 13]. We believe that a simple and reliable
t XX ( Nput ). @) method can be established to calculate Adomian
with the initial condition polynomials less dependable on so many formulas
as before.
u(x,O) = f (X) (1b) The main goal of this paper is provide a

promising method that can be used to calculate

Adomian polynomials for nonlinear operators in
where0 and ,8 are arbitrary constants. easy way. This paper organized as follows: In

Section 2, we will introduce the analysis of ADM.

Several methods have been proposed to solve (1l Section 3, we will prove the convergence of this

approximately or analytically [2, 8, 3, 9, 10]. method applied to Fisher's equation. In Section 4,
Recenﬂy’ the Adomian decomposition method hasthe effectiveness of ADM is shown through three
been applied to the study of linear and nonlinearcases fopand ,8 as examples. Conclusions
problems. For many problems, the decompositionfollow in section 5.
method has shown reliable results in providing
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In the ADM, the solutionu(X,t) is given by the

2-Adomian decomposition Method
series form [13]

Let us rewrite (1a) in operator form

L(u)=u,, +F(u 2 <
Wit tFU @ W)= Yu . @
where =— and n=0
ot and the nonlinear terfa (U) is decomposed as
F(u)=u(l-u)(pu+p) is the nonlinear @
term. Fu) =Y A"A, (5)
k=0
Applying the inverse operator Where,
t 00
- k
L 1(m= j([jblt on both sides of (2), we obtain ~ U(A) = AU, (6)
k=0
0

u(x,t)= F(x)+ L u )+ L7H(F ) 0

and Ac's the Adomian polynomials. For calculation the Adomian polynomials, we use

equation (5) to computé\( as follows:
> A =F(E AU
k=0 k=0
= B(X A u) + (= BT AU)? - p( X AU )°
k=0 k=0 k=0

— 2
=Uy @ —ug)(pug + B) + A(Buy +2(p = Bugu, —3puguy)
2 2 2 2
+A7(Bu, + (0= B)(uy +2uqu,) —3p(Ugu;” +Uugu,))
3 2
+ A" (Bug + 2(p — B)(ugug +uyu,) —3p(2uyuqu, +Ugus))
4 2 2
+ A (Buy +(p—B)(2uguy, +2u.ug +us5) —3p(ugu, +
2 2
2UpU Ug +UgUs +UpU,)) + o (7
A¢'s are obtained by equating the coefficients of the first four expressions for the Adomian
the terms with identical power of . For example, ~ PolynomialsAy of the nonlinear ternf(U) are

Ay =U, @- uo)(puo +[3),
A =Buy +2(p ~ B)uguy ~3puguy,
A, =Bu, + (P =~ B)(U; +2ugU,) = 3p(ugly” +Uguy),
A; =Bus +2(p - B)(ugug +uyu,) = 3p(uyu,u, + u§u3), (8)
A, =Bu, +(p-B)(2uyu, +2uu5 + ug) - 3p(u§u4 +2U,U, U4

+ Uoug + u12u2),
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The unknown function un(x,t) . n=0is one can' . be obtained by the following
decomposed into a sum of components (4), eacrgecomposmon formula:

U (X, 1) = £(X),

t
Un+1(X,t) =.[[An(u0’u1 "'"un) + (un)xx]dt- n=0 } ©
0

3-Convergence analysis

To demonstrate the accuracy of the ADM to the same manner [6, 7, 4]. Let us consider the
(1), we will discuss the convergence analysis inHilbert space H defined as follows:

H =L%((a,b)x[0,T]):
u:(a,b) x[0,T] - R withj(a b)x[OT]UZ(X, s)dsdr < +oco,

the scalar product H, : ForanyM >0, [ a constar©(M) >0,
UK = [ b0y YOSV, S)ASAT, such that foru,v O H with |u] < M [V <M,
(10) We have

and the associated norm (L(u) = L(v),w) < C(M )” u —V””V\:” for every

ul, =.[(a,b)x[O,T]uz(X’S)deT' (11) WOH

The ADM applied to (1) is convergent if the o N
following two hypotheses are satisfied [4] Theorem: [4] (Sufficient condition of

2 convergence). The ADM applied to the Fisher’s
Hy:(L(W) -L(v),u-v) 2kju-v|*,k>0,0u,vOH, equation (1) converges towards an exact solution.
Proof: To prove this theorem, firstly, we will

verify the convergence hypotheslsl1 for the
operator(U) . From (2) we have

L) - L) = [Zx—“ OV (o B V) - 6 ) + B )
—[u M]+(p B)(u- v)_zlu2 V- p(u-v)
.Zlus_i"i T Bu-v). 12)
Therefore
(L(U) = L(v),u=-Vv) = <—2(u ~v),u=v) = (o~ B)~(u- v)_zlu2 VT u-y)
+ p(=(u —v)_Zuz“vi Tu-v-B-u-vu-v. @)

i=1
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By definition of scalar product and the properties 2 )
52 (—2(u—v),u—v>251Hu—vH .(14)
of the differential operatm;2 inH , then there oX
0X By Schwartz inequality and the definition of
exist 51 > 0 such that scalar product, we have
2 2-iji-1 2 2-ii-1
(U=V) T u VvV u-ws|u-v) Su“v | u-y
i=1 i=
2
<2M|u -
where| ul| < M, | v| < M. Therefore:
2 o
(%u—wzmzﬂfﬁu—W2—2MW—WF. (15)
i=1
Similarly,
3 o
c%u—WEJFﬂV_{u—Wz—BMﬂp—%f. (16)
i=1

Substituting (14)-(16) into (13) gives

(L(U) - L(v),u=v)2[J, +2(0 - /M =30M 2 = BJlu -V

=K]u —VHZ, (K >0) (17)
where ,
K= +2(p~BM ~3pM* - B >0, (18)
which implies that
8,>B~2(p~fM +3pM . (19)

Thus, the hypothesikl; holds.

Secondly, we verify convergence hypotheE:I% for the operatoL(u). Using the Schwartz inequality,
we have

2 2 L.
(L) - L(v),w) = <:7(u W)+ (0 - B)(U -V S uEV )
i=1
- p((u —v)iuz‘ivi L w) + B -v),w) (20)

i=1
<8, u = vijw| +2(p = B)M Ju ~ vijw] ~ 3M ZJu ~ vijw
+ Blu—viw
=[3, + 2o~ AM =3pM* + Bllu V|||
C(M)|u —vw, (21)

where
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2
C(M)=90, +2(p- )M -3oM ~ + 3, (22)
The hypothesid , is satisfied.

4-Examples
In this section, three cases gband £ in By using (8), we have

(1) order to demonstrate the effectiveness of At) =U. — u2
ADM. For the parameter values as in the 0 0
following cases: A =up —2u5uy
. A, =-UZ +U, - 2U,U (23)
Case 1 Let p=0andB =1, then (1) write as 12 02
follows [3] A3 = —2u1u2 +Ug — 2u0u3
U, =Uu, +u(-u) :

with initial COI’]dItIOI’:]L The A,’s have been known, so tHel } terms

u(x,0) = , can be determine by using the recursive relations

(1+ eXp(\/XE))Z (9). Simple calculations lead to
the exact solution is given by
UGt =L+ exp%’*ﬂ)]
U = 1
(L+exp(/V6))?
5exp(x//6)t
31+ expi/6))°
_ 25exp(x/~/6)(-1+ 2exp(x/ \/5))t2 . (24)
& 36(L+ exp(x/~/6))*
_ 125exp(x/ JB)1+ dexph/2x/~/3) — Texpx/ \/5))t3
3 6481+ exp(x/ \/6))5
Pu.tting these individual terms in (4), we have
WD) = 1 . 5exp/Ve)t  25expk/)(-1+ 2expk//B)t> N
AL+expk/ \/6))2 3 +expk/ \/6))3 360 +expk/ x/é))4
125exp(x//6)(1+ 4expc/2x/~/3) - 7Texp(x/ \/5))t3 25)
648(1+ exp(x/ \/6))5
27
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Table 1: Comparison of the exact and Adomian decomposiim solutions.

t X Exact solution ADM solution eq. (25) Absolute eor
0.25 2.6641e-001 2.6641e-001 1.8061e-007
0.5 2.4072e-001 2.4072e-001 5.7288e-008
02 ™75 2.1639€-001 2.1639e-001 6.2282-008
1 1.9351e-001 1.9351e-001 1.6995e-007
0.25 3.1087e-001 3.1087e-001 6.8122e-006
0 0.5 2.8330e-001 2.8330e-001 2.9059e-006
4 0.75 2.5683e-001 2.5683e-001 9.5842e-007
1 2.3163e-001 2.3163e-001 4.5120e-006
0.25 3.5783e-001 3.5777e-001 5.9153e-005
06 0.5 3.2883e-001 3.2880e-001 3.0064e-005
' 0.75 3.0064e-001 3.0063e-001 7.0561e-007
1 2.7345e-001 2.7347e-001 2.6851e-005

Case 2 Let p=0andB =6, then (1) write as Substituting the relations (26) into recurrent
relations (9) yields

follows [9]
U, =U, +6u(—-u) 1
with initial condition U=
7 1+ exp(Y)
u(x,0) = e ox (x))z’ 4 = 10expX)t
the exact solution E given by @+ eXp(X))3 5 27)
u(x,t) = [L+exp(x - 5t)] 2. u, = 25exp)(-1+ 2e§p(x))t
By using (8), we obtain @ +expX)) ;
X . U = 125expX)(L+ 4exp@x) — 7expX))t

Ay =6uy —6ug ° 31+ expx))°

A =6u; —12uyu,
Ay = _6u12 +6u, —12u4u, o (29) The {U} terms are known, so the solution is
Az =—12uu; +6uz —12u5U, given by

1, 10expQt  25expf)(-1+ 2expi))t> N
(+expg)”  (L+expg)’ (L+exp)’*
125exp(X)(1+ 4exp@x) — 7exp(x))t3 .
31+ exp(x)) S

u(xt) =

(28)
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Table 2: Comparison of the exact and Adomian decompositicsolutions.

t X Exact solution ADM solution eq. (28) Absolute eor
0.25 4.6128e-001 4.6128e-001 1.3136e-010
0.2 0.5 3.8746e-001 3.8746e-001 3.5974e-010
0.75 3.1604e-001 3.1604e-001 1.0525e-011
1 2.5000e-001 2.5000e-001 1.7022e-010
0.25 7.2582e-001 7.2605e-001 3.1764e-004
0.4 0.5 6.6843e-001 6.6812e-001 2.2809e-004
0.75 6.0420e-001 6.0411e-001 3.1138e-004
1 5.3445e-001 5.3461e-001 8.8348e-005
0.25 8.8344e-001 1.7237e+000 8.4025e-001
0.6 0.5 8.5404e-001 8.7829e-002 7.6621e-001
' 0.75 8.1839e-001 4.0131e-001 4.1709e-001
1 7.7580e-001 1.1895e+000 4.1372e-001

Case 3 Let p =1landf3 =—(Q, then (1) write as
follows [10]

The exact solution is given by

1

u(x,t) =

u, =u,, +u-u)(u-aq) O<q<%.

with initial condition

_ 1
H(x0) = 1+ expx/~2)

Ay =—qug + (L+ q)ué - us,

A =-qu; + 21+ q)ugu, — 3u§u1,
A, =-qu, + 1+ q)(ul2 +2U5U,) = 3(Uguy
Ay =—qug + 21+ q)(ugug + Ugu,) = 3(Uguyu, + u§u3),

2 2

Substituting relations (29) into recursive relations (9) yields

29
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1

Uas =
0 1+ expx/+/2)
_ (29 -DexpEx/ Ja)t
2(L+ exp(=x/+/2)) 2
,. = (@a- 1) (L - expx/+/2)) expEx/~/2)t? (30)
5 =
8(L+ exp(-x/~/2))°
U = (2q - 1)3 (L- 4exp(-x/~/2) + exp(=~/2x)) exp(-x/ \/E)t3
3=
481+ exp(-x/+/2))"
Substituting relations (30) into recursive relations (4) yields
(2 -1) exp(x//2)t
u(x,t) = + >t
1+exp(-x/v2) 20+ exp(-x/~/2))
(2q - 1)2 (L- exp(x/~/2)) expEx/ \/E)t2 N
8(1+exp(-x//2))>
(29 -1)° (L - 4expEx//2) + exp(/2x)) expEx//2)t> N o
48(L+ exp(x/+/2)) 4
Table 3: Comparison of the exact and Adomian decompositiogolutions at g=0.2.
t X Exact solution ADM solution eq. (31) Absolute eor
0.25 3.1281e-001 3.1281e-001 8.5165e-013
02| 05 3.8403e-001 3.8403e-001 9.6778e-013
0.75 4.5782e-001 4.5782e-001 7.8743e-013
1 5.3107e-001 5.3107e-001 4.3054e-013
0.25 3.0958e-001 3.0958e-001 2.7183e-011
o4 |05 3.8061e-001 3.8061e-001 3.0977e-011
' 0.75 4.5435e-001 4.5435e-001 2.5271e-011
1 5.2770e-001 5.2770e-001 1.3873e-011
0.25 3.0637e-001 3.0637e-001 2.0589e-010
o6 |05 3.7720e-001 3.7720e-001 2.3530e-010
' 0.75 4.5088e-001 4.5088e-001 1.9246e-010
1 5.2431e-001 5.2431e-001 1.0609e-010

30

Table 4: Comparison of the exact and Adomian decompositiogolutions at g=0.4.
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t X Exact solution ADM solution eq. (31) Absolute eor

0.25 3.0958e-001 3.0958e-001 1.4470e-011

0.2 0.5 3.8061e-001 3.8061e-001 2.7183e-011
0.75 4.5435e-001 4.5435e-001 3.0977e-011

1 5.2770e-001 5.2770e-001 2.5271e-011

0.25 3.0317e-001 3.0317e-001 8.6535e-010

0.4 0.5 3.7379e-001 3.7379e-001 9.9179e-010
0.75 4.4740e-001 4.4740e-001 8.1331e-010

1 5.2092e-001 5.2092e-001 4.5015e-010

0.25 2.9681e-001 2.9681e-001 6.5360e-009

0.6 0.5 3.6700e-001 3.6700e-001 7.5344e-009
0.75 4.4046e-001 4.4046e-001 6.2107e-009

1 5.1411e-001 5.1411e-001 3.4655e-009

5-Coclusions

The Adomian decomposition method is Fisher's equation are shown that, the absolute
powerful method for solving many kinds of errors are very small. This is confirming the
nonlinear Fisher's problems. However, the convergence of ADM. Moreover, it is simplicity,
important part of this method is calculating efficiency and very easy to implement.

Adomian polynomials for nonlinear operator.
In this paper, we apply ADM, as seen in Tables 1-
4, of the three cases of the generalized nonlinear
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