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ABSTRACT

In this study we calculate the expected mean squares for 3-way crossed unbalanced model with
correlated data and notice the effect of the correlated data on F statistic.
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1. INTRODUCTION

The use of limited way analysis of variance
on the assumption that the terms of random
error for the experiment are independent of
each other. So it seems that the imposition of
independence between observations is to
impose logical to examine observation using
the designs of experiment. Under this, the
basis of analysis of variance was built on the
fact that observations are independent of each
other , but the imposition of independence
rarely achieved.

Pavur and Davenport (1985) study the effect
of correlated data on the analysis of variance

results and on the type I error for 2-way
balanced model. Pavur (1988)
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studied simple linear model with correlated
error expression and notice the effect of
correlated on multiple comparison procedures
for this model, Al-Shahiry (1997) studied the
effect of correlation on F statistic and the
correction factor for one way model. Al-
Kaabawi (2000) found the expected mean
squares for balanced crossed 2-way model
with correlated data , Abdullah and Al-
Kaabawi (2007) found the expected mean
squares for balanced crossed3-way model
with correlated data , Al-Kaabawi (2007)
studied the effect of dependent data on type I
error rates for multiple comparison
procedures for 3-way crossed balanced model
, Al-Kaabawi (2010) found the expected mean
squares for balanced crossed 4-way model
with correlated data.
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This research aims to account for expected
mean squares in the absence of independence
between the limits of errors, and then lack of
independence between observations, although
the independence between the errors is one of
the usual assumptions in the analysis of
variance, which is rarely achieved. It also
deals with this research study the effect of
lack of independence between observations
when the formation of the distribution of F to
test the effects of these factors by using the

correction factor and by which are recognized
over the potential impact of type I error
because of the existence of correlations
between observations and that the model
adopted in this study is to model a 3-way
cross unbalanced.

2.THE MODEL

Consider the 3-way crossed model

Yg;'kl =0+a,+ ﬂ_/ +7 T (Ofﬂ)g/ +(ay)y + (ﬂ7)jk + (aﬂ7)gjk t ey .

With i=1, ....., a,

and

i=1,....b, k=1,...... ¢, I=1,....d

..»d . and 6 unknown parameter

Ya=Yp=r=0.  Yh),=0=Y. @) Y (@r), =0=Y. @) Y.(fr), =0-

S B 2@ = 0= @By = Y (@) =0

and e, are independent random variable having normal with zero mean and

COV Yy Yo ) = COV (e €107 -(2)
where
o’ vi=ij=jk=k1=1
o’ p, si=ij=jk=k', 1%l
o’ p, si=i,j=jk#k'
o’ p, si=ij# jk=k
COV(Yyys Vi) =1 0 p, it j=jk=k' ..(3)
o’ ps si=il,j#jk#k'
o’ P, sizij=jk#k'
o’ p, sizij# jLk=k'
o’ py izl j# L k#k
let
Yijkl = My T €y ..(4)
Where

g =O0+a, + B, +y, +(af); + () +(Br) +(@fy), (5
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3. ANALYSIS OF VARIANCE

Yy = N(Iuijkl > 02)
From cockran's theorem
SSTO= SSA + SSB + SSC + SSAB + SSAC + SSBC + SSABC + SSE

Where

SSTO are (a-1), (b-1), (c-1), (a-1)(b-1), (a-
D(c-1), (b-1)(c-1), (a-1)(b-1)(c-1),

a C

2

b
i=l j=1 k=1 i=l j=1 k=1

MSB, MSC, MSAB, MSAC, MSBC and

...(6)

(7

(8)

...(9)

-+(10)

(1)

~(12)

...(13)

(14)

...(15)

and the degrees of freedom for SSA, SSB,
SSC, SSAB, SSAC, SSBC, SSABC, SSE and

d;, —abc and Zalzb:idyk —1 respectively

4. EXPECTED MEAN SQUARES E(MS)

MSABC.

Now we calculate the expected mean
squares with correlated data for MSE, MSA,
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SSE
MSE =
a b c
Z d, —abc
i=1 j=1 k=1
1 a b c -
_ 2
- a b c Z (Yykl ijk )
i=1  j=1 k=l
Z dljk*abc
i=1  j=1 k=l
Since Y, =Y, =€, —e;
There fore
1 a b ¢ d,jk
_ — N2
MSE =| ——— Z (e —€j.)
_ i=1 j=1 k=1 I=1
2.2 dy —abe
i=l j=1 k=1
1 a b ¢ dijk
_ 2 — —2
R Z (eijkl —2e;,€; "‘egfk.)
_ i=l j=1 k=1 I=1
2.2 dy —abc
i=1 j=1 k=1
1 a b ¢ dij/;
_ 2 2
- a b ¢ z Zeijkl dljkeuk
_ i=1 j=1 k=1| i=1
Z d, —abc
i=l j=1 k=l
There fore
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1 a b c di/k )
E(MSE) =| ——— 2. {Z Eel)~d, E@ }
z dyk - abc i=l j=1 k=1| [=1
i=l j=1 k=1
1 a b ¢ dt/k ) 2
= a b ¢ Z ZG -0 (1—p1+d”kpl)
Z dijk abc | A =LA
i=l j=1 k=1
1 « b e 2 2
= a b ¢ Z [dUkO- — O (l_pl +dl_']'k101)]
z dijk —abc | AR
i=1 j=1 k=1
o’ . b e
ol R Z (d, —D(1-p)
Z dgjk abc |7 7EL k=L
i=l j=1 k=l
0'2(1 - p ) a b e
| T4 b e ! Z dijk_abc:O'Z(l—pl)
Zzzdij‘k —abc |F" AR
i=l j=1 k=1
SSA 1 a b ¢ B
Ao ABES B , Z dyk(Y, -Y )2

Since Y, -Y =a,+e,_-e_

There fore
A 1 a b ¢
MSA:SS - z dl_jk(ai+gi %
a-1 a-17343
1 a b ¢ ) B ) By -
=(—)D. > > d, (o] +2a,(e, —e )+e’ —2e, e +e’)
Rl S e
Then

E(MSA4) = (ﬁ)iiid% (a2 +20,E@, 2 )+ E@)-2E@E, & )+E@>))

i=l j=1 k=1
Since
£, ~2.)=0
2
— o
E@) =77 1=p +d (o= py =y o)+ ed (9, = o) + by (py = po) + bed

ijk
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...(16)

(17

...(18)
...(19)
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¢ ik

a b ¢ d,jk
Be.e )= H S e ST |
ijk

j=1 k=1 I=1 i=l j=1 k=1 [=1
L=py+dy (P =Py =P = Py +Ps + Ps + P71 = Ps)+ady (Py — Ps — P71 + Ps)
= abacd[jk +bdy (ps = ps — p; + py) +cdy (py — ps — ps + pg) + abd, (p; — pg) ...(20)
| +acdy, (pg — pg) +bedy, (ps — py) +abedy, py

{zziz%j

i=l j=1 k=1 I=l

E(Ez)_ 2b2 2d2

ijk
1-p, +dijk(pl =Py P3Py TPt Pt P _p8)+ca’ijk(p2 —Ps = Ps + Py)
(e
:abcd +bd;jk(p3_ps_p7+p8)+adg/k(p4_pa_p7+ps)+b0dyk(p5_p8) ..(21)
+abdy, (p; — pg) +acdy (pg — ps) +abedyy p;

ijk

By substituting (18), (19), (20) and (21) in (17) we get :

E(MSA) ——ZZZdyka +04,

ll]lkl

Similarly we obtain that

E(MSB)_WZZZ d, B} +o’¢, (22)

E(MSC) ——ZZZdUk;/k +0°¢, -++(23)

E(MSAB) —( 1)(b 1);;; w@B); +o’g, ...(24)
E(MSAC) = s ZZZ dy (ay)y + ¢, -+(25)

EMSBO) =5 1)( —1) 2 Z 2 Ay (BrYs + 04 ..(26)
E(MSABC) = ” 1)(b e Z;; w @By +0’p, ...(27)
Where

¢8:1_p1 -+(28)

a Zb: c dyk
¢ =+ — /=1N=I (D1 =P = P3 = Pat+ Ps+ Ps + P7— Ps) +(29)
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[ a b c a b c
> > dy N?=bed > >
¢6 = ¢8 + = FlNk:l (,01 P2 Ps +,05) + l:;)c]j\;l = (,04 ~Ps ~ P7 +p8) ---(30)
r a b c a b c
> d N*—acy, 3 > dy
¢5 = ¢8 + = FlNk:l (,01 Py Pyt pé) + l:;dj\;l = (p3 —Ps—P; T pg) (3 1)
- a b c a b c
> > d N —abd > N dl
¢4 = ¢8 + = FlNk:1 (,01 —P3 Ps +,07) + l:;b]j\;l = (pz ~Ps = Ps +p8) ---(32)
- a b ¢ a b ¢ ]
N? —abZZZd;k (b-1)(N*? —abZZZd;k)
SRR (P —py)+ = (o5 — ps)
ab(c—1)N ab(c—1)N
¢3 - ¢8 + a b ¢ a b ¢ (33)
(a-D(N*>—abd > >'d;) (a-DB-D(N* —abd > "> d3)
i=1 j=1 k=l i=1 j=1 k=1
+ ‘ - + ‘ -
I ab(c— )N (P4 = Ps) ab(c— )N (P, pg)_
B a b ¢ a b ¢ ]
Nz—acZZZd;k (c—l)(Nz—acZZZd;k)
== (o, —p5)+ SRERS (0, = Ps)
ac(b—1)N ac(b—-1)N
P, =@ + « b e e b e -(34)
(a-D(N* —ac) > > d2) (a=D(c-DIN?—ac) > > d)
i=1 j=1 k=1 i=1 j=1 k=1
+ - p,)+ -
I ac(h—1)N (Ps=P7) ac(b—1)N (Ps ps)_
B a b ¢ a b ¢ ]
N =B Y a2 (c=D(N*=be) > > dy)
i=1 j=1 k=l i=1 j=1 k=l
—_ + j—
(a—1)beN (P = ps) (a—1)beN (P2 = Ps)
¢ =g + Db . . .(35)
(b-DN*=bcd > >d5) (b-D(c—DN> =bcd > > d})
n i=l j=1 k=1 (,0 —p )+ i=l j=1 k=1 (,0 —p )
(a —1)becN P (a —1)beN S

the analysis of variance table (ANOVA) can be written as table (1)

hypotheses to know that if the factor levels

3.F-TEST

mean are equal and thses hypotheses are.

After finding (ANOVA) for study
models we can discuss seven cases for null
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Hy:a =0 Vi=12,....,a

H :a #0 for some i

Hy,:p,=0 Vji=12,..b

H B, #0 for some j

H,:y, =0 Vk=12,..,c

H :y, #0 for some k

H, :(aﬂ)ij =0 Vi=12,...,a, j=1..b
H, :(af),; #0 for some i or j
H,:(ay), =0 Yi=12,...,a, k=1,..c
H :(ay), #0 for some i or k
Hy:(By)y =0 Vvj=12,..,b, k=1,...,c
H :(Br); #0 for some | or k

H, :(aﬂ;/),.jk =0 Vi=l,...,a, j=L..,b, k=1,...,c

H, :(afy)y #0

for some i or j or k

From cockran's theorem. Under null hypotheses we obtain

w, =2 a1
W o SB )
Wc=%~¢3x (c-1)
W,y = Siﬁwm (a=1)b-1)
Woe = A€ g ((a=TNe-1)
Wye =0 ~ g (b= Dl ~D)

W e = SS;’—BC - g (@b - D(e-1)
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.(36)

(37

..(38)

.(39)

...(40)

.(41)

(42)

.(43)

..(44)

..(45)
...(46)
(47)
..(48)

.(49)
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W, = (ZZZdW abc} ...(50)
i=l j=1 k=l
write the F* distribution for test to equal Where Wy, Was, We, Wag, Waic, Wae, Wasc,
factor levels mean as: and Wy are independent therefore we can
W ¢8[zzzd,,k J o
* i=l j=1 k=1
=CF ~F((a—-1), d, —abc) --(51)
‘ Wed(a—1) o ZZZ
Where C, = % and = M54
@ MSE
a b ¢
WB¢8( ZZ ijk —abcj a b ¢
* i=l j=1 k=
F, = =C,F, ~F({(b-1), d., —abc ...(52
2 ¢ (b 1) 242 (( ) il; — ijk ) ( )
Where C, = % and F, = M5B
@, MSE
a b ¢
W Zzzduk —abc W b e
" i=l j=1 k=1
F, = =C,F, ~F((c—-1), d., —abc) ...(583)
’ Wegi(c—1) v iljzl: k=1 "
Where C, = % and F, = M5C
&, MSE
a b ¢
W 585 ZZ di/k —abc e b ¢
" i=l j=1 k=1
F, = =C,F, ~F((a-1)(b-1), d,. —abc) ...(54)
' Wedy(a—1)(b-1) v Z
Where C, = L and F, = M54B
o, MSE
| 55 o "
* i=l j=1 k=1
F. =CF, ~F((a-1)(c-1), d, —abc) ...(55)
5 Wes(a—D)(c—1) o ZZZ "
Where C = % and s = MSAC
/8 MSE
Bc¢8[zzzduk j a b ¢
* i=1 j=1 k=1
F = =C.F, ~F(b-1(c-1), d., —abc) ...(56)
‘ Wiy (b—1)(c—1) o Z =
Where C, = % and F, = MSBC
& MSE
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a b c
WABC¢8 [Zzzdyk _abCJ a b ¢
* i=l j=1 k=1
F, = =C.F, ~F((a-1)(b-1(c-1), d, —abc)
T W (a=D(b-1)c-1) m Z el
Where C, = ﬁ and F, = MSABC
b, MSE

After finding F* statistic we find table values from F- distribution table with significance
level a and degree of freedom and a compare between these values.

6.CORRECTING FOR CORRELATION

The correction constants
C, :h=123,45,6,7 may be =(or > or <)
one. If the correction constant equal to 1 ,
then no correction is needed to the F test ,
where as if the correction constant > (or <) 1,

then we need correction. (see Al-Shahiry
(1997)).

Tables (2),(3),(4),(5),(6),(7),(8) shows the
values of true « for a variety of values for
significance level of « was calculated for
some hypothetical values for C,,C,,---,C,.

To calculate the true ¢ in tables from 1 to 7

we used the formula
X, -X

X=X, +(Y—Yl){(2—l)} where X, X,
Y,-1)

represents significance level which take from
the tables in the statistical distribution F and
be known , Y,,Y,,Y represents the values
corresponding to spreadsheet X,,X, and
X =True alpha respectively and be known

also where Y represents the value of a
statistical spreadsheet F at the level «
multiplied by correction factor.

7.CONCLUSIONS

1- This model is an extension of some

models studied earlier by many
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authors. But under certain condition we
may get the same models discussed
before by Pavur and Davenport (1985),
Al-Shahiry (1997) , Al-Kaabawi
(2000) and Abdullah , Al-Kaabawi
(2007).

Tabels 2,...,8 , show that the true alpha
(deflate) when the

level inflate

correction constant <(or>)1, and this

lead to have a smaller ( bigger)
rejection region for the complete null
hypothesis on testing factors.

This study may be extended to n-way
model.

Can be done statistical tables values of
real alpha for different values of the
coefficient is greater or less than one.

We Can use the existing laws in this
research to find a table of analysis of
variance in the case of the correlated
data form a unbalanced cross with
three factors.

The practical side is the important part so

we can discuss the latest work supports the

findings of this research.

(57)
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S.0.V df SS MS EMS)
For indep. Data For dep. data
a b c a b c
SSA L al al
A (a-1) SSA Z‘ Z{ ; 4y , z‘ Z::‘ kZ::' )
(a-l) J o i J +O'2¢1
(a—1) (a-1)
a b c a b c
SSB d.p? B
B (b-1) SSB — = ,Z; ; b ) Z ,Z ; ub )
(b-1) : +o¢,
b-1) b®-1
N ) : Y dyri
c (1) e XX 2 duri > 2 X duri
(c-1) (c-1) o (c-1 tod
b c a b c
SSAB 2 ) 2
AB (@-1) (b-1) SSAB _ Z Z Yu (o) . Z ; D (af ) o
- ;
(a-1)(b-1) (a—1)(b-1) (a—1)(b-1) ke
a b c a b c
SSAC ) 2 2
AC (1) (e-1) SSAC _— a ; “ (@7 )i X Z} 2, ; dy (ay )y 2
(@-1)c-1) @-he-n___ ¢ w-he-n 7"
SSBC "y : IS :
BC (b-1) (c-1) SSBC et £ ;1 I(Z::I dg‘k (ﬁ]’),k N ; /ZZI kZ::] di//; (ﬂ}/)/k ,
(b-1)(c-1) (b-1)c—-1) o (b-1)c-1) to g
SSABC SRRy 2 SRS ,
ABC (a-1) (b-1) (c-1) SSABC Zl ,z] Azzl Lo (afy i 21 ,Z::I ;1 Lu (P Vi )
(a-1)(b-1)(c-1) (a-1)(b-1)c-1) N (a —1)(b-1)c-1) tod
a b c SSE
E Z zl kzl d — abc SSE 3 Z’: " 4 - abe ol c (1= p,)
=JE = i R B
Za: Zb: Z SSTO
Total d, —1 SSTO o b <
i1 =1 k=l " Z d,/A_l
i=l =1 k=l
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Table (2) true o for different values of C,

a 0.05 0.01

0.8 0.081 | 0.021

09| 0.066 | 0.015

1 0.05 0.01

1.1} 0.043 | 0.008

1.2} 0.036 | 0.005

a=2,b=2,c=2,N=24

Table (3) true a for different values of C,

o 0.05 0.01
G,
0.8 0.089 0.023
09| 0.069 0.016
1 0.05 0.01
1.1 | 0.041 0.007
1.15] 0.036 0.006

a=2,b=3,c=2,N=34
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Table (4) true o for different values of C,

4 0.05 0.01
G
0.6 0.191 0.076
0.7] 0.156 0.059
1 0.05 0.01
1.05 ] 0.045 0.009
1.1 | 0.041 0.007

Table (5) true o for different values of C,

a=2,b=2,c=3,N=36

o 0.05 0.01
C,
0.75| 0.148 0.038
09| 0.089 0.021
1 0.05 0.01
1.05 | 0.045 0.009
1.1 | 0.039 0.007

a=2,b=4,c=2,N=28
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Table (6) true o for different values of C;

o 0.05 0.01
s
0.65| 0.154 | 0.041
0.95] 0.067 | 0.015
1| 0.05 0.01
1.16 | 0.038 | 0.006
1.2 { 0.035| 0.005

a=2,b=4,c=2,N=44

Table (7) true « for different values of C,

(24

0.05

0.01

0.85

0.089

0.023

0.95

0.063

0.0143

0.05

0.01

1.1

0.041

0.0063

1.12

0.039

0.0055

a=2,b=3,c=3,N=78
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Table (8) true « for different values of C,

o 0.05 0.01
¢
0.7 0.226 | 0.089
0.85 ] 0.138 | 0.049
1| 0.05 0.01
1.05| 0.045 | 0.007
1.09 | 0.041 | 0.005

a=4 ,b=2,c=4,N=152

Note : N = Za:iidyk

i=l j=1 k=1
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