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Abstract

In this project , we defined and proofed some properties of the vec and vech operators for
matrices by using the standard bases of n-Eclidean space . we connected this standard bases with
each of the Kronecker product operation of matrices and the permutation matrix.

1- Introduction

1-1 Kronecker product of matrices[2]
Let A=(a;)be matrix of degree mxn, B Matrix of degree pxqwe define Kronecker product of

two matrices A, Bis of degree mpxnq
A®B =[a;B]

1-2 Vector of matrix (vec)[1]
Let A= (a;)be matrix of degree mxnwe define vec(A) is vector of degree mnx1 write it
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vec(A) =

ml

a‘ln

2n

L~ mMN _Imnx1

1-3 Vector half of matrix (vech)[1]
Let A=(a;)be symmetric matrix of degree nxnwe define vech(A) is vertical vector contains

elements equal n(n+1)/2 and write :-
For upper part of matrix with diagonal

vech(A) =

L= nn _fnnx1
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For below part of matrix with diagonal

o]

nl

a22

a
vech(A) =| %

an2

a

L NN _Innx1

1- 4 Some the principle basis of n Euclidian space
We can use the basis of n Euclidian space to write matrices and some other operation up on them .
To prove mane of features which we are going to mention them and refer to later as proceed ;

T
e’ =[0---010---0]

Since e’ is vector of degree sx1 and that all it’s elements are zero except the one in position i as

it's one .

2- Properties of vec and vech operator for matrices [3]

Before talking about some properties of vec operator and its proof , its important to know how to
write vec operator by using the standard bases of n-Euclidean space with each matrix ,
multiplication of two matrices and Kronecker product operation of two matrices

Let A=(a;)be a matrix of degree mxn ,and B =(b;) be matrix of degree nxq

A=D>a; (e ®e)

i-1 j=1

vec(A) = vec(izn:aij (e ®e]) = Zn:iaij (ef ®e)
i1 j =1 i1
m q n

AB=>> (D a.by)e ®e

i=L j=1 k=1

vec(AB) = vec ZmZZ(Zn:aikbkj,)eim ®e?,}
k=1

q
=l j’=1 k=

n

g m
= ZZ( aikbkj’)e? ®e/

j’=li=l k=1
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m p n g

A®B=>>>>ab,(e" ®e)(e] ®ef)

i=1 i'=l j=1 j'=1

m p n

q
vec(A®B) =vec[> > > > a;b, (e ®ef)(e] ®ef)]
i=1 i'=1 j=1 j=1

m p

-3 Zq:ZZaijbi,j,(e;‘ ®el)® (e ®ef).

j=1 j'=1i=1 i'=1
Also , its possible to express vech operator by using some standard bases of n-Euclidean space and
for each of the cases the upper triangle or the lower triangle of the matrix and as proceed :
a-the upper triangle of the matrix

m m
VeCh(A) = Zzaij (e:if(n}ﬁ))/ﬁz)
j=1 i=l
b-the lower triangle of the matrix

vech(A)= >3 2y o2} 1 1)
Vec Permujtat;on matrices[3]
The vectors vec(A),vec(A’) have the same elements for each , but with different sequence . If
| .0y IS PErMUtation matrix

vec(A) =1, vec(A').

Since A be a matrix of degree mxn; |

(m,n)

is called the matrix of permutation . its clear that the

(mn)
symbol I, ., is a rearrangement of the matrix I which is possible to obtain it by taking each row

of order n beging from the first element, and each row of order n begins from the second
element,and so on..
For example

| o1
@310 0

Also the row 6,4,2,5,3,1 sequenti_ally for idéntity mat_rix Iy .
When B=B',nxn,B=> b;A; ,where

i<j

0
0
1

o O O

1
0
0

o O O

10 010 0 0O

Auz(o OJ,AM=100,A22=010,A13=
00O 0 0O

0 0

And so on ,all nxn with each 0 denoting a dimensionally appropriate matrix of zero , then

o
o

[2] 2.1-vec(b) = Zbijvec(Aij) =L vech(B) ,
where h

L, = [vec(A,),vec(A,), Vec(A,,),...,vec(A )]
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Proof: we will prove this feature when n=3 to avoid complicated symbols . The proof in the
general case doesn’t differ in case when n=#3

100 010 001 000 000
A,=|0 0 0|, A,=/1 0 0|, A,=|0 0 0|, A,=|0 1 0|, A,=0 0 1],
000 000 100 000 010
000
A,=|0 0 0
001
vec(B) = by vec(A,,) +bj,vec(A,) +byvec(A;) + by, vec(A,,) + by vec(A,;) +bypvec(Ay,)
1] o] [o] [o] [o] [o] [by,]
0 1 0 0 0 0| |b,
0 0 1 0 0 0| |b,
0 1 0 0 0 0| |b,
=D, 0|+D0,[0[+b;0[+b,,[1|+b,y, 0]|+b,0[=]|h,,
0 0 0 0 1 0| |b,
0 0 1 0 0 0| |b,
0 0 0 0 1 0| |b,
o] |o] (o] [o] o] 1] [by
1 0 0 0 0 O] by, |
01000 0|, - |b,
bll
000100} b,
010000 b” b,
L,vech(B)=/0 0 1 0 0 O b” =|b,,
000010 b“ b,s
000100 b23 b,
0000 1 0% |by
0 000 0 1] by, |
vec(B) = > b, vec(A;) = L,vech(B)

i<j
[2] 2.2- (L, L,) "L vec(B) = vech(B)
By using the standard bases of n- Euclidean space

B n n n n n n n n n n n n -
(LL)'L| 2 X b (e ®e)or X % by (e ®e;")+(6) ®€j) =X D byeliin 1)
J=li=1 J=1li=1 =L i=

i<j
[2] 2.3- I—n’(LnLn')7l Ln :%(Inz + I(n,n))
Proof: we will prove this feature when n=3 to avoid complicated symbols . The proof in the
general case doesn’t differ in case when n =3
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Then

(|9+|(3,3))

=1
2

Ly (L La')_l L
sinceK, =L, (L,L,)™"

[2] 2.4 - K L, vec(B)

vec(B)

3 to avoid complicated symbols . the proof in the

n=3

Proof: we will prove this feature when n
general case doesn’t differ in case when
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1 0000000 Ofb,] [h,]
02010000 0|b,| |b,
001000110 Ofby| |by
02010000 O|b,| |b,
K,Lvec(B)=/0 0 0 0 1 0 0 O O|b,|=|b,, |=vec(B)
00000101 0fby,| |by
001000 L0 Ofb,| |by
0 0000 1 0 1 0fby| |by
0 00000 0 0 1fby| [by)

[2] 2.5 - tr(C'D) =[vec(C)]'vec(D)
Proof: we will prove this feature when n=3 to avoid complicated symbols . the proof in the
general case doesn’t differ in case when n=#3

Let
C1 G G d, d, dj
C=lcy Cp Cp|D=ld,; d,, dy
C3; C3p Gy dy, dy, dy

Cyu Cy Cy\dy dj, dp
(CD)= Cp Cp Gy Oy dy dy
Cis Cp Cyu \dy dyp dy
Cyy0;; +Cpd, +Cydy,
= C12d12 + szdzz + Cazdsz
Cralyz +Cpall s +CyeUy,
tr(C'D) = €,,0,; +Cpydy; +Cay3; +Cipdy, +Cpply, +Cypl5, +Cialis +Cpp 3 +Co3a;

[y
[N

N
=

w
-

iy
N

(VeC(C)),VeC( D) = [Cll C21 C31 C12 C22 C32 C13 C23 CSS]

= w
w N

N
w

O O O O O o o o o
N
N

33

= C1ldll + C21d 21 + C31d3l + C12d12 + C22d 22 + C32d32 + C13d13 + C23(:123 + C33d33

[3] 2.6 - vec(ABC) = (C' ® A)vec(B)
By using the standard bases of n-Euclidean space
Let A be matrix of degree mxn , B matrix of degree nxq, and C matrix of degree pxq
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B= (bij) = Zn:ibij (eipe?')

i=1 j=1

ABC =33 b, (AeP)(e")

i=1 j=1

= iibu [(Aeip)(C'e;‘)’]

i=L j=1

LH.S = vec(ABC) = 3" b.vec|(Ae)(e7C)]

i=1 j=1

= anzp:bij (C'® A)vec(ee])

i=1 j=1

=(C'® A)anzp:bijvec(eipe;")

i=1 j=1

= (C'®A)Zn:_zp:bij (e] ®e))
_ (C'® Ayvec(B)
_RH.S
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