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Abstract 
        In this paper, we introduce a generalization of mixed Szãsz-Bata of Phillips type  
 operators. First, we study the convergence theorem by applying the Korovkin's theorem, then 
 we define and study the m-th order moment for this operators. Next, we prove the 
 Voronovskaja-type asymptotic formula for our operators. 

 
1. Introduction  
In [1] Maheshwar proposed mixed Szãsz-Bata type operators to approximate functions 
integrable on [0,∞) as: 

𝐿𝐿𝑛𝑛(𝑓𝑓; 𝑥𝑥) = �𝑝𝑝𝑛𝑛 ,𝑣𝑣(𝑥𝑥)� 𝑏𝑏𝑛𝑛 ,𝑣𝑣(𝑡𝑡)𝑓𝑓(𝑡𝑡)𝑑𝑑𝑡𝑡,     𝑥𝑥 ∈ [0,∞).
∞

0

∞

𝑣𝑣=0

 

Where 
𝑝𝑝𝑛𝑛 ,𝑣𝑣(𝑥𝑥) = 𝑒𝑒−𝑛𝑛𝑥𝑥 (𝑛𝑛𝑥𝑥 )𝑣𝑣

𝑣𝑣!
 , 𝑏𝑏𝑛𝑛 ,𝑘𝑘(𝑡𝑡) = 1

𝐵𝐵(𝑛𝑛 ,𝑣𝑣+1)
 𝑡𝑡𝑣𝑣(1 + 𝑡𝑡)−𝑛𝑛−𝑣𝑣−1, 

and 𝐵𝐵(𝑛𝑛, 𝑣𝑣 + 1)being the beta function given by 𝑣𝑣!(𝑛𝑛−1)!
(𝑛𝑛+𝑣𝑣)!

. 
The Phillips Szãsz-Bata operators of the operators 𝐿𝐿𝑛𝑛(𝑓𝑓, 𝑥𝑥) was defined as:  

𝐵𝐵𝑛𝑛(𝑓𝑓; 𝑥𝑥) = �𝑝𝑝𝑛𝑛 ,𝑘𝑘(𝑥𝑥)� 𝑏𝑏𝑛𝑛 ,𝑘𝑘−1(𝑡𝑡)𝑓𝑓(𝑡𝑡)𝑑𝑑𝑡𝑡 + 𝑓𝑓(0)𝑝𝑝𝑛𝑛 ,0(𝑥𝑥),     𝑥𝑥 ∈ [0,∞).
∞

0

∞

𝑘𝑘=1

 

Suppose that 𝐶𝐶𝛼𝛼[0,∞) = {𝑓𝑓(𝑡𝑡) ∈ 𝐶𝐶[0,∞): |𝑓𝑓(𝑡𝑡)| ≤   𝑀𝑀(1 + 𝑡𝑡)𝛼𝛼 ,𝑓𝑓𝑓𝑓𝑓𝑓 𝑠𝑠𝑓𝑓𝑠𝑠𝑒𝑒 𝑀𝑀,𝛼𝛼 > 0} 
For 𝑓𝑓 ∈ 𝐶𝐶𝛼𝛼[0,∞), we defined a family of generalization of the operators  𝐵𝐵𝑛𝑛(𝑓𝑓; 𝑥𝑥) as follows: 

𝐵𝐵𝑛𝑛 ,𝑝𝑝(𝑓𝑓; 𝑥𝑥) = �𝑝𝑝𝑛𝑛 ,𝑘𝑘(𝑥𝑥)� 𝑏𝑏𝑛𝑛 ,𝑘𝑘+𝑝𝑝−1(𝑡𝑡)𝑓𝑓(𝑡𝑡)𝑑𝑑𝑡𝑡 + 𝑓𝑓(0)𝑒𝑒−𝑛𝑛𝑥𝑥 ,    𝑝𝑝 ∈ 𝑁𝑁.                       (1.1)
∞

0

∞

𝑘𝑘=1

 

Clearly 𝐵𝐵𝑛𝑛 ,0(𝑓𝑓; 𝑥𝑥) = 𝐵𝐵𝑛𝑛(𝑓𝑓; 𝑥𝑥). 
In this paper, we study the convergence of 
operator 𝐵𝐵𝑛𝑛 ,𝑝𝑝(𝑓𝑓; 𝑥𝑥). First, we prove that 

these operators are convergent to f(x) as 
𝑛𝑛 → ∞ in the space 𝐶𝐶𝛼𝛼[0,∞).  
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Then, we define the m-th order  moment of 
𝐵𝐵𝑛𝑛 ,𝑝𝑝  and drive the recurrence relation for 
this  
moment. Also, we study the convergence 
theorem of the operators 𝐵𝐵𝑛𝑛 ,𝑝𝑝  in 
simultaneous  
approximation (approximation of 
derivatives of a function by the 
corresponding order  

derivatives of operators), and introduce a 
Voronovskaja-type asymptotic formula. 
Finally, we  
give an error  estimate in terms of modulus 
of continuity of the function being 
approximation. 
Here, we give this Lemma which we needed 
in our paper. 
1.1 Lemma: For 𝑥𝑥 ∈ [0,∞) we have(see 
[2], [3]and [4]): 

1)�𝑝𝑝𝑛𝑛 ,𝑘𝑘(𝑥𝑥)
∞

𝑘𝑘=0

= 1;                                                        2)�𝑘𝑘𝑝𝑝𝑛𝑛 ,𝑘𝑘(𝑥𝑥)
∞

𝑘𝑘=0

= 𝑛𝑛𝑥𝑥; 

3)�𝑘𝑘2𝑝𝑝𝑛𝑛 ,𝑘𝑘(𝑥𝑥)
∞

𝑘𝑘=0

= 𝑛𝑛2𝑥𝑥2 + 𝑛𝑛𝑥𝑥;                                   4)𝑥𝑥𝑝𝑝′𝑛𝑛 ,𝑘𝑘(𝑥𝑥) = (𝑘𝑘 − 𝑛𝑛𝑥𝑥)𝑝𝑝𝑛𝑛 ,𝑘𝑘(𝑥𝑥); 

5)suppose that 𝛷𝛷𝑛𝑛 ,𝑠𝑠(𝑥𝑥) = ∑ 𝑘𝑘𝑠𝑠𝑃𝑃𝑛𝑛 ,𝑘𝑘(𝑥𝑥); 𝑡𝑡ℎ𝑒𝑒𝑛𝑛 ∞
𝑘𝑘=0 𝛷𝛷𝑛𝑛 ,𝑠𝑠+1(𝑥𝑥) = 𝑥𝑥𝛷𝛷𝑛𝑛 ,𝑠𝑠́ (𝑥𝑥) + 𝑛𝑛𝑥𝑥𝛷𝛷𝑛𝑛 ,𝑠𝑠 (𝑥𝑥), 

and 𝛷𝛷𝑛𝑛 ,𝑠𝑠(𝑥𝑥) = (𝑛𝑛𝑥𝑥)𝑠𝑠 + 𝑠𝑠(𝑠𝑠−1)
2

(𝑛𝑛𝑥𝑥)𝑠𝑠−1 + 𝑡𝑡𝑒𝑒𝑓𝑓𝑠𝑠 𝑖𝑖𝑛𝑛 𝑙𝑙𝑓𝑓𝑙𝑙𝑒𝑒𝑓𝑓 𝑝𝑝𝑓𝑓𝑙𝑙𝑒𝑒𝑓𝑓𝑠𝑠 𝑓𝑓𝑓𝑓 𝑓𝑓(𝑛𝑛𝑥𝑥). 

6)𝑥𝑥(𝑥𝑥 + 1)𝑏𝑏′𝑛𝑛 ,𝑘𝑘(𝑥𝑥) = (𝑘𝑘 − 𝑛𝑛𝑥𝑥 − 𝑥𝑥)𝑏𝑏𝑛𝑛 ,𝑘𝑘(𝑥𝑥);          7)� 𝑏𝑏𝑛𝑛 ,𝑘𝑘(𝑥𝑥)𝑡𝑡𝑠𝑠 =
(𝑠𝑠 + 𝑘𝑘)! (𝑛𝑛 −𝑠𝑠 − 1)!

𝑘𝑘! (𝑛𝑛 − 1)!
.

∞

0

 

The next Lemma shows that the Korovkin's conditions in the space 𝐶𝐶𝛼𝛼[0,∞) are hold for the 
operators 𝐵𝐵𝑛𝑛 ,𝑝𝑝 .  
1.2 Lemma 
For  𝑥𝑥 ∈ [0,∞), if the following conditions hold: 
1)𝐵𝐵𝑛𝑛 ,𝑝𝑝(1;𝑥𝑥) = 1;  
2)𝐵𝐵𝑛𝑛 ,𝑝𝑝(𝑡𝑡; 𝑥𝑥) = 1

𝑛𝑛−1
{𝑛𝑛𝑥𝑥 + 𝑝𝑝(1 − 𝑒𝑒−𝑛𝑛𝑥𝑥 )} → 𝑥𝑥 as 𝑛𝑛 → ∞; 

3)𝐵𝐵𝑛𝑛 ,𝑝𝑝(𝑡𝑡2; 𝑥𝑥) = 1
(𝑛𝑛−1)(𝑛𝑛−2)

{𝑛𝑛2𝑥𝑥2 + 2𝑛𝑛(𝑝𝑝 + 1)𝑥𝑥 + (𝑝𝑝2 + 𝑝𝑝)(1− 𝑒𝑒−𝑛𝑛𝑥𝑥 )}  → 𝑥𝑥2 as 𝑛𝑛 → ∞. 
Therefore, 𝐵𝐵𝑛𝑛 ,𝑝𝑝(𝑓𝑓(𝑡𝑡); 𝑥𝑥) → 𝑓𝑓(𝑥𝑥)𝑎𝑎𝑠𝑠 𝑛𝑛 → ∞. 
Proof: 
By using 1.1 Lemma, we have: 

1)𝐵𝐵𝑛𝑛 ,𝑝𝑝(1;𝑥𝑥) = �𝑝𝑝𝑛𝑛 ,𝑘𝑘(𝑥𝑥)
(𝑘𝑘 + 𝑝𝑝 − 1)! (𝑛𝑛 − 1)!
(𝑘𝑘 + 𝑝𝑝 − 1)! (𝑛𝑛 − 1)!

∞

𝑘𝑘=1

+ 𝑝𝑝𝑛𝑛 ,0(𝑥𝑥) = 1 

2)𝐵𝐵𝑛𝑛 ,𝑝𝑝(𝑡𝑡; 𝑥𝑥) = �𝑝𝑝𝑛𝑛 ,𝑘𝑘(𝑥𝑥)
(𝑘𝑘 + 𝑝𝑝)! (𝑛𝑛 − 2)!

(𝑘𝑘 + 𝑝𝑝 − 1)! (𝑛𝑛 − 1)!

∞

𝑘𝑘=1

+ 0 

                    =
1

𝑛𝑛 − 1
��𝑘𝑘𝑝𝑝𝑛𝑛 ,𝑘𝑘

∞

𝑘𝑘=1

(𝑥𝑥) + 𝑝𝑝�𝑝𝑝𝑛𝑛 ,𝑘𝑘

∞

𝑘𝑘=1

(𝑥𝑥)� =
1

𝑛𝑛 − 1
{𝑛𝑛𝑥𝑥 + 𝑝𝑝(1 − 𝑒𝑒−𝑛𝑛𝑥𝑥 )}. 

3)𝐵𝐵𝑛𝑛 ,𝑝𝑝(𝑡𝑡2; 𝑥𝑥) = �𝑝𝑝𝑛𝑛 ,𝑘𝑘(𝑥𝑥)
(𝑘𝑘 + 𝑝𝑝 + 1)! (𝑛𝑛 − 3)!
(𝑘𝑘 + 𝑝𝑝 − 1)! (𝑛𝑛 − 1)!

∞

𝑘𝑘=1

+ 0 

                        =
1

(𝑛𝑛 − 1)(𝑛𝑛 − 2)
��𝑘𝑘2𝑝𝑝𝑛𝑛 ,𝑘𝑘

∞

𝑘𝑘=1

(𝑥𝑥) + (2𝑝𝑝 + 1)�𝑘𝑘𝑝𝑝𝑛𝑛 ,𝑘𝑘

∞

𝑘𝑘=1

(𝑥𝑥) + (𝑝𝑝2

+ 𝑝𝑝)��𝑝𝑝𝑛𝑛 ,𝑘𝑘 − 𝑝𝑝𝑛𝑛 ,0(𝑥𝑥)
∞

𝑘𝑘=0

�� 
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                       =
1

(𝑛𝑛 − 1)(𝑛𝑛 − 2)
{𝑛𝑛2𝑥𝑥2 + 2𝑛𝑛(𝑝𝑝 + 1)𝑥𝑥 + (𝑝𝑝2 + 𝑝𝑝)(1− 𝑒𝑒−𝑛𝑛𝑥𝑥 )}  

Therefore, 𝐵𝐵𝑛𝑛 ,𝑝𝑝(𝑓𝑓(𝑡𝑡); 𝑥𝑥) → 𝑓𝑓(𝑥𝑥)𝑎𝑎𝑠𝑠 𝑛𝑛 → ∞ (see[2]). 
2. Auxiliary Results   
For 𝑠𝑠 ∈ 𝑁𝑁0, the m-th order moment for the operators 𝑀𝑀𝑛𝑛(𝑓𝑓(𝑡𝑡); 𝑥𝑥) be defined by: 

𝑇𝑇𝑛𝑛 ,𝑠𝑠(𝑥𝑥) = 𝐵𝐵𝑛𝑛 ,𝑝𝑝((𝑡𝑡 − 𝑥𝑥)𝑠𝑠 ; 𝑥𝑥) = �𝑝𝑝𝑛𝑛 ,𝑘𝑘(𝑥𝑥)� 𝑏𝑏𝑛𝑛 ,𝑘𝑘+𝑝𝑝−1(𝑡𝑡)(𝑡𝑡 − 𝑥𝑥)𝑠𝑠𝑑𝑑𝑡𝑡 + (−𝑥𝑥)𝑠𝑠𝑒𝑒−𝑛𝑛𝑥𝑥 ,   
∞

0

∞

𝑘𝑘=1

 

               ≔ 𝑌𝑌𝑛𝑛 ,𝑠𝑠(𝑥𝑥) + (−𝑥𝑥)𝑠𝑠𝑒𝑒−𝑛𝑛𝑥𝑥 . 
 
2.1 Lemma 
         For the function 𝑌𝑌𝑛𝑛 ,𝑠𝑠 (𝑥𝑥) which is defined above, we have: 
𝑌𝑌0,𝑠𝑠(𝑥𝑥) = 1 − 𝑒𝑒−𝑛𝑛𝑥𝑥 , 

𝑌𝑌1,𝑠𝑠(𝑥𝑥) =
𝑥𝑥(1 + (𝑛𝑛 − 1)𝑒𝑒−𝑛𝑛𝑥𝑥 ) + 𝑝𝑝(1 + 𝑒𝑒−𝑛𝑛𝑥𝑥 )

𝑛𝑛 − 1
. 

And, we have the following recurrence relation for 𝑌𝑌𝑛𝑛 ,𝑠𝑠(𝑥𝑥). 
(𝑛𝑛 −𝑠𝑠 − 1)𝑌𝑌𝑛𝑛 ,𝑠𝑠+1(𝑥𝑥) = 𝑥𝑥𝑌𝑌′𝑛𝑛 ,𝑠𝑠(𝑥𝑥) + 𝑠𝑠(2𝑥𝑥 + 𝑥𝑥2)𝑌𝑌𝑛𝑛 ,𝑠𝑠−1(𝑥𝑥) + {(𝑠𝑠 + 1)(1 + 2𝑥𝑥) +
                                             (𝑝𝑝 − 1 − 𝑥𝑥)}𝑌𝑌𝑛𝑛 ,𝑠𝑠(𝑥𝑥)                                               ,𝑠𝑠 + 1 < 𝑛𝑛  
Proof:  
 by direct computation, we can easily get the values of 𝑌𝑌𝑛𝑛 ,0  (𝑥𝑥), 𝑌𝑌𝑛𝑛 ,1(𝑥𝑥)  and 𝑌𝑌𝑛𝑛 ,2(𝑥𝑥). 
Now, 

𝑌𝑌′𝑛𝑛 ,𝑠𝑠(𝑥𝑥) = �𝑝𝑝′𝑛𝑛 ,𝑘𝑘(𝑥𝑥)� 𝑏𝑏𝑛𝑛 ,𝑘𝑘+𝑝𝑝−1(𝑡𝑡)(𝑡𝑡 − 𝑥𝑥)𝑠𝑠𝑑𝑑𝑡𝑡 − 𝑠𝑠𝑌𝑌𝑛𝑛 ,𝑠𝑠−1(𝑥𝑥).   
∞

0

∞

𝑘𝑘=1

 

By using 1.1 Lemma, we have: 

𝑥𝑥𝑌𝑌′𝑛𝑛 ,𝑠𝑠(𝑥𝑥) = �𝑝𝑝𝑛𝑛 ,𝑘𝑘(𝑥𝑥)�(𝑘𝑘 − 𝑛𝑛𝑥𝑥)𝑏𝑏𝑛𝑛 ,𝑘𝑘+𝑝𝑝−1(𝑡𝑡)(𝑡𝑡 − 𝑥𝑥)𝑠𝑠𝑑𝑑𝑡𝑡 − 𝑥𝑥𝑠𝑠𝑌𝑌𝑛𝑛 ,𝑠𝑠−1(𝑥𝑥) .  
∞

0

∞

𝑘𝑘=1

 

Then, 
𝑥𝑥�𝑌𝑌′𝑛𝑛 ,𝑠𝑠(𝑥𝑥) + 𝑠𝑠𝑌𝑌𝑛𝑛 ,𝑠𝑠−1(𝑥𝑥)�

= �𝑝𝑝𝑛𝑛 ,𝑘𝑘(𝑥𝑥)� 𝑡𝑡(𝑡𝑡 + 1)𝑏𝑏′𝑛𝑛 ,𝑘𝑘+𝑝𝑝−1(𝑡𝑡 − 𝑥𝑥)𝑠𝑠𝑑𝑑𝑡𝑡 + (𝑛𝑛
∞

0

∞

𝑘𝑘=1

+ 1�𝑝𝑝𝑛𝑛 ,𝑘𝑘(𝑥𝑥)� 𝑏𝑏𝑛𝑛 ,𝑘𝑘+𝑝𝑝−1(𝑡𝑡 − 𝑥𝑥)𝑠𝑠+1𝑑𝑑𝑡𝑡 + (𝑝𝑝 − 1
∞

0

∞

𝑘𝑘=1

− 𝑥𝑥)�𝑝𝑝𝑛𝑛 ,𝑘𝑘(𝑥𝑥)� 𝑏𝑏𝑛𝑛 ,𝑘𝑘+𝑝𝑝−1(𝑡𝑡 − 𝑥𝑥)𝑠𝑠𝑑𝑑𝑡𝑡.
∞

0

∞

𝑘𝑘=1

 

By using the integration by parts, we have: 
𝑥𝑥�𝑌𝑌′𝑛𝑛 ,𝑠𝑠(𝑥𝑥) + 𝑠𝑠𝑌𝑌𝑛𝑛 ,𝑠𝑠−1(𝑥𝑥)�

= −𝑠𝑠(𝑥𝑥 + 𝑥𝑥2)𝑌𝑌𝑛𝑛 ,𝑠𝑠−1(𝑥𝑥) − (𝑠𝑠 + 1)(1 + 2𝑥𝑥)𝑌𝑌𝑛𝑛 ,𝑠𝑠(𝑥𝑥) − (𝑠𝑠− 2)𝑌𝑌𝑛𝑛 ,𝑠𝑠+1(𝑥𝑥)
− (𝑝𝑝 − 1 − 𝑥𝑥)𝑌𝑌𝑛𝑛 ,𝑠𝑠(𝑥𝑥). 

Form which the recurrence relation for 𝑌𝑌𝑛𝑛 ,𝑠𝑠(𝑥𝑥) is immediate. 
2.2 Lemma 
For the m-th order moment 𝑌𝑌𝑛𝑛 ,𝑠𝑠(𝑥𝑥) for the operators 𝐵𝐵𝑛𝑛 ,𝑝𝑝(𝑓𝑓, 𝑥𝑥), we have: 

𝑇𝑇𝑛𝑛 ,0(𝑥𝑥) = 1,𝑇𝑇𝑛𝑛 ,1(𝑥𝑥) =
𝑥𝑥

𝑛𝑛 − 1
+
𝑝𝑝(1 − 𝑒𝑒−𝑛𝑛𝑥𝑥 )

𝑛𝑛 − 1
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and 

𝑇𝑇𝑛𝑛 ,2(𝑥𝑥) =
𝑛𝑛 + 2

(𝑛𝑛 − 1)(𝑛𝑛 − 2)
𝑥𝑥2 +

2(𝑛𝑛 + 2𝑝𝑝) + 4𝑝𝑝𝑒𝑒−𝑛𝑛𝑥𝑥 (𝑛𝑛 − 1)
(𝑛𝑛 − 1)(𝑛𝑛 − 2)

𝑥𝑥 +
(𝑝𝑝 + 𝑝𝑝2)(1 − 𝑒𝑒−𝑛𝑛𝑥𝑥 )

(𝑛𝑛 − 1)(𝑛𝑛 − 2)
. 

Also, we have the following recurrence relation for 𝑇𝑇𝑛𝑛 ,𝑠𝑠(𝑥𝑥) whenever 𝑠𝑠 ≥ 𝑛𝑛 + 1: 
(𝑛𝑛 −𝑠𝑠 − 1)𝑇𝑇𝑛𝑛 ,𝑠𝑠+1(𝑥𝑥)

= 𝑥𝑥𝑇𝑇′𝑛𝑛 ,𝑠𝑠(𝑥𝑥) + 𝑠𝑠(2𝑥𝑥 + 𝑥𝑥2)𝑇𝑇𝑛𝑛 ,𝑠𝑠−1(𝑥𝑥)
+ {(𝑠𝑠 + 1)(1 + 2𝑥𝑥) + (𝑝𝑝 − 1 − 𝑥𝑥)}𝑇𝑇𝑛𝑛 ,𝑠𝑠(𝑥𝑥) − (𝑝𝑝 + 2𝑠𝑠𝑥𝑥)(−𝑥𝑥)𝑠𝑠𝑒𝑒−𝑛𝑛𝑥𝑥 . 

Proof: 
By direct computation we can easily get the values of 𝑇𝑇𝑛𝑛 ,0(𝑥𝑥), 𝑇𝑇𝑛𝑛 ,1(𝑥𝑥) and 𝑇𝑇𝑛𝑛 ,2(𝑥𝑥). 
Now, using 2.1 Lemma, we have 
(𝑛𝑛 −𝑠𝑠 − 1)𝑇𝑇𝑛𝑛 ,𝑠𝑠+1(𝑥𝑥) = (𝑛𝑛 −𝑠𝑠 − 1)�𝑌𝑌𝑛𝑛 ,𝑠𝑠+1(𝑥𝑥) + (−𝑥𝑥)𝑠𝑠+1𝑒𝑒−𝑛𝑛𝑥𝑥 � 
                           = 𝑥𝑥𝑌𝑌′𝑛𝑛 ,𝑠𝑠(𝑥𝑥) + 𝑠𝑠(2𝑥𝑥 + 𝑥𝑥2)𝑌𝑌𝑛𝑛 ,𝑠𝑠−1(𝑥𝑥)

+ {(𝑠𝑠 + 1)(1 + 2𝑥𝑥) + (𝑝𝑝 − 1 − 𝑥𝑥)}𝑌𝑌𝑛𝑛 ,𝑠𝑠(𝑥𝑥) + (𝑛𝑛 −𝑠𝑠 − 1)𝑒𝑒−𝑛𝑛𝑥𝑥  
(𝑛𝑛 −𝑠𝑠 − 1)𝑇𝑇𝑛𝑛 ,𝑠𝑠+1(𝑥𝑥)

= 𝑥𝑥𝑇𝑇′𝑛𝑛 ,𝑠𝑠(𝑥𝑥) + 𝑠𝑠(2𝑥𝑥 + 𝑥𝑥2)𝑇𝑇𝑛𝑛 ,𝑠𝑠−1(𝑥𝑥)
+ {(𝑠𝑠 + 1)(1 + 2𝑥𝑥) + (𝑝𝑝 − 1 − 𝑥𝑥)}𝑇𝑇𝑛𝑛 ,𝑠𝑠(𝑥𝑥) − (𝑝𝑝 + 2𝑠𝑠𝑥𝑥)(−𝑥𝑥)𝑠𝑠𝑒𝑒−𝑛𝑛𝑥𝑥 . 

Consequently for each 𝑥𝑥 ∈ [0,∞), we can determine  𝑇𝑇𝑛𝑛 ,𝑠𝑠(𝑥𝑥) 𝑎𝑎𝑠𝑠 𝑂𝑂 �𝑛𝑛−�
𝑠𝑠+1

2 ��, where�𝑠𝑠+1
2
� 

denotes the integer part of the value 𝑠𝑠+1
2

. 
3. Simultaneous Approximation  
3.1 Lemma [5]: Let δ be a positive real number. Then, for every 𝑠𝑠 > 0 and 𝑥𝑥 ∈ [0,∞) there 
exists a positive constant 𝐶𝐶𝑠𝑠 ,𝑥𝑥  such that: 

� 𝑊𝑊𝑛𝑛 ,𝑝𝑝(𝑡𝑡, 𝑥𝑥)(1 + 𝑡𝑡)−𝛼𝛼𝑑𝑑𝑡𝑡 ≤ 𝐶𝐶𝑠𝑠 ,𝑥𝑥 ,𝑝𝑝𝑛𝑛−𝑠𝑠 ,𝑠𝑠 = 0,1,2, . . .
|𝑡𝑡−𝑥𝑥|≥𝛿𝛿

 

where 𝐶𝐶𝑠𝑠 ,𝑥𝑥 ,𝑝𝑝  depending on m, x, p and 𝑊𝑊𝑛𝑛 ,𝑝𝑝(𝑡𝑡, 𝑥𝑥) = ∑ 𝑝𝑝𝑛𝑛 ,𝑘𝑘(𝑥𝑥)∫ 𝑏𝑏𝑛𝑛 ,𝑘𝑘+𝑝𝑝−1(𝑡𝑡)𝑓𝑓(𝑡𝑡)𝑑𝑑𝑑𝑑 +∞
0

∞
𝑘𝑘=1

𝛿𝛿(𝑡𝑡)𝑒𝑒−𝑛𝑛𝑥𝑥 ,     𝑥𝑥 ∈ [0,∞). 
The δ(t) begins the Dirac-delta function. 
Making use of  Taylors expansion for the 
function (1 + 𝑡𝑡)𝛼𝛼  about 𝑥𝑥 ∈ (0,∞), 
Schwarz inequality for integration and then 

for summation and Lemma 2.2, the proof of 
the Lemma easily follows. 
3.2 Lemma [6]:  There exist the 
polynomials 𝑄𝑄𝑖𝑖 ,𝑗𝑗 ,𝑓𝑓(𝑥𝑥) independent on n,k 
such that 

𝑥𝑥𝑓𝑓𝑝𝑝𝑛𝑛 ,𝑘𝑘
(𝑓𝑓)(𝑥𝑥) = � 𝑛𝑛𝑖𝑖(𝑘𝑘 − 𝑛𝑛𝑥𝑥)𝑗𝑗 𝑄𝑄𝑖𝑖 ,𝑗𝑗 ,𝑓𝑓(𝑥𝑥)𝑝𝑝𝑛𝑛 ,𝑘𝑘(𝑥𝑥).

2𝑖𝑖+𝑗𝑗≤𝑓𝑓
𝑖𝑖 ,𝑗𝑗≥0

 

3.3 Lemma [5]: For 𝑥𝑥 ∈ [0,∞),  

�𝑝𝑝𝑛𝑛 ,𝑘𝑘(𝑥𝑥)(𝑘𝑘 − 𝑛𝑛𝑥𝑥)2𝑗𝑗 = 𝑛𝑛2𝑗𝑗 ��𝑝𝑝𝑛𝑛 ,𝑘𝑘(𝑥𝑥) �
𝑘𝑘
𝑛𝑛
− 𝑥𝑥�

2𝑗𝑗

− 𝑒𝑒−𝑛𝑛𝑥𝑥 (−𝑥𝑥)2𝑗𝑗
∞

𝑘𝑘=0

�
∞

𝑘𝑘=1

 

                                                                  = 𝑛𝑛2𝑗𝑗 �𝑂𝑂�𝑛𝑛−𝑗𝑗 � + 𝑂𝑂(𝑛𝑛−𝑠𝑠)� = 𝑂𝑂(𝑛𝑛𝑗𝑗 ) for any s > 0. 
3.4 Lemma: for 𝑠𝑠 ≥ 1, we have: 

𝐵𝐵𝑛𝑛 ,𝑝𝑝(𝑡𝑡𝑠𝑠 ; 𝑥𝑥) =
(𝑛𝑛 −𝑠𝑠 − 1)!

(𝑛𝑛 − 1)!
�(𝑛𝑛𝑥𝑥)𝑠𝑠 + 𝑠𝑠�𝑝𝑝 + (𝑠𝑠− 1)�(𝑛𝑛𝑥𝑥)𝑠𝑠−1 + 𝑂𝑂(𝑛𝑛−2)�. 

Proof: 
By using Lemma 1.1, we get 
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𝐵𝐵𝑛𝑛 ,𝑝𝑝(𝑡𝑡𝑠𝑠 ; 𝑥𝑥) = �𝑃𝑃𝑛𝑛 ,𝑘𝑘(𝑥𝑥)� 𝑏𝑏𝑛𝑛 ,𝑘𝑘+𝑝𝑝−1(𝑡𝑡)𝑡𝑡𝑠𝑠𝑑𝑑𝑡𝑡 + 0
∞

0

∞

𝑘𝑘=1

 

                      = �𝑃𝑃𝑛𝑛 ,𝑘𝑘(𝑥𝑥)
(𝑠𝑠 + 𝑘𝑘 + 𝑝𝑝 − 1)! (𝑛𝑛 −𝑠𝑠 − 1)!

(𝑘𝑘 + 𝑝𝑝 − 1)! (𝑛𝑛 − 1)!

∞

𝑘𝑘=1

 

     

 =
(𝑛𝑛 −𝑠𝑠 − 1)!

(𝑛𝑛 − 1)!
�𝑃𝑃𝑛𝑛 ,𝑘𝑘(𝑥𝑥)(𝑘𝑘 + 𝑝𝑝 + 𝑠𝑠− 1)(𝑘𝑘 + 𝑝𝑝 + 𝑠𝑠 − 2) … … . (𝑘𝑘 + 𝑝𝑝)                               
∞

𝑘𝑘=1

 

  

=
(𝑛𝑛 −𝑠𝑠 − 1)!

(𝑛𝑛 − 1)!
�𝑃𝑃𝑛𝑛 ,𝑘𝑘(𝑥𝑥) �𝑘𝑘𝑠𝑠 + �𝑠𝑠𝑝𝑝 +

𝑠𝑠(𝑠𝑠− 1)
2

�𝑘𝑘𝑠𝑠−1 + 𝑂𝑂(𝑛𝑛−2)�                             
∞

𝑘𝑘=1

 

=
(𝑛𝑛 −𝑠𝑠 − 1)!

(𝑛𝑛 − 1)!
��(𝑛𝑛𝑥𝑥)𝑠𝑠 + 𝑠𝑠�𝑝𝑝 + (𝑠𝑠 − 1)�(𝑛𝑛𝑥𝑥)𝑠𝑠−1 + 𝑂𝑂(𝑛𝑛−2)��                                          

 
3.1 Theorem: Let 𝑓𝑓 ∈ 𝐶𝐶𝛼𝛼[0,∞),𝛼𝛼 > 0 and 𝑓𝑓(𝑓𝑓) exists on (0,∞), then 

𝑙𝑙𝑖𝑖𝑠𝑠
𝑛𝑛→∞

𝐵𝐵𝑛𝑛 ,𝑝𝑝
(𝑓𝑓)(𝑓𝑓(𝑡𝑡); 𝑥𝑥) = 𝑓𝑓(𝑓𝑓)(𝑥𝑥).                                                                                              (3.1) 

Further, if f (r) exists and is continuous on (𝑎𝑎 − 𝜂𝜂,𝑎𝑎 + 𝜂𝜂) ⊂ (0,∞), 𝜂𝜂 > 0, then the limit (3.1) 
holds uniformly on the interval [𝑎𝑎, 𝑏𝑏]. 
Proof: By Taylor’s expansion of  f, we have 

𝑓𝑓(𝑡𝑡) = �
𝑓𝑓(𝑓𝑓)(𝑥𝑥)
𝑖𝑖!

𝑓𝑓

𝑖𝑖=0

(𝑡𝑡 − 𝑥𝑥)𝑖𝑖 + 𝜀𝜀(𝑡𝑡, 𝑥𝑥)(𝑡𝑡 − 𝑥𝑥)𝑓𝑓 , 

where 𝜀𝜀(𝑡𝑡, 𝑥𝑥) → 0 as 𝑡𝑡 → 𝑥𝑥, hence 
𝐵𝐵𝑛𝑛 ,𝑝𝑝

(𝑓𝑓)(𝑓𝑓(𝑡𝑡); 𝑥𝑥) = ∫ 𝑊𝑊𝑛𝑛
(𝑓𝑓)∞

0 (𝑡𝑡, 𝑥𝑥)𝑓𝑓(𝑡𝑡)𝑑𝑑𝑡𝑡  

= �
𝑓𝑓(𝑓𝑓)(𝑥𝑥)
𝑖𝑖!

� 𝑊𝑊𝑛𝑛
(𝑓𝑓)

∞

0

(𝑡𝑡, 𝑥𝑥)
𝑓𝑓

𝑖𝑖=0

(𝑡𝑡 − 𝑥𝑥)𝑖𝑖𝑑𝑑𝑡𝑡 + � 𝑊𝑊𝑛𝑛
(𝑓𝑓)

∞

0

(𝑡𝑡, 𝑥𝑥)𝜀𝜀(𝑡𝑡, 𝑥𝑥)(𝑡𝑡 − 𝑥𝑥)𝑓𝑓𝑑𝑑𝑡𝑡                          

                          ≔ 𝛴𝛴1 + 𝛴𝛴2.  
Using Lemma 3.4, we get that 

𝛴𝛴1 = �
𝑓𝑓(𝑖𝑖)(𝑥𝑥)
𝑖𝑖!

𝑓𝑓

𝑖𝑖=0

��𝑖𝑖𝑗𝑗� (−𝑥𝑥)𝑖𝑖−𝑗𝑗
𝑑𝑑𝑓𝑓

𝑑𝑑𝑥𝑥𝑓𝑓
�� 𝑊𝑊𝑛𝑛(𝑡𝑡, 𝑥𝑥)𝑡𝑡𝑗𝑗 𝑑𝑑𝑡𝑡
∞

0

�
𝑖𝑖

𝑗𝑗=0

 

     = 𝑓𝑓(𝑓𝑓)(𝑥𝑥)
𝑓𝑓 !

� (𝑛𝑛−𝑓𝑓−1)!
𝑛𝑛−𝑓𝑓(𝑛𝑛−1)!

𝑓𝑓!�  = 𝑓𝑓(𝑓𝑓)(𝑥𝑥) � (𝑛𝑛−𝑓𝑓−1)!
𝑛𝑛−𝑓𝑓(𝑛𝑛−1)!

� → 𝑓𝑓(𝑓𝑓)(𝑥𝑥), as 𝑛𝑛 → ∞.                                  
Next, making use of Lemma 3.2, we have 

𝛴𝛴2 = � 𝑛𝑛𝑖𝑖
𝑄𝑄𝑖𝑖 ,𝑗𝑗 ,𝑓𝑓(𝑥𝑥)
𝑥𝑥𝑓𝑓

�(𝑘𝑘 − 𝑛𝑛𝑥𝑥)𝑗𝑗 𝑝𝑝𝑛𝑛 ,𝑘𝑘(𝑥𝑥)� 𝑏𝑏𝑛𝑛 ,𝑘𝑘+𝑝𝑝−1

∞

0

∞

𝑘𝑘=1

(𝑥𝑥)𝜀𝜀(𝑡𝑡, 𝑥𝑥)(𝑡𝑡 − 𝑥𝑥)𝑓𝑓𝑑𝑑𝑡𝑡
2𝑖𝑖+𝑗𝑗≤𝑓𝑓
𝑖𝑖 ,𝑗𝑗≥0

+ (−𝑛𝑛)𝑓𝑓𝑒𝑒−𝑛𝑛𝑥𝑥 𝜀𝜀(0, 𝑥𝑥)(−𝑥𝑥)𝑓𝑓 . 
Then 

|𝛴𝛴2| ≤ � 𝑛𝑛𝑖𝑖
�𝑄𝑄𝑖𝑖 ,𝑗𝑗 ,𝑓𝑓(𝑥𝑥)�

𝑥𝑥𝑓𝑓
�|𝑘𝑘 − 𝑛𝑛𝑥𝑥|𝑗𝑗 𝑝𝑝𝑛𝑛 ,𝑘𝑘(𝑥𝑥)� 𝑏𝑏𝑛𝑛 ,𝑘𝑘+𝑝𝑝−1

∞

0

∞

𝑘𝑘=1

(𝑥𝑥)|𝜀𝜀(𝑡𝑡, 𝑥𝑥)||(𝑡𝑡 − 𝑥𝑥)|𝑓𝑓𝑑𝑑𝑡𝑡
2𝑖𝑖+𝑗𝑗≤𝑓𝑓
𝑖𝑖 ,𝑗𝑗≥0

+ 𝑛𝑛𝑓𝑓𝑒𝑒−𝑛𝑛𝑥𝑥 |𝜀𝜀(0, 𝑥𝑥)|𝑥𝑥𝑓𝑓 . 
                   ≔ 𝐼𝐼1 + 𝐼𝐼2.                                                                                                                               
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Since 𝜀𝜀(𝑡𝑡, 𝑥𝑥) → 0 as 𝑡𝑡 → 𝑥𝑥, for given 𝜀𝜀 > 0,∃𝛿𝛿 > 0 such that |𝜀𝜀(𝑡𝑡, 𝑥𝑥)| < 𝜀𝜀, whenever 
0 < |𝑡𝑡 − 𝑥𝑥| < 𝛿𝛿. for |𝑡𝑡 − 𝑥𝑥| ≥ 𝛿𝛿,∃ a constant 𝑀𝑀 > 0 such that |𝜀𝜀(𝑡𝑡, 𝑥𝑥)(𝑡𝑡 − 𝑥𝑥)𝑓𝑓 | ≤ 𝑀𝑀|𝑡𝑡 − 𝑥𝑥|𝛼𝛼  
Hence 

𝐼𝐼1 ≤ 𝑠𝑠𝑠𝑠𝑝𝑝
2𝑖𝑖+𝑗𝑗≤𝑓𝑓
𝑖𝑖 ,𝑗𝑗≥0

�𝑄𝑄𝑖𝑖 ,𝑗𝑗 ,𝑓𝑓(𝑥𝑥)�
𝑥𝑥𝑓𝑓

� (𝑛𝑛)𝑖𝑖 �|𝑘𝑘 − 𝑛𝑛𝑥𝑥|𝑗𝑗 𝑝𝑝𝑛𝑛 ,𝑘𝑘(𝑥𝑥)�𝜀𝜀 � 𝑏𝑏𝑛𝑛 ,𝑘𝑘+𝑝𝑝−1

∞

|𝑡𝑡−𝑥𝑥|<𝛿𝛿

(𝑥𝑥)|𝑡𝑡 − 𝑥𝑥|𝑓𝑓𝑑𝑑𝑡𝑡
∞

𝑘𝑘=12𝑖𝑖+𝑗𝑗≤𝑓𝑓
𝑖𝑖 ,𝑗𝑗≥0

+ � 𝑏𝑏𝑛𝑛 ,𝑘𝑘+𝑝𝑝−1

∞

|𝑡𝑡−𝑥𝑥|≥𝛿𝛿

(𝑥𝑥)𝑀𝑀|𝑡𝑡 − 𝑥𝑥|𝛼𝛼𝑑𝑑𝑡𝑡� . 

 ≔ 𝐼𝐼3 + 𝐼𝐼4. 
Let 𝑠𝑠𝑠𝑠𝑝𝑝2𝑖𝑖+𝑗𝑗≤𝑓𝑓

𝑖𝑖 ,𝑗𝑗≥0

�𝑄𝑄𝑖𝑖 ,𝑗𝑗 ,𝑓𝑓(𝑥𝑥)�
𝑥𝑥𝑓𝑓

= 𝐶𝐶1, 𝑥𝑥 ∈ (0,∞) be fixed. Now , applying Schwarz inequality for 

integration and then summation, we get: 

𝐼𝐼3 = 𝜀𝜀𝐶𝐶1 � 𝑛𝑛𝑖𝑖 �|𝑘𝑘 − 𝑛𝑛𝑥𝑥|𝑗𝑗 𝑝𝑝𝑛𝑛 ,𝑘𝑘(𝑥𝑥)
∞

𝑘𝑘=1

� � 𝑏𝑏𝑛𝑛 ,𝑘𝑘+𝑝𝑝−1

∞

|𝑡𝑡−𝑥𝑥|<𝛿𝛿

(𝑥𝑥)𝑑𝑑𝑡𝑡�

1
2�

� � 𝑏𝑏𝑛𝑛 ,𝑘𝑘+𝑝𝑝−1

∞

|𝑡𝑡−𝑥𝑥|<𝛿𝛿

(𝑥𝑥)(𝑡𝑡
2𝑖𝑖+𝑗𝑗≤𝑓𝑓
𝑖𝑖 ,𝑗𝑗≥0

− 𝑥𝑥)2𝑓𝑓𝑑𝑑𝑡𝑡�

1 2⁄

. 

≤ 𝜀𝜀𝐶𝐶1 � 𝑛𝑛𝑖𝑖 ��(𝑘𝑘 − 𝑛𝑛)2𝑗𝑗 𝑝𝑝𝑛𝑛 ,𝑘𝑘(𝑥𝑥)
∞

𝑘𝑘=1

�
1 2⁄

��𝑝𝑝𝑛𝑛 ,𝑘𝑘(𝑥𝑥)
∞

𝑘𝑘=1

� 𝑏𝑏𝑛𝑛 ,𝑘𝑘+𝑝𝑝−1

∞

0

(𝑥𝑥)(𝑡𝑡 − 𝑥𝑥)2𝑓𝑓𝑑𝑑𝑡𝑡�

1 2⁄

.
2𝑖𝑖+𝑗𝑗≤𝑓𝑓
𝑖𝑖 ,𝑗𝑗≥0

 

∑ 𝑝𝑝𝑛𝑛 ,𝑘𝑘(𝑥𝑥)∞
𝑘𝑘=1 ∫ 𝑏𝑏𝑛𝑛 ,𝑘𝑘+𝑝𝑝−1

∞
|𝑡𝑡−𝑥𝑥|≥𝛿𝛿 (𝑥𝑥)(𝑡𝑡 − 𝑥𝑥)2𝑓𝑓𝑑𝑑𝑡𝑡 = 𝑇𝑇𝑛𝑛 ,2𝑓𝑓(𝑥𝑥) − (−𝑥𝑥)2𝑓𝑓𝑒𝑒−𝑛𝑛𝑥𝑥 = 𝑓𝑓(1) for any 

𝑠𝑠 > 0. 
Then from 3.3 Lemma, we get 
𝐼𝐼3 ≤ 𝜀𝜀𝐶𝐶1  � (𝑛𝑛)𝑖𝑖𝑂𝑂(𝑛𝑛𝑗𝑗 2⁄ )𝑂𝑂(𝑛𝑛−𝑠𝑠)

2𝑖𝑖+𝑗𝑗≤𝑓𝑓
𝑖𝑖 ,𝑗𝑗≥0

= 𝜀𝜀𝑂𝑂 �𝑛𝑛
𝑓𝑓
2−𝑠𝑠� = 𝑂𝑂(𝑛𝑛−𝑠𝑠) 𝑓𝑓𝑓𝑓𝑓𝑓 𝑠𝑠 >

𝑓𝑓
2

  . 

Next again using Schwarz inequality for integration and then summation, we get 

𝐼𝐼4 ≤ 𝐶𝐶1 � 𝑛𝑛𝑖𝑖 �𝑝𝑝𝑛𝑛 ,𝑘𝑘(𝑥𝑥)|𝑘𝑘
∞

𝑘𝑘=12𝑖𝑖+𝑗𝑗≤𝑓𝑓
𝑖𝑖 ,𝑗𝑗≥𝑓𝑓

− 𝑛𝑛𝑥𝑥|𝑗𝑗 � � 𝑏𝑏𝑛𝑛 ,𝑘𝑘+𝑝𝑝−1(𝑡𝑡)𝑑𝑑𝑡𝑡
|𝑡𝑡−𝑥𝑥|≥𝛿𝛿

�

1 2⁄

� � 𝑏𝑏𝑛𝑛 ,𝑘𝑘+𝑝𝑝−1(𝑡𝑡)(𝑡𝑡 − 𝑥𝑥)2𝛼𝛼𝑑𝑑𝑡𝑡
|𝑡𝑡−𝑥𝑥|≥𝛿𝛿

�

1 2⁄

 

≤ 𝐶𝐶1 � 𝑛𝑛𝑖𝑖 ��𝑝𝑝𝑛𝑛 ,𝑘𝑘(𝑥𝑥)(𝑘𝑘 − 𝑛𝑛𝑥𝑥)2𝑗𝑗
∞

𝑘𝑘=1

�
1 2⁄

2𝑖𝑖+𝑗𝑗≤𝑓𝑓
𝑖𝑖 ,𝑗𝑗≥𝑓𝑓

��𝑃𝑃𝑛𝑛 ,𝑘𝑘(𝑥𝑥)
∞

𝑘𝑘=1

� 𝑏𝑏𝑛𝑛 ,𝑘𝑘+𝑝𝑝−1(𝑡𝑡)(𝑡𝑡 − 𝑥𝑥)2𝛼𝛼𝑑𝑑𝑡𝑡
∞

0

�

1 2⁄

 

By using 3.3 Lemma  

≤ ∑ 𝑛𝑛𝑖𝑖𝑂𝑂(𝑛𝑛
𝑗𝑗
22𝑖𝑖+𝑗𝑗≤𝑓𝑓

𝑖𝑖 ,𝑗𝑗≥𝑓𝑓
)𝑂𝑂(𝑛𝑛−𝑠𝑠) = 𝑂𝑂 �𝑛𝑛

𝑓𝑓
2−𝑠𝑠� = 𝑓𝑓(1) for 𝑠𝑠 > 𝑓𝑓

2
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Since 𝜀𝜀 > 0 arbitrary, it follows that 𝐼𝐼1 → 0 
as 𝑛𝑛 → ∞ and hence 𝐼𝐼2 = 𝑓𝑓(1). Combining 
the estimates of 𝐼𝐼1 and 𝐼𝐼2, we 
get  𝑙𝑙𝑖𝑖𝑠𝑠𝑛𝑛→∞ 𝐵𝐵𝑛𝑛 ,𝑝𝑝

(𝑓𝑓)(𝑓𝑓(𝑡𝑡);𝑥𝑥) = 𝑓𝑓(𝑓𝑓)(𝑥𝑥). 

        To prove the uniformly assertion is 
sufficient to remark that 𝛿𝛿(𝜀𝜀) in the above 
proof can be chosen to be independent of 
𝑥𝑥 ∈ [𝑎𝑎, 𝑏𝑏] and also that the other estimates 
hold uniformly in 𝑥𝑥 ∈ [𝑎𝑎, 𝑏𝑏]. 

3.2 Theorem: let 𝑓𝑓 ∈ 𝐶𝐶𝛼𝛼[0,∞),𝛼𝛼 > 0 and 𝑓𝑓(𝑓𝑓+2) exists at a point 𝑥𝑥 ∈ (0,∞),  then 
𝑙𝑙𝑖𝑖𝑠𝑠𝑛𝑛[
𝑛𝑛→∞

𝐵𝐵𝑛𝑛 ,𝑝𝑝
(𝑓𝑓)(𝑓𝑓(𝑡𝑡); 𝑥𝑥) − 𝑓𝑓(𝑓𝑓)(𝑥𝑥)]

=
𝑓𝑓(𝑓𝑓 + 1)

2
𝑓𝑓(𝑓𝑓)(𝑥𝑥) + {𝑥𝑥(1 + 𝑓𝑓) + (𝑝𝑝 + 𝑓𝑓)}𝑓𝑓(𝑓𝑓+1)(𝑥𝑥) +

(𝑥𝑥 + 𝑥𝑥2)
2

𝑓𝑓(𝑓𝑓+2)(𝑥𝑥). 
Further, if 𝑓𝑓(𝑓𝑓+2) exists and is continuous on the interval (𝑎𝑎 − 𝜂𝜂, 𝑏𝑏 + 𝜂𝜂) ⊂ (0,∞), 𝜂𝜂 > 0 then 
(3.1) holds uniformly on [𝑎𝑎, 𝑏𝑏]. 
Proof: by the Taylor’s expansion of  f, we get 

𝑓𝑓(𝑡𝑡) = �𝑓𝑓(𝑖𝑖)(𝑥𝑥)
(𝑡𝑡 − 𝑥𝑥)𝑖𝑖

𝑖𝑖!
+ 𝜀𝜀(𝑡𝑡, 𝑥𝑥)(𝑡𝑡 − 𝑥𝑥)𝑓𝑓+2,

𝑓𝑓+2

𝑖𝑖=0

 

where 𝜀𝜀(𝑡𝑡, 𝑥𝑥) → 0 as 𝑡𝑡 → 𝑥𝑥. Then 

𝐵𝐵𝑛𝑛 ,𝑝𝑝
(𝑓𝑓)(𝑓𝑓(𝑡𝑡); 𝑥𝑥) = �

𝑓𝑓(𝑖𝑖)(𝑥𝑥)
𝑖𝑖!

𝑓𝑓+2

𝑖𝑖=0

� 𝑊𝑊𝑛𝑛
(𝑓𝑓)(𝑡𝑡; 𝑥𝑥)(𝑡𝑡 − 𝑥𝑥)𝑖𝑖𝑑𝑑𝑡𝑡 + � 𝑊𝑊𝑛𝑛

(𝑓𝑓)(𝑡𝑡; 𝑥𝑥)
∞

0

∞

0

𝜀𝜀(𝑡𝑡, 𝑥𝑥)(𝑡𝑡 − 𝑥𝑥)𝑓𝑓+2𝑑𝑑𝑡𝑡 

                          ≔ 𝛴𝛴1 + 𝛴𝛴2 .                                                                                                              
By using the same technique of 3.1 theorem, we get  𝛴𝛴2 → 0  𝑎𝑎𝑠𝑠 𝑛𝑛 → ∞. 
Then, by using 3.4 Lemma, we have 

𝛴𝛴1 = �
𝑓𝑓(𝑖𝑖)(𝑥𝑥)
𝑖𝑖!

𝑓𝑓+2

𝑖𝑖=0

��𝑖𝑖𝑗𝑗� (−𝑥𝑥)𝑖𝑖−𝑗𝑗
𝑖𝑖

𝑗𝑗=𝑓𝑓

� 𝑊𝑊𝑛𝑛
(𝑓𝑓)(𝑡𝑡; 𝑥𝑥)𝑡𝑡𝑗𝑗 𝑑𝑑𝑡𝑡

∞

0

 

      =
𝑓𝑓(𝑓𝑓)(𝑥𝑥)
𝑓𝑓 !

�(𝑛𝑛−𝑓𝑓−1)!𝑛𝑛𝑓𝑓

(𝑛𝑛−1)!
𝑓𝑓!� + 𝑓𝑓(𝑓𝑓+1)(𝑥𝑥)

(𝑓𝑓+1)!
�(𝑓𝑓 + 1)(−𝑥𝑥)∫ 𝑊𝑊𝑛𝑛

(𝑓𝑓)(𝑡𝑡, 𝑥𝑥)𝑡𝑡𝑓𝑓𝑑𝑑𝑡𝑡 + ∫ 𝑊𝑊𝑛𝑛
(𝑓𝑓)(𝑡𝑡, 𝑥𝑥)𝑡𝑡𝑓𝑓+1𝑑𝑑𝑡𝑡∞

0
∞

0 � +
𝑓𝑓(𝑓𝑓+2)(𝑥𝑥)

(𝑓𝑓+2)!
�(𝑓𝑓+1)(𝑓𝑓+2)

2
𝑥𝑥 ∫ 𝑊𝑊𝑛𝑛

(𝑓𝑓)(𝑡𝑡, 𝑥𝑥)𝑡𝑡𝑓𝑓𝑑𝑑𝑡𝑡 +∞
0

(𝑓𝑓 + 2)(−𝑥𝑥)∫ 𝑊𝑊𝑛𝑛
(𝑓𝑓)(𝑡𝑡, 𝑥𝑥)𝑡𝑡𝑓𝑓+1𝑑𝑑𝑡𝑡 + ∫ 𝑊𝑊𝑛𝑛

(𝑓𝑓)(𝑡𝑡, 𝑥𝑥)𝑡𝑡𝑓𝑓+2𝑑𝑑𝑡𝑡∞
0

∞
0 � 

                           = 𝑓𝑓(𝑓𝑓)(𝑥𝑥) �
(𝑛𝑛 − 𝑓𝑓 − 1)! 𝑛𝑛𝑓𝑓

(𝑛𝑛 − 1)!
�

+
𝑓𝑓(𝑓𝑓+1)(𝑥𝑥)
(𝑓𝑓 + 1)!

�
(𝑛𝑛 − 𝑓𝑓 − 1)!

(𝑛𝑛 − 1)!
(𝑓𝑓 + 1)(−𝑥𝑥)𝑛𝑛𝑓𝑓𝑓𝑓!

+
(𝑛𝑛 − 𝑓𝑓 − 2)!

(𝑛𝑛 − 1)!
[𝑛𝑛𝑓𝑓+1(𝑓𝑓 + 1)! 𝑥𝑥 + 𝑓𝑓!𝑛𝑛𝑓𝑓(𝑓𝑓 + 1)(𝑝𝑝 + 𝑓𝑓)]�

+
𝑓𝑓(𝑓𝑓+2)(𝑥𝑥)
(𝑓𝑓 + 2)!

�
(𝑛𝑛 − 𝑓𝑓 − 1)!

(𝑛𝑛 − 1)!
(𝑓𝑓 + 1)(𝑓𝑓 + 2)

2
𝑥𝑥2𝑛𝑛𝑓𝑓𝑓𝑓!

+ (𝑓𝑓 + 2)(−𝑥𝑥)
(𝑛𝑛 − 𝑓𝑓 − 2)!

(𝑛𝑛 − 1)!
[(𝑓𝑓 + 1)!𝑛𝑛𝑓𝑓+1𝑥𝑥 + 𝑓𝑓! 𝑛𝑛𝑓𝑓(𝑓𝑓 + 1)(𝑝𝑝 + 𝑓𝑓)]

+
(𝑛𝑛 − 𝑓𝑓 − 3)!

(𝑛𝑛 − 1)!
�
(𝑓𝑓 + 2)!

2
𝑛𝑛𝑓𝑓+2𝑥𝑥2 + (𝑓𝑓 + 2)(𝑝𝑝 + 𝑓𝑓 + 1)(𝑓𝑓 + 1)!𝑛𝑛𝑓𝑓+1𝑥𝑥��. 

Hence, 
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𝑙𝑙𝑖𝑖𝑠𝑠𝑛𝑛[
𝑛𝑛→∞

𝐵𝐵𝑛𝑛 ,𝑝𝑝
(𝑓𝑓)(𝑓𝑓(𝑡𝑡); 𝑥𝑥) − 𝑓𝑓(𝑓𝑓)(𝑥𝑥)]

=
𝑓𝑓(𝑓𝑓 + 1)

2
𝑓𝑓(𝑓𝑓)(𝑥𝑥) + {𝑥𝑥(1 + 𝑓𝑓) + (𝑝𝑝 + 𝑓𝑓)}𝑓𝑓(𝑓𝑓+1)(𝑥𝑥) +

(𝑥𝑥 + 𝑥𝑥2)
2

𝑓𝑓(𝑓𝑓+2)(𝑥𝑥). 
3.3 Theorem: 
Let f ∈ Cα[0,∞) for some α > 0 𝑎𝑎𝑛𝑛𝑑𝑑 𝑓𝑓 ≤ 𝑣𝑣 ≤ (𝑓𝑓 + 2) . if 𝑓𝑓(𝑣𝑣) exists and is continuous on 
(𝑎𝑎 − 𝜂𝜂, 𝑏𝑏 + 𝜂𝜂)then forn → ∞: 

�𝐵𝐵𝑛𝑛 ,𝑝𝑝
(𝑓𝑓)(𝑓𝑓(𝑡𝑡); 𝑥𝑥) − 𝑓𝑓(𝑓𝑓)(𝑥𝑥)�

𝐶𝐶[𝑎𝑎 ,𝑏𝑏]

≤ 𝐴𝐴1𝑛𝑛−1 ��𝑓𝑓(𝑖𝑖)�
𝐶𝐶[𝑎𝑎 ,𝑏𝑏]

+ 𝐴𝐴2𝑛𝑛
−1

2

𝑣𝑣

𝑖𝑖=𝑓𝑓

𝜔𝜔𝑓𝑓(𝑣𝑣) �𝑛𝑛−
1
2; (𝑎𝑎 − 𝜂𝜂, 𝑏𝑏 + 𝜂𝜂)� + 𝑂𝑂(𝑛𝑛−2), 

where 𝐴𝐴1,𝐴𝐴2 are constants independent of 
𝑓𝑓 and n. 𝜔𝜔𝑓𝑓(𝛿𝛿) is the modulus of continuity 
of 𝑓𝑓 on (𝑎𝑎 − 𝜂𝜂, 𝑏𝑏 + 𝜂𝜂), and 

‖. ‖ denotes the sup-norm on the interval 
[𝑎𝑎, 𝑏𝑏]. 
Proof: 
By Taylor`s expansion of 𝑓𝑓, we have 

𝑓𝑓(𝑡𝑡) = �
𝑓𝑓(𝑖𝑖)(𝑥𝑥)
𝑖𝑖!

(𝑡𝑡 − 𝑥𝑥)𝑖𝑖 +
𝑓𝑓(𝑣𝑣)(𝜉𝜉) − 𝑓𝑓(𝑣𝑣)(𝜉𝜉)

𝑣𝑣!
(𝑡𝑡 − 𝑥𝑥)𝑣𝑣𝜒𝜒(𝑡𝑡) + ℎ(𝑡𝑡, 𝑥𝑥)�1 − 𝜒𝜒(𝑡𝑡)�,

𝑣𝑣

𝑖𝑖=0

 

where 𝜉𝜉 lies between 𝑡𝑡, 𝑥𝑥 and 𝜒𝜒(𝑡𝑡) is the characteristic function of the interval (𝑎𝑎 − 𝜂𝜂, 𝑏𝑏 + 𝜂𝜂). 
For 𝑡𝑡 ∈ (𝑎𝑎 − 𝜂𝜂, 𝑏𝑏 + 𝜂𝜂) and 𝑥𝑥 ∈ [𝑎𝑎, 𝑏𝑏], we get: 

𝑓𝑓(𝑡𝑡) = �
𝑓𝑓(𝑖𝑖)(𝑥𝑥)
𝑖𝑖!

(𝑡𝑡 − 𝑥𝑥)𝑖𝑖 +
𝑓𝑓(𝑣𝑣)(𝜉𝜉) − 𝑓𝑓(𝑣𝑣)(𝜉𝜉)

𝑣𝑣!
(𝑡𝑡 − 𝑥𝑥)𝑣𝑣 .

𝑣𝑣

𝑖𝑖=0

 

For 𝑡𝑡 ∈ [0,∞) ∖ (𝑎𝑎 − 𝜂𝜂, 𝑏𝑏 + 𝜂𝜂) and 𝑥𝑥 ∈ [𝑎𝑎, 𝑏𝑏], we define 

ℎ(𝑡𝑡, 𝑥𝑥) = 𝑓𝑓(𝑡𝑡) −�
𝑓𝑓(𝑖𝑖)(𝑥𝑥)
𝑖𝑖!

(𝑡𝑡 − 𝑥𝑥)𝑖𝑖 .
𝑣𝑣

𝑖𝑖=0

 

Now, 
𝐵𝐵𝑛𝑛 ,𝑝𝑝

(𝑓𝑓)(𝑓𝑓(𝑡𝑡); 𝑥𝑥) − 𝑓𝑓(𝑓𝑓)(𝑥𝑥)

= ��
𝑓𝑓(𝑖𝑖)(𝑥𝑥)
𝑣𝑣!

𝑣𝑣

𝑖𝑖=0

𝐵𝐵𝑛𝑛 ,𝑝𝑝
(𝑓𝑓)�(𝑡𝑡 − 𝑥𝑥)𝑖𝑖 ;𝑥𝑥� − 𝑓𝑓(𝑓𝑓)(𝑥𝑥)�

+ 𝐵𝐵𝑛𝑛 ,𝑝𝑝
(𝑓𝑓) �

𝑓𝑓(𝑣𝑣)(𝜉𝜉) − 𝑓𝑓(𝑣𝑣)(𝜉𝜉)
𝑣𝑣!

(𝑡𝑡 − 𝑥𝑥)𝑣𝑣𝜒𝜒(𝑡𝑡); 𝑥𝑥� + 𝐵𝐵𝑛𝑛 ,𝑝𝑝
(𝑓𝑓)(ℎ(𝑡𝑡, 𝑥𝑥)�1 − 𝜒𝜒(𝑡𝑡)�; 𝑥𝑥) 

                        : = 𝛴𝛴1 + 𝛴𝛴2 + 𝛴𝛴3. 
By using 3.4 Lemma, we get: 

𝛴𝛴1 = �
𝑓𝑓(𝑖𝑖)(𝑥𝑥)
𝑖𝑖!

��𝑖𝑖𝑗𝑗� (−𝑥𝑥)𝑖𝑖−𝑗𝑗𝐵𝐵𝑛𝑛 ,𝑝𝑝
(𝑓𝑓)�𝑡𝑡𝑗𝑗 ; 𝑥𝑥� − 𝑓𝑓(𝑓𝑓)(𝑥𝑥)

𝑖𝑖

𝑗𝑗=0

𝑣𝑣

𝑖𝑖=0

 

    = �
𝑓𝑓(𝑖𝑖)(𝑥𝑥)
𝑖𝑖!

��𝑖𝑖𝑗𝑗� (−𝑥𝑥)𝑖𝑖−𝑗𝑗
𝑑𝑑𝑓𝑓

𝑑𝑑𝑥𝑥𝑓𝑓
�
(𝑛𝑛 − 𝑗𝑗 − 1)!

(𝑛𝑛 − 1)!
�(𝑛𝑛𝑥𝑥)𝑗𝑗 + 𝑓𝑓�𝑝𝑝 + (𝑗𝑗 − 1)�(𝑛𝑛𝑥𝑥)𝑗𝑗−1

𝑖𝑖

𝑗𝑗=0

𝑣𝑣

𝑖𝑖=0

+ 𝑂𝑂(𝑛𝑛−2)�� − 𝑓𝑓(𝑓𝑓)(𝑥𝑥) 
Consequently, 
‖𝛴𝛴1‖𝐶𝐶[𝑎𝑎 ,𝑏𝑏] ≤ 𝐴𝐴1𝑛𝑛−1 �∑ �𝑓𝑓(𝑖𝑖)�

𝐶𝐶[𝑎𝑎 ,𝑏𝑏]
𝑣𝑣
𝑖𝑖=𝑓𝑓 � + 𝑂𝑂(𝑛𝑛−2), uniformly on [𝑎𝑎, 𝑏𝑏]. 

 To estimate 𝛴𝛴2 we proceed as follows: 

  |𝛴𝛴2| ≤ 𝐵𝐵𝑛𝑛 ,𝑝𝑝
(𝑓𝑓) �𝑓𝑓

(𝑣𝑣)(𝜉𝜉)−𝑓𝑓(𝑣𝑣)(𝜉𝜉)
𝑣𝑣!

|𝑡𝑡 − 𝑥𝑥|𝑣𝑣𝜒𝜒(𝑡𝑡); 𝑥𝑥� 
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       ≤
𝜔𝜔𝑓𝑓(𝑣𝑣)�𝛿𝛿; (𝑎𝑎 − 𝜂𝜂, 𝑏𝑏 + 𝜂𝜂)�

𝑣𝑣!
𝐵𝐵𝑛𝑛 ,𝑝𝑝

(𝑓𝑓) ��1 +
|𝑡𝑡 − 𝑥𝑥|
𝛿𝛿

� |𝑡𝑡 − 𝑥𝑥|𝑣𝑣; 𝑥𝑥� 

       ≤
𝜔𝜔
𝑓𝑓(𝑣𝑣)�𝛿𝛿 ;(𝑎𝑎−𝜂𝜂 ,𝑏𝑏+𝜂𝜂)�

𝑣𝑣!
�∑ 𝑃𝑃𝑛𝑛 ,𝑘𝑘

(𝑓𝑓) (𝑥𝑥)∫ 𝑏𝑏𝑛𝑛 ,𝑘𝑘+𝑝𝑝−1(𝑡𝑡)(|𝑡𝑡 − 𝑥𝑥|𝑣𝑣 + 𝛿𝛿−1|𝑡𝑡 − 𝑥𝑥|𝑣𝑣+1)𝑑𝑑𝑡𝑡 +∞
0

∞
𝑘𝑘=1

𝑒𝑒−𝑛𝑛𝑥𝑥 (|𝑥𝑥𝑣𝑣| + 𝛿𝛿−1|𝑥𝑥𝑣𝑣+1|)� ;  𝛿𝛿 > 0. 
Now, for s = 0,1,2, …. we have: 

�𝑃𝑃𝑛𝑛 ,𝑘𝑘(𝑥𝑥)|𝑘𝑘 − 𝑛𝑛𝑥𝑥|𝑗𝑗 � 𝑏𝑏𝑛𝑛 ,𝑘𝑘+𝑝𝑝−1(𝑡𝑡)|𝑡𝑡 − 𝑥𝑥|𝑠𝑠𝑑𝑑𝑡𝑡                                                                           (3.2) 
∞

0

∞

𝑘𝑘=1

 

≤�𝑃𝑃𝑛𝑛 ,𝑘𝑘(𝑥𝑥)|𝑘𝑘 − 𝑛𝑛𝑥𝑥|𝑗𝑗

⎣
⎢
⎢
⎢
⎡
�� 𝑏𝑏𝑛𝑛 ,𝑘𝑘+𝑝𝑝−1(𝑡𝑡)𝑑𝑑𝑡𝑡

∞

0

�

1
2

�� 𝑏𝑏𝑛𝑛 ,𝑘𝑘+𝑝𝑝−1(𝑡𝑡)(𝑡𝑡 − 𝑥𝑥)2𝑠𝑠𝑑𝑑𝑡𝑡
∞

0

�

1
2

⎦
⎥
⎥
⎥
⎤∞

𝑘𝑘=1

 

≤ ��𝑃𝑃𝑛𝑛 ,𝑘𝑘(𝑥𝑥)(𝑘𝑘 − 𝑛𝑛𝑥𝑥)2𝑗𝑗
∞

𝑘𝑘=1

�

1
2

��𝑃𝑃𝑛𝑛 ,𝑘𝑘(𝑥𝑥)� 𝑏𝑏𝑛𝑛 ,𝑘𝑘+𝑝𝑝−1(𝑡𝑡)(𝑡𝑡 − 𝑥𝑥)2𝑠𝑠𝑑𝑑𝑡𝑡
∞

0

∞

𝑘𝑘=1

�

1
2

 

= 𝑂𝑂 �𝑛𝑛
𝑗𝑗
2�𝑂𝑂 �𝑛𝑛

−𝑠𝑠
2 � = 𝑂𝑂 �𝑛𝑛

(𝑗𝑗−𝑠𝑠)
2 �, uniformly on [𝑎𝑎, 𝑏𝑏]. 

Therefore, by using 3.2 Lemma and (3.2), we get: 

��𝑃𝑃𝑛𝑛 ,𝑘𝑘
(𝑓𝑓)(𝑥𝑥)�� 𝑏𝑏𝑛𝑛 ,𝑘𝑘+𝑝𝑝−1(𝑡𝑡)|𝑡𝑡 − 𝑥𝑥|𝑠𝑠𝑑𝑑𝑡𝑡                                                                                      (3.3) 

∞

0

∞

𝑘𝑘=1

 

≤� � 𝑛𝑛𝑖𝑖|𝑘𝑘 − 𝑛𝑛𝑥𝑥|𝑗𝑗
�𝑄𝑄𝑖𝑖 ,𝑗𝑗 ,𝑓𝑓(𝑥𝑥)�

𝑥𝑥𝑓𝑓
𝑃𝑃𝑛𝑛 ,𝑘𝑘(𝑥𝑥)� 𝑏𝑏𝑛𝑛 ,𝑘𝑘+𝑃𝑃−1(𝑡𝑡)|𝑡𝑡 − 𝑥𝑥|𝑠𝑠𝑑𝑑𝑡𝑡

∞

02𝑖𝑖+𝑗𝑗≤𝑓𝑓
𝑖𝑖 ,𝑗𝑗≥0

∞

𝑘𝑘=1

 

≤ 𝑠𝑠𝑠𝑠𝑝𝑝
2𝑖𝑖+𝑗𝑗≤𝑓𝑓
𝑖𝑖 ,𝑗𝑗≥0

𝑠𝑠𝑠𝑠𝑝𝑝
𝑥𝑥∈[𝑎𝑎 ,𝑏𝑏]

�𝑄𝑄𝑖𝑖,𝑗𝑗 ,𝑓𝑓(𝑥𝑥)�
𝑥𝑥𝑓𝑓

� 𝑛𝑛𝑖𝑖 ��𝑃𝑃𝑛𝑛 ,𝑘𝑘(𝑥𝑥)
∞

𝑘𝑘=1

|𝑘𝑘 − 𝑛𝑛𝑥𝑥|𝑗𝑗 � 𝑏𝑏𝑛𝑛 ,𝑘𝑘+𝑃𝑃−1(𝑡𝑡)|𝑡𝑡 − 𝑥𝑥|𝑠𝑠𝑑𝑑𝑡𝑡
∞

0
�

2𝑖𝑖+𝑗𝑗≤𝑓𝑓
𝑖𝑖 ,𝑗𝑗≥0

 

= 𝐴𝐴∑ 𝑛𝑛𝑖𝑖𝑂𝑂 �𝑛𝑛
𝑗𝑗−𝑠𝑠

2 �2𝑖𝑖+𝑗𝑗≤𝑓𝑓
𝑖𝑖 ,𝑗𝑗≥0

= 𝑂𝑂 �𝑛𝑛
𝑓𝑓−𝑠𝑠

2 �, uniformly on [a, b].  

since 𝑠𝑠𝑠𝑠𝑝𝑝2𝑖𝑖+𝑗𝑗≤𝑓𝑓
𝑖𝑖 ,𝑗𝑗≥0

𝑠𝑠𝑠𝑠𝑝𝑝𝑥𝑥∈[𝑎𝑎 ,𝑏𝑏]
�𝑄𝑄𝑖𝑖 ,𝑗𝑗 ,𝑓𝑓(𝑥𝑥)�

𝑥𝑥𝑓𝑓
= 𝐴𝐴 be fixed 

Choosing 𝛿𝛿 = 𝑛𝑛
−1
2  and applying (3.3), we led to  

‖𝛴𝛴2‖ ≤
𝜔𝜔
𝑓𝑓(𝑣𝑣)�𝑛𝑛

−1
2 ;(𝑎𝑎−𝜂𝜂 ,𝑏𝑏+𝜂𝜂)�

𝑣𝑣!
�𝑂𝑂 �𝑛𝑛

𝑓𝑓−𝑣𝑣
2 � + 𝑛𝑛

1
2𝑂𝑂 �𝑛𝑛

𝑓𝑓−𝑣𝑣−1
2 � + 𝑂𝑂(𝑛𝑛−𝑠𝑠)�, for any 𝑠𝑠 > 0 

             ≤ 𝐴𝐴2𝑛𝑛
−(𝑓𝑓−𝑣𝑣)

2   𝜔𝜔𝑓𝑓(𝑣𝑣) �𝑛𝑛
−1
2 ; (𝑎𝑎 − 𝜂𝜂, 𝑏𝑏 + 𝜂𝜂)�. 

Since 𝑡𝑡 ∈ [0,∞) ∖ (𝑎𝑎 − 𝜂𝜂, 𝑏𝑏 + 𝜂𝜂), we can chooseδ > 0 in such a way that |𝑡𝑡 − 𝑥𝑥| ≥ 𝛿𝛿 for all 
𝑥𝑥 ∈ [𝑎𝑎, 𝑏𝑏]. 
Thus, using Lemma (3.2), we obtain 
  

‖𝛴𝛴3‖ ≤ � � 𝑛𝑛𝑖𝑖 |𝑘𝑘 − 𝑛𝑛𝑥𝑥|𝑗𝑗
�𝑄𝑄𝑖𝑖,𝑗𝑗 ,𝑓𝑓(𝑥𝑥)�

𝑥𝑥𝑓𝑓
𝑃𝑃𝑛𝑛 ,𝑘𝑘(𝑥𝑥)� 𝑏𝑏𝑛𝑛 ,𝑘𝑘+𝑃𝑃−1(𝑡𝑡)|ℎ(𝑡𝑡, 𝑥𝑥)|𝑑𝑑𝑡𝑡 + 𝑒𝑒−𝑛𝑛𝑥𝑥 |ℎ(0, 𝑥𝑥)|.

∞

02𝑖𝑖+𝑗𝑗≤𝑓𝑓
𝑖𝑖 ,𝑗𝑗≥0

∞

𝑘𝑘=1
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  For |𝑡𝑡 − 𝑥𝑥| ≥ 𝛿𝛿, we can find a 
constant 𝐶𝐶 > 0 such that |ℎ(𝑡𝑡, 𝑥𝑥)| ≤
𝐶𝐶|𝑡𝑡 − 𝑥𝑥|𝛼𝛼  . Finally using Schwarz 
inequality for integration and then for 
summation, we get 

|𝛴𝛴3| = 𝑂𝑂(𝑛𝑛−𝑠𝑠), 𝑠𝑠 > 0 uniformly on [𝑎𝑎, 𝑏𝑏]. 
Combining the estimates of 𝛴𝛴1,𝛴𝛴2,𝛴𝛴3 we 
see the required result is immediate. 
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