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ABSTRACT.  
        In this paper, we introduce and study some direct results in simultaneous approximation for a 
generalization of Summation –Integral Szasz type operator ));(( xtfM n . First, we establish the basic 

pointwise convergence theorem and then proceed to discuss the Voronovaskaja-type asymptotic formula. 
Finally, we obtain an error estimate in terms of modulus of continuity of the function being approximated. 
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1. INTRODUCTION         
       Let Nm ∈ (the set of positive integer), for 
sufficiently small values of ,0>η  the m -th order 

modulus of continuity );,( Ifm ηω  for a continuous 

function f  on the interval I  is defined as: 
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where )(xfm
h∆  is the m -th order forward 

difference with step length h  and is given by: 
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 For );,(,1 Ifm m ηω=  is written simply as 

);( If ηω  or );,( If ηω .  

Voronovaskaja in [8] found the following relation 
for Bernstein operators 
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This relation showed that the degree of 
approximation Bernstein operators is )1(O . Many 
researchers were found similar relations for another 

sequences of linear positive operators these relations 
are called Voronovaskaja-type asymptotic formula.

 Many papers introduced new sequences of linear 

positive operators and discussed the

  

Voronovaskaja-type asymptotic formula for these 
sequences. In this direction we refer to [1,5,7].

 

 

independently Mazher and Totic [6] and Kasana 

et.al [3] proposed the following summation –Integral  

Szasz operators to approximate unbounded functions 

on [0,∞)  as: 
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 In this paper, we introduce a generalization for the 
operator ));(( xtfLn denoted by ));(( xtfM n  

as follows: 
For  ,we define  

(1.1)  dttftqxqnxtfM kn
k

knn )()()());((
0

,
0
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∞
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Note that ));(( xtfM n = ));(( xtfLn  whenever .

         

 We may also write the operator (1.1) as 
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The space [ )∞,0αC  is normed by 
t

t
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0
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Throughout this paper, we assume that C  denotes a 
positive constant not necessarily the same at all 
occurrence and ][β  denotes the integer part of β . 

 
2. PRELIMINARY RESULTS 
       
For ),0[ ∞∈ Cf  the classic sza~Sz operators is 

defined as [2] 
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),0[ ∞∈x and for 0Nm ∈ (the set of nonnegative 

integers), the th−m  order moment of the 
sza~Sz operators is defined as 
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LEMMA 2.1. [2] For 0Nm ∈ , the function 
)(, xmnµ  defined above, has the following 

properties: 
(i)  0)(,1)( 1,0, == xx nn µµ  , and the 

recurrence relation is 

( ))()()( 1,,1, xmxxxn mnmnmn −+ +′= µµµ , 1≥m ; 

(ii) )(, xmnµ  is a polynomial in x  of degree at 

most ]2/[m ; 
(iii) For 
every ),0[ ∞∈x , ( )[ ]( )2/1

, )( +−= m
mn nOxµ  . 

  From above lemma, we get  
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For , the m-th order moment  for 

the modified sza~Sz  operators is defined as: 

 
LEMMA 2.2.[3] For the function ,we have 

,1)(0, =xBn n
xBn

1
)(1, =   

and there holds the recurrence relation: 
( ) ( )xmxBxBmxBxxnB mnmnmnmn 1,,,1, 2)(1)()( −+ +++′=  

Further, we have the following consequences of 
)(, xB mn : 

(i)  )(, xB mn is a polynomial in x  of degree exactly 

m ; 

(ii) For every ( )[ ]( )2/1
, )(,),0[ +−=∞∈ m
mn nOxBx . 

   

For 0Nm ∈ ,  the th−m  order moment )(, xT mn  

for the operators (1.1) is defined as: 
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LEMMA   2.3. For the function )(, xT mn , we have 

,1)(0, =xTn n
xTn

1
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+= ν
, 
    

 and there holds the 

recurrence relation: 
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(2.2) ( ) ( )xmxTxTmxTxxnT mnmnmnmn 1,,,1, 2)(1)()( −+ ++++′= ν . 

 
Further, we have the following consequences of 

)(, xT mn : 

(i) )(, xT mn  is a polynomial in x  of degree 

exactly m ; 
(ii) For every 

( )[ ]( )2/1
, )(,),0[ +−=∞∈ m
mn nOxTx . 

Proof: By direct computations, we have 
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Integrating by parts, we get 
)(2)()1()()( 1,,1,, xTmxxTmxTnxTx mnmnmnmn −+ −++−=′ ν  

 
from which (2.2) is immediate. 
From the values of )(0, xTn  and )(1, xTn , it is clear 

that the consequences (i) and (ii) holds for 0=m  
and 1=m . By using (2.2) and the induction on m  
the proof of  consequences (i) and (ii) follows, hence 
the details are omitted.    ■

           
 

From the above lemma, we have 
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LEMMA 2.4. [4] Let δ and γ  be any two positive 

real numbers and ),0(],[ ∞⊂ba . Then, for any 

0>s , we have 

)(),(
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s

baCxt

t
n nOdtextW −
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=∫
δ

γ . 

Making use of Taylor's expansion, Schwarz 
inequality for integration and then for summation 
and (2.3), the lemma easily follows, hence the 
details are omitted. 
 
LEMMA 2.5. [3] There exist polynomials 

)(,, xQ rji  independent of n  and k  such that  
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3. MAIN RES
   Firstly, we show that the derivative 

));(()( xtfM r
n  is an approximation process for 

...,2,1,0,)()( =rxf r . 

Theorem  3.1. If ),0[, ∞∈∈ αCfNr  for some 

0>α  and )(rf  exists at a point ),0( ∞∈x , then  

(3.1) ( ) )();(lim )()( xfxtfM rr
n

n
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Further, if )(rf  exists and is continuous on 

0,),0(),( >∞⊂+− ηηη ba , then (3.1) holds 

uniformly in ],[ ba . 

Proof: By Taylor's expansion of f , we have  
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and then for summation, (2.1) and (2.3) we are led to 
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and  2I , we obtain (3.1). 
To prove the uniformity assertion, it is sufficient to 
remark that )(εδ  in the above proof can be chosen 

to be independent of ],[ bax ∈ , and also that the 

other estimates hold uniformly in ],[ ba .  
                                      
Next theorem is a Voronovaskaja-type asymptotic 
formula for the operators 
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Hence in order to prove (3.3) it sufficient to show 
that 02 →nI  as ∞→n , which follows on 

proceeding along the lines of proof of  02 →I as 
∞→n  in Theorem 3.1. 

The uniformity assertion follows as in the proof of  
Theorem 3.1.                              ■ 
 

Finally, we present a theorem which gives  an 
estimate of the degree of approximation by 
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Now, for ...,2,1,0=s , using Schwarz inequality for integration and then for summation, (2.1) and (2.3)  
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(since 
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xQ

r

rji

bax
ji

rji
=

∈
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Choosing 2/1−= nδ  and applying  (3.5), we obtain  

( )[ ])()()(
!

2/)1(2/12/)(

2/1

],[2

)(
mqrqrf

baC
nOnOnnO

q

n
I

q −−−−
−

++≤
ω

, (for any 0>m ) 

PDF Created with deskPDF PDF Writer - Trial :: http://www.docudesk.com



Journal of  Basrah Researches ((Sciences)) Vol. 35, No.2, 15 April   ((2009)) 
 

 48

( )2/12/)(
2 )(

−−−≤ nnC qf
qr ω . 

Since ),(\),0[ ηη +−∞∈ bat , we can choose  

 

[[ 

dtxthtqxq
x

xQ
nxknI

xt

knknr

rjij

k
ji

rji

i ),()()(
)(

,,

,,

0
0,

2
3 ∫∑ ∑

≥−
+

∞

=
≥
≤+

−≤
δ

ν . 

For δ≥− xt , we can find a constant C  such that 
tCexth α≤),( . Hence, using Schwarz inequality 

for integration and then for summation ,(2.1), (2.3), 

it easily follows that )(3
snOI −=  for any  0>s , 

uniformly on ],[ ba .  

Combining the estimates of 321, III , the required 

result is immediate.            ■ 
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   تكامل-من النمط مجموع  Szasz حول تعميم مؤثر

  

  المستخلص

 تكامـل   –مـن الـنمط مجمـوع        Szasz لتعمـيم مـؤثر      المتعدد  المباشرة في التقريب    في بحثنا هذا نقدم وندرس بعض النتائج            

));(( xtfM n . ومن ثم نناقش صيغة فورونوفـسكي  نثبت  مبرهنة التقارب النقطي الأساسية  , ً بداية   Voronovaskaja-type 

asymptotic formula) ( . معيار الاستمرارية للدالة المستخدمة في التقريب بدلالة   نجد درجة التقريب وأخيرا.  
  

0>δ  in such a way that δ≥− xt  for all ],[ bax ∈ . 

Thus, by Lemmas 2.3 and 2.4 , we obtain 
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