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Abstract

In this paper, we introduce a generalization of mixed Szasz-Bata of Phillips type
operators. First, we study the convergence theorem by applying the Korovkin's theorem, then
we define and study the m-th order moment for this operators. Next, we prove the
Voronovskaja-type asymptotic formula for our operators.

1. Introduction
In [1] Maheshwar proposed mixed Sz&sz-Bata type operators to approximate functions

integrable on [0, o) as:
La(fi2) = ) pua@ [ bua(©F@de, x € [0,00),
v=0 0

Where
Prw(®) = 0 by (6) = g (L DT
and B(n, v + 1)be|ng the beta functlon given by ”('(':;)!.

The Phillips Szasz-Bata operators of the operators L, (f, x) was defined as:
B, (f;x) = Z pnk(x)f bn -1 (Of (B)dt + f(0)pno(x), x € [0, 00).

Suppose that C, [0, 00) ={f(t) € C[O o):|f(H)] < M +t)Y for some M,a > 0}
For f € C, |0, oo) we deflned a family of generalization of the operators B, (f; x) as follows:

By (f3%) = ank(x) f i 1 OF @t + [0 ™, peN. ()
Clearly Bno(f x) =B, (f x).

In this paper, we study the convergence of these operators are convergent to f(x) as
operator B, ,(f;x). First, we prove that n — oo in the space C,[0, o).
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Then, we define the m-th order moment of
B,, and drive the recurrence relation for
this

moment. Also, we study the convergence

theorem of the operators B, , in
simultaneous
approximation (approximation of

derivatives of a
corresponding order

D @ =1
k=0

3) Z k?p, 1 (x) = n®x* + nx;

function by the

derivatives of operators), and introduce a
Voronovskaja-type asymptotic formula.
Finally, we

give an error estimate in terms of modulus
of continuity of the function being
approximation.

Here, we give this Lemma which we needed
in our paper.

1.1 Lemma: For x € [0,0) we have(see
[2], cEo?;]and [4D):

2) ) ks () = nx;
k=0

4)xp’n,k (x) = (k - nx)pn,k (x);

=0
5)suppose that @, ,, (x) = Yo k™ Py i (x); then @, 11 (%) = xP, 1, (%) + nxD,, 1, (%),

and @, ., (x) = (nx)™ + M

6)x(x + 1)b", x (x) = (k —nx —

x)bn,k (X);

(nx)™ "1 + term in lower powers of f(nx).

m+Kk)!(n—m-1)!
k!(n—1)!

7) f b ()™ =

0
The next Lemma shows that the Korovkin's conditions in the space C,[0, o) are hold for the

operators By, ,,.
1.2 Lemma

For x € [0, ), if the following conditions hold:

1B,,(1;x) =1

2)Byp (%) = ﬁ{nx +p(1—e™)} > xasn - oo;

DBy (¢4 = 5o,
Therefore, B, ,(f (£);x) = f(x)asn — oo,

Proof:
By using 1.1 Lemma, we have:

n?x>+2n(p+ Dx+ (p?+p)(1 —e ™)} > x?asn — oo.

k+p—-DI(n-1)!

+ pn,O(x) =1

+0

1)Bn,p (Lx) = Z pn,k(x) (k + p — 1)! (n—1)!
(k +p)!(n—2)!
Z)Bnp(t X) ank( )(k 1)'(7’1—1)'

{Z ki () + pz P (x)}

(k+p+1)'(n—3)'

{nx +p(1—e ™)}

B)Bn,p (t%x) = Z Pk (X) (k+p—
k=1

(n— 1)(71

+0

Di(n—1)!

= {zk Pnk(x)+(2P+1)sznk(x)+(P

+p) <Z Pnji — pn,o(x)>}
k=0
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1
— 2.2 2 _ ,—nx
= (n—l)(n—Z){n x“+2n(p+ Dx+ (p* +p)(1 —e ™)}
Therefore, B, ,(f (£);x) = f(x)as n — oo (see[2]).
2. Auxiliary Results
For m € N©, the m-th order moment for the operators M, (f(t); x) be defined by:

Ty () = B (2 = )" x)—zpnk(x)jbnk+p (O = x)"dt + ()" e,
= Yy () + ()€™

2.1 Lemma
For the function Y,, ,,, (x) which is defined above, we have:
Yom(x)=1—e™,
x(1+(n—1De™)+p(l+e "")
Yl,m (x) = n—1
And, we have the following recurrence relation for Y, ,, (x).
(m—m— 1Yy pmi1(x) = xY" () + mQ2x + x*) Yy 1 () + {(m + 1)(1 + 2x) +
p—1-x)}Y, (%) ,m+1<n

Proof:
by direct computation, we can easily get the values of ¥,, o (x), ¥, 1(x) and Y, ,(x).
Now,

nm(x) _zpnk(x)f nk+p— 1(t)(t_x)mdt_mynm 1(x)

By using 1. 1 Lemma we have

xY,n,m (X) = Z Pnk (x) f (k - nx)bn,k+p—1 (t) (t - x)mdt - men,m—l(x) .
k=1 0

Then,
x{Y,n,m (x) + mYn,m—l (x)}

= 5k @ [ €e+ DY gy 1= 0" de +
k=1 0
£1) pi0) [ By (= 0™ e+ (p = 1
k=1 0

=2) ) i) [ By (e = 0
k_

By using the integration by partso, we have:

x{Y,n,m (x) + mYn,m—l (x)}
= _m(x + xz)Yn,m—l(x) - (m + 1)(1 + 2-X:)Yn,m (X) - (m - 2)Yn,m+1 (X)
- (p -1- x)Yn,m (x)

Form which the recurrence relation for Y,, ,,, (x) is immediate.

2.2 Lemma

For the m-th order moment Y, ,, (x) for the operators B, ,,(f, x), we have:

X p(1—e™)
Tn,O(x):]-'Tn,l(x):n_1+ n—1
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and
TG = n+2 x2+2(n+2p)+4pe ""(n—l)x+(p+p2)(1—e nxy
' (n—1D(n-2) (n—1(n-2) (n—=1n-2)
Also, we have the following recurrence relation for T, ,, (x) whenever m > n + 1:
(n—m— DTy 1 (%)
=T (x) + m2x + x2) Ty 1 (%)
+{m+1)A+2x)+(p—1-x)}T, 1 (x) — (p + 2mx)(—x)"e ™.

Proof:
By direct computation we can easily get the values of T;, o(x), T, 1 (x) and T, , (x).
Now, using 2.1 Lemma, we have
(n—m = DTy m1(x) = (0= m = D{Yp 1 (1) + (=)™ e ™}
= XYy 1 (0) + (2% + X2y g ()
+{m+1D)A+2x)+(pp—-1-)}W, (X)) +(n—m—1)e™
(Tl -—m-— 1)Tn,m+1 (x)
=Ty (%) + m(2x + x2) Ty 1 (%)
+{m+1)A+2x)+(p—1—=x)}T, 1 (x) — (p + 2mx)(—x)™e ™.

Consequently for each x € [0,), we can determine T, ,,(x) as O (n 2 ) where[T]

denotes the integer part of the value mTH

3. Simultaneous Approximation
3.1 Lemma [5]: Let & be a positive real number. Then, for every m > 0 and x € [0, o) there
exists a positive constant C,, , such that:

Wop&x)(1+t)%dt < Cppn ™, m=0,12,...
[t—x|=6
where Cp, ., depending on m, x, p and W, ,(t,x) = X7_1 Puic (%) J; brsp-1(O)f ()dy +
6(t)e™, x €[0,).

The §(t) begins the Dirac-delta function. for summation and Lemma 2.2, the proof of
Making use of Taylors expansion for the the Lemma easily follows.
function (1 + t)“ about x € (0, ), 3.2 Lemma [6]: There exist the
Schwarz inequality for integration and then polynomials Q; ; - (x) independent on n,k
such that
PO = Y nlle—naY Q1 (P ().
20+ <r

0,j20
3.3 Lemma [5] For x € [0, o),

ZPnk(x)(k nx)% =n? [ZP k() <——X) —e‘"x(—x)2j]

=n¥[o(n7)+0(m™*)] = 0@ ) forany s > 0.

2j

3.4 Lemma: for m > 1, we have:

B,,(t";x) = %{(nx)m +m(p+ (m—1)nx)™ 1 +0n )}

(n
Proof:
By using Lemma 1.1, we get
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By (t752) —ankoof i (DAL +0

(m+k+p—1)'(n m—1)!
ZP""() (k+p—-1D!'(n—-1)!

_(n—m-1)! C
—W;Pn,k(x)(k+p+m—1)(k+p+m—2) e (K + )

= (n(%—'l)'z Py (x) {km + <mp + m(mT—l)> k™4 O(n‘z)}

_(n—m-—

(n—1)! {{(nx)m +m(p+ (m—1))(nx)™ ! + O(n_z)}}

3.1 Theorem: Let f € C,[0,),a > 0 and £ exists on (0, ), then
Lim B (F(0);%) = (). 3.1
Further, if f(*) exists and is continuous on (a —n,a + 1) < (0,),n > 0, then the limit (3.1)

holds uniformly on the interval [a, b].
Proof: By Taylor’s expansion of f, we have

T ()
0 =YD it e,

where £(t,x) —» 0 as t - x, hence

By (F(0);x) = ;7 W, (6, x)f (B)dt
@) v
Zf (x )f W (&%) (t—x)idt+f W (&, x)e(t, x)(E — x)" dt
0

= Z'l + 25

Using Lemma 3.4, we get that
(r)
f (x) [(n T 1)' ':| f(r)( ) (Tl r— 1)'] f(r) (x), as n — oo,

5=y L0 () o i
r! T(n-1)! n~"(n—1)!

Next, making use of Lemma 3.2, we have

Qi ()% . [
Zr= 3 WIS e ) o) [ busps (60 - 27
20t <r k=1 0

i,j=0

+ (—n) e ™ e(0,x)(—x)".
Then

2itj<r
i,j=0

10, @< . (
DIEY nl%Zlk—nxl/pn,k(x) j b jerp—1 (D1t 011t = 0" dt
k=1 0

+n"e ™ |e(0,x)|x".
= 11 + 12.
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Since &(t,x) » 0 ast — x, for given £ > 0,356 > 0 such that |e(t,x)| <&, whenever
0<|t—x|<d.for|t—x| = 6,3 aconstant M > 0 such that |e(t,x)(t — x)"| < M|t — x|*
Hence

i ir X . .
I < sup |ij_(>| () ) Jle = nxl/p, (0| & f b jap—1 (Ot — x["dt
2i+j<r e
i,j>0 Zz;l—]ZOSr k=1 [t—x|<8
+ f by k+p—1 (X)M|t — x|*dt
|[t—x|=6
= 13 + 14.
Let supzi+j<r |Qi'f';r(x)| = (Cy,x € (0,00) be fixed. Now , applying Schwarz inequality for
i,j=0
integration and then summation, we get:
e (] 1/2 (]
L=eC Y n' Y Ik —nxvpn,kool | el | [ b @
2i+j<r k=1 |t—x|<6 [t—x|<8
i,j=0
1/2
— x)?dt
o) 1/2 r o [ 1/2
< SCl Z ni [Z(k - n)ijn,k (x)] [z Pn k (x)f bn,k+p—1 (x)(t - x)zrdt]
2itj<r Lk=1 k=1 0
,j 20

St Pk () o Dricip—1 (€ = )7 dE = Ty 50 (0) = (=) e™ = 0(1) for any
s> 0.
Then from 3.3 Lemma, we get
Iz < ¢y z m)iom/0mn™°) = €0 (n%_s) =0(n"°) fors > L
2i+j<r 2
1,j>0
Next again using Schwarz inequality for integration and then summation, we get

I, <G Z niZ'pn,k(x)Ik
s k=l

i,j =0
1/2 1/2
- nxlj f bn,k+p—1 (t)dt f bn,k+p—1(t) (t - x)zadt
[t—x|=6 |[t—x|=6
<c Y [Z P () (k = nx)z,-] D Pui®) [ by a0~ 07t
2i+j<r k=1 k=1 0
i,j=0

By using 3.3 Lemma
; L
< M2itjern'0(n2)0(n™*) =0 (n

i,j =0

L
2

_S) =o0(1) fors >%
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Since € > 0 arbitrary, it follows that I; — 0
as n — oo and hence I, = o(1). Combining
the estimates of [, and [, we

Volume 38. Number 3 .A (2012)

To prove the uniformly assertion is
sufficient to remark that §(¢) in the above
proof can be chosen to be independent of

€ [a, b] and also that the other estimates

. ) . _ £
get lim,_ B, ,(f(t);x) = f7)(x). ! i
" P hold uniformly in x € [a, b].
3.2 Theorem: let f € C,[0, ), a > 0 and f 2 exists at a point x € (0, ), then

n—-oo

:r(r+1) (x + x?)

fO+ @+ + @+ D) + ——= D ().
Further, if £"*2) exists and is continuous on the interval (a —n,b + 1) © (0 0),n > 0 then
(3.1) holds uniformly on [a, b].

Proof: by the Taylor’s expansion of f, we get
r+2
(t—

O =) rO0—

i=0
where e(t,x) » 0ast — x. Then

) +e(t,x)(t —x)" 2,

oo

r+2 0] Y
BOG@0 =y 2 [ w0 - viae+ [ w0 e o -
= v 3 0
= 21 + Zz_
By using the same technique of 3.1 theorem, we get ¥, - 0 as n — co.
Then, by using 3.4 Lemma, we have

% = Zf@mi(:) 2 fmf”(ax)tfdt

f(T)(x) (n—r—1D)n" FOtD ) © (1) o (1) +1
- = r!]+ D [(r+1)( x) J, Wy (e, x)tmdt + [ W, (0t dt]+

FU+D 00 [r+1)(r+2) ) .
(r+2)! 2 xfo W, (t, x)t"dt +

r+2)(—x) [ W0 e+ 7w, x)tr"’zdt]

. (n—r— DIn"
(r+1) —r—1)!
+f(r+1(;? (n(nin R+ D
(n—r—Z)! r+1 r
W[n r+DIx+rin"(r+ 1D+
D@ [m—r-D'0+ 1) +2) e
BT TH sy 2 wr
+(r+ 2)(—x)%[(r DIy (4 D + )]
(n(;i;)?)! [(r -; 2)! 2+ (r+2)p+r+ D+ 1)!n’"+1x]].

Hence,
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Limi[ BE) (F(6); %) — F ()]

" r(r +1) (x + x2)

FO@+ A+ + @+ ) + ——FT ().
3.3 Theorem:
Let f € C,[0,00) for somea>0andr <v < (r+2).if f*) exists and is continuous on

(a —n, b + n)then forn — oo:

1
< An- Z”f(l)” + A;n” 2 W) (n 2;(a—n,b+ r))) +0(n™32),
where Aq, A, are constants mdependent of [|. ]| denotes the sup-norm on the interval
f and n. w¢(6) is the modulus of continuity [a, b].
of fon(a—n,b+n),and Proof:

By Taylor’s expansion of f, we have
LEFIO) ) — f)
p = YT LT ey 4 ne (1 - 1),
i=0

where ¢ lies between t, x and y(t) is the characteristic function of the interval (a — n,b + n).
Fort € (a —n,b+n)and x € [a, b], we get:

ANE) ARG AE) )
f(t)zzo (- + — (t — x)".
Fort € l[?), )\ (a—n,b+n)and x € [a, b], we define

ANE) l.
h(t,x) = £(t) —Z(; 2 (=)'
Now, B

BI)(f(£); x) — f(”(x)
i)
§ f (x) B(r)((t )i;x) —f(r)(x)]

(f @ (f) f)
v!

+ B (t — )" x(6); x) + By (h(t, ) (1 = x(D); )

.= 21 + Ez + 23.
By using 3.4 Lemma, we get:

mei (1) 0T BV %) - FO )

Zf@(x)Z () ot 2 [Ty 44 )y
+ O(n_z)}] — fO)

Consequently,
1Z1llcpap) < An~? [ Z']:r”f(i)”C[a,b]] + 0(n~2), uniformly on [a, b].
To estimate X, we proceed as follows:
WO-FP©
1521 < B (=80t — x1x(6); x)
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w,w(8;(@a—nb+n) t—
i ( )B(r) <1+| 6x|>|t—x|”;x

v!

w (V)((S;(a—n,b+r])) . I 3
L 22 PS @) 3 buap—t (O = xI” + 67 e — x|"*1)dt +

e ™ (|x”| + 5‘1|x”+1|)] ; 8> 0.
Now fors=10,1,2,. We have:

Z Pa ()1l —nxl f burp-1 (Ol — xl°de (3.2)
0

[ ]
ank(x)lk nx|/ fbnk+p 1()dt fbnk+p 1(O)(t —x)*dt j

N =

N =

< Py (x)(k — nx)zfl
; ;

> Paic®) [ busp 1 (O~ x)ZSdt]
k=1 0

L = G-s) .
=0 (nZ)O (nZ) =0 (n 2 ) uniformly on [a, b].
Therefore by usmg 3.2 Lemma and (3.2), we get:

ZlP )| f it Ot = xlode (33)
< z z n'|k — nx|/ mi'j}'c;r()lpn,k(x)f by j+p-1(®)|t — x|°dt
k=124 < 0
0,j>0
Cir(x . [
< sup sup M n' ZPn,k(x)Ik—nxlfj by jrp-1 (O]t — x|°dt
2i+j<r x€[a,b] ve 2T — 0
i,j=>0 20 =
=AXitj<rn'0 (n 2 ) =0 (n 2 ) uniformly on [a, b].
ij=>0
SiNCe SUP2i+j<r SUPxe[ab] |qu;(x)| = A be fixed

i,j =0
-1
Choosing § = n2 and applying (3.3), we led to

-1

1221l < [0 (n 2 ) + nz0 (nr T 1) + O(n‘m)], foranym > 0

—(rvv) -1
SAn 7 wwm|\nZ;(a—nb+n) )

Since t € [0,00) \ (a —n,b + 1), we can choosed > 0 in such a way that |t — x| = § for all
x € [a,b].
Thus, using Lemma (3.2), we obtain

(o0}

2l < ik — pr Oob h dt + e~ [h(0
23] < n'|k — nx| e 'k (X) nk+p—1 ()|t x)|dt + e ™ |h(0, x)].
k=12itj<r 0
i,j=0
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For |t—x|=6, we can find a
constant C >0 such that |h(t,x)| <
Clt — x|* Finally using Schwarz
inequality for integration and then for
summation, we get
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