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Abstract
In this paper, we find a useful result under certain types of generalized conditional
symmetry, which is reduction of nonlinear filtration equation to different classes by
classifying the filtration coefficient. As a consequence, of our result some new exact
solutions for two classes of important filtration equation are obtained, for a third class of
filtration equation, compatible condition for exact solution is also derived.

Introduction
Nonlinear partial differential equations (PDEs) occur in several places in the study of
applied mathematics, physics and engineering. Hence, the study of these equations has
become very important. Unfortunately, most of these equations are not integrable. Hence,
finding some exact solutions or compatibility condition to obtain exact solution of these
equations has become very important in the study of nonlinear PDEs.

The most famous and established method for finding exact solution of nonlinear PDEs is
called group analysis (Olver, 1986). Several generalization of this method has been proposed
in the literature. One such generalization is the method of generalized symmetry. This is
further generalized by (Fokas,. and Liu, 1994) to generalized conditional symmetry. This
concept provides an algorithm for constructing physically important exact solutions of

nonlinear PDE.
In our work, we will apply the generalized conditional symmetry method to the well-
known nonlinear PDEs, which is called filtration equation

U= D(Uy) Uy (1.1)
eq(1.1) is used in mechanics as a mathematical model in studying shear currents of

nonlinear viscoplastic media , processes of filtration of non-Newtonian fluids , as well as for
describing the propagation of oscillations of temperature and salinity to depths in

oceans.Eq(1.1) is transformed to the well-known diffusion equation ( v, =h(Vv) v, ) when
V=Uu, ( Ibragimov, 2004). Eq(1.1) is one of the classes obtained by group classification
(Basara-Horwath.etal, 2001).The function D(u,) is known as a filtration coefficient. In
general the filtration coefficient is not fixed, and we consider the family of equations of the
form (1.1) with arbitrary functions D(u, ) .

generalized  The remainder of this paper is arranged as follows: in section 2 we define the
conditional symmetry and we are going to construct our theorem (2.1) . In section 3, as a
consequence some exact solutions of different classes of eq.(1.1) are obtained via the method
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of generalized conditional symmetry . And finally, in section 4 we present some conclusion.

Special Forms of Filtration coefficient

In this section, we will derive three classes of filtration coefficient D(u, ) to eq.(1.1).

Let

u, =K(t,u) (2.1)
suppose that K (t,u) denotes a function that depends on a differentiable manner of
t,u,u, Uy ...

Definition (2.1) (Qu. 1997)
The function o (t,X,u) is called a generalized conditional symmetry of eq(2.1) if there

exists a function A(t,X,u,o) such that,
oo

Y +[K,o] =A(t,x,u,o0) , A(t,x,u,0)=0 (2.2)

where , [K,o0]=0"'K-K' 0o (the prime denotes Frechet derivative ), o is a
differentiable function of t,X,u,U,,U,.,.. and A(t,X,u,o) is a differentiable
function of T, X,U,Uy ,Uyy ,...,0,07y ,Oyy ..

In case o does not depend explicitly on  then eq.(2.2) implies oJK| g:o:O

Since K ,Jisalinear function of o .

Now, we can state our main result

Theorem (2.1): Suppose that eq(1.1) admits a generalized conditional symmetry
o =Uy + FU)u, + G(u) , then
(1) F=G=0 , forarbitrary functions D(uy)

1

& G=0 ,for D(u,)=b; e*™

a
c——u
2

@ F=0 & G=r ,for D(uy) =bju, +b,

where F,G are functionsof U , and b, # 0,b, ,,C,r are arbitrary constants.
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Proof: we find the Frechet derivative of o in the form

,_ d? d ¢ .
c'=—>+F —-+Fu,+G (2.3)
dx dx
from the definition ( 2.1) and eq(2.3) , it implies that eq(1.1) admits the generalized
conditional symmetry iff

(3D'FF-DF-D"F3)u,® +4DFF-DG-2D'F>+3GD'F+3FD'G

—3D"GF?)u,®>+(2DGF-4D'GF?+3D'GG-3D"FG? )u, +G? (D"+2D'F) =0

Where o= di & '= di , Equating the coefficients of different powers of U,
u u,

to zero, yields the following overdetermined equations for D , F and G :

3D'FF-DF-D"F®=0 (2.4a)
ADFF-DG-2D'F*+3D'FG+3D'FG-3D"GF2=0 (2.4b)
2DGF-4D'GF2+3D'GG-3D"FG?%=0 (2.4c)
G2(D"+2D'F)=0 (2.4d)

Now, we will show that a solution of this system is possible only if D(u,)
takes the form (1) , (2) and (3) given in the theorem above.

From eq(2.4d) we get the two cases

Case(1): G=0
It is easy to show that eq(2.4c) is satisfied. Eq(2.4b) will be reduced to the equation

F(4DF-2D'F?)=0
subcase 1(i): F=0

Eq.(2.4a) is satisfied , then in this case we find that D(u, ) is arbitrary function of
u, and F=G=0 (ie o=U, )

subcase 1(ii): 4DF —2D'F?=0
In this case, it implies that there exist &« € R , such that
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D’ )
— =a , ie D=be*%
5 by
and
E:a , e F= L

R
c—(—)u
(2)
where b»l #0,C,a are arbitrary constants.

Obviously , eq.(2.4a) is satisfied.

Case(2): D"+2D'F=0

In this case, it implies that there exist # €R such that
D!I 3
D'

__p
p & F=1

Fromeq.(2.4a) ,weget D" F3=0, ie D”,B3=0
Since =0, itimpliesthat D" =0 ,therefore D=bju,+b, & F =0
where b; # 0,b, are arbitrary constants.

from eq.(2.4b) , it implies that G=0 , ie G=ru+r
and finally, eq.(2.4c) become in the form
D'GG =0 (2.5)

if we substitution D and G ineq.(25)then r; =0 ,ie G=r

where , r is arbitrary constant.
i.e o =U,+r

3.Exact Solutions of the Filtration Equations (1.1)

In this section we will show that the importance of theorem (2.1) to find an exact solution
of three classes of nonlinear filtration equation (1.1) and some nonlinear diffusion equation
which is equivalent to special class of eq.(1.1).

3.1 Class one, equation (1.1) with arbitrary filtration coefficient

Let the well-known filtration equation (1.1) , from theorem (2.1) ,it implies
that the generalized conditional symmetry of eq.(1.1) is o =Uyy
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since 0=0 , (i.e UuUu=0)
then u=A(t) x + B(t)
now , we will substitute the value of U above in eq.(1.1) we will get |,
At) x + B(t)' =0 ,itimplies that A(t)'=0 , B(t)'=0
i.e A()=a , B(t)=b where a, b are arbitrary constants and the general
solution of eq.(1.1) is u=ax+b

3.2 Class two, equation (1.1) with linear filtration coefficient
Let

ut:(blux+b2) Uxx (3.1)
from theorem (2.1) , eq.(3.1) admits a generalized conditional symmetry
o =Uy,+r ,since =0 (i.e uy,+r=0 ) ,itimpliesthat

u:A(t)x—% X2 +B(t) (3.2)

then we substitute the value of  in#®q.(3.1), we will get
A)' x + B(t) =r?b, x — r(b A®t) + b,)
i.e

CAMY=rPh, & B(Y=-T (B At +by) @3)

a general solution of eq.(3.3) is
r3b,’

At)=r? byt +k, & B(t) =k, - t?2 —r(bk;+hby)t

where k; & K, are arbitrary constants.
the exact solution of eq.(3.1) is

u—(r2bt+k)x—£x2—ﬁt2—r(b K +b,)t+k
- 1 1 2 2 1™ 2 2

Note: As a consequence, the exact solution of diffusion equation
v =((b,v +b,) v, ), whichis equivalentto eq.(3.1) is  v=A(t)—r X

3.3 Class three, equation (1.1) with exponintional filtration coefficient:

In this section, we present proposition as a compatibility condition to obtain an exact
solution of nonlinear filtration equation

u, =by e % uy, (3.4)
because we find complicate to write the solution U of eq.(3.4) explicitly .

Proposition (3.1): The equation (3.4) have the exact solution

Ei(L, —In(A®) (C—%u))):A(t)(x+B(t)) (3.5)
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if and only if A(t) & B(t) satisfying the following equation

At)’
'MNU“_Z”)

Am%gﬁMDMH=€M—C)mMW+

(3.6)
where A(t)=0 & B(t) are functions of  (integral constant) , andx =0

Ei iscalled an Exponential Integral .

Proof:

The prove has two way,
At the first, if we let eq.(3.5) is a solution of eq.(3.4),we need to show that the eq.(3.6) is
satisfying .

But from theorem (2.1) ,eq.(3.4) admits a generalized conditional symmetry

Uy

o=Uy +——
a

C——u

(c-2u)

since o =0
i.e
P S (3.7)

(c—ju)

the first integral of eq.(3.7) is

uXX

Uy == In(A®) (c - L u)) @8)
a 2

from eq.(3.8) ,it implies that

i ou — x + B(t) (3.9)

2 In (A®) (c =5 v)

then , the general solution of eq.(3.7) , which implies that from eq.(3.9) and given as in
eq.(3.5) (because eq.(3.4) and eq.(3.7) are compatible )

now, in order to determine eq.(3.6) , we differentiate both sides of eq.(3.5) with respectto t,
we find
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a , o
5 A(t) u, — A(t) (c Yy u)

2 AWx+ S (ADBW)
In(A(t) (c - 5 u))

hence
(3.10)

2 ( AW (- %)+ In(A® (6~ ) (AW % +—(A(t)B(t))j

T A

if , we substitute U,, ,U, & U; from eq.(3.7) , eq(3.8) and eq.(3.10), respectively in

eq.(3.4) , then eq.(3.6) holds.
And conversely, if we let the eq.(3.6) is satisfying , we need to show that eq.(3.5) is the
exact solution of eq.(3.4).

Since, the eq.(3.6) is satisfying and from theorem (2.1) we find the exact solution of
eq.(3.7) given as in €q.(3.5) , therefore we will get directly that the exact solution of eq.(3.4)

is the eq.(3.5) O

Conclusion
In this paper, we find the exact solutions to some non-integrable forms of filtration and
diffusion equation. We conclude, the existence of such exact solution for non-integrable PDE
can be traced back to the relation of these equations with integrable ones, i.e , the usefulness
of the generalized conditional symmetry definition follows from the fact that it implies that
the eg.(2.1) and o=0 are compatible .
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