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Abstract

The Bramble-Hilbert lemma is a fundamental result on multivariate polynomial
approximation .1t is frequently applied in the analysis of finite element methods used for
numerical solutions. Our main result is to improve the following Bramble-Hilbert lemma

to the case O0< p<1 :let Q< R" be abounded convex domain and let g GW: (Q),
m e N,0< p <oo,where Wr; (Q) is the Sobolev spaces ,then there exists a polynomial P
of degree m-1 for which

g —P|k 0 <c(nm)(diamQ)" | g |,

k=0L..,m, where | . |, ,=> | D“|,q Isthe Sobolev semi norm of order k.
|

al=k

As a consequence we get that for fel |, , p<1.
E . (F,Q), < cmn) 7, (f.1),,
where
E s (1,9, = inf |f =Dy

perm 4
is the rate of polynomial approximation of degree m—1 , and z (f,t), is the averaged
modulus of smoothness, and t >0.

1. Introduction
We begin by recalling classical smoothness measure over multivariate domains . Here and

throughout the paper we assume that the domain Q < R" is compact with a nonempty interior . A
first notion of smoothness uses the Sobolev spaces Wr; (QQ) . These are spaces of functions

ge L, (€2) which have all their distributional derivatives of order up to m ,
_ o9
oxet.oxem

In Lp(2).the semi norm of W "(Q) is given by

|g| mp = Z HDag

‘a‘:m

D% g-= a= (L, a2,.,on), ael] ,|a|:zn:ai:k,0£kél.
i=1

‘ Lp@) < s

and may be regarded as a measure of the smoothness of order m of a function in W: (Q) . K-
functional of order m of f e Lp(Q2) [4,6] is defined by
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Kin(f,8)p = K(f,t,Lp(Q) W] () = inf It -l +tal,, ;-

W@

Since we assume Q to be compact we may denote K, (f,Q), =K (f,d"),, where d =diam(Q)
the diameter of Q .
For felp(®Q),0<p<owheR"and meN,we recall the mth order difference operator

m

AN(f,): Q> R, A‘Q(f,x):A’Q(f,Q,x):i(—l)mk[Jf(x+kh)if[x,x+mh]c9, 0

k
otherwise, where [x, y] denotes the line segment connecting any two points x,y € R".
The modulus of smoothness [5,7] is defined by

on(1.0p =sup AR (F,9,)] Lpey 1> (L.1)
<t

for he R",|h| denotes the norm of h . We also denote

om (F,€) 5 =sup

heR"
It is known that the K —functional of order mof f elLp(Q)1<p<o and the modulus of

smoothness in (1.1) are equivalent [8] . That is ,there exists c,,c, >0 , such that forany t >0,
C(Q)Km(f,tm)p <on(f,1)p <c(mK, (f,t7),. (1.2)

The so called z—modulus (or Sendov-Popov modulus) , an averaged modulus of smoothness ,
defined for bounded measurable functions by

7 (F,,9),, = o (F18)] Ly (13)

AP (F,9,.)

Lp(Q) -

where
m ) mh rt rt
a)m(f,x,t)_—sup{‘Ah(f,Q,y)‘.y_+—2 E‘:X——Z,X-i-—z (1Q,

where t >0,QcR",heR",x,yeR".
However , while it is easy to prove the following result
Lemmal4 Let QcR", and Q, be a bounded measurable disjoint subsets of Q satisfying

UQi =Q ,and x' € Q,. Using measure of Q, =&, we have

i=1

<c(P)rm(f.1)p.

n . }/ n ) }/P
(S aom(f,x",t)Ps5) P <c(p) 3 [om(f,x',t)P
i-10,

i=1
(15)

where c(p) denote constants which depend on p only, and are not necessarily the same even when
they occur on the same line .

Let T me1=T1 ma(R™) denote the multivariate polynomials of total degree m-1 in n variables .

Given a nontrivial multivariate domain , our goal is to estimate the degree of approximation of a
function f e Lp(Q2),0<p<1,

_ inf | f-
Before we introduce the Bramble-Hilbert lemma we require the following definitions :
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A domain Q is star-shaped with respect to a ball B < Q, if for each point xeQ , the closed
convex-hull of {xj|_JB is contained in Q . Let
Prex =Max {p:Q is star- shaped with respect to a ball B < Q of radius p }

the chunkiness parameter of Q is defined by
d

Pmax
This leads to the following formulation of the Bramble — Hilbert lemma [2]. Let Q be star shaped

with respect to some ball B and let g eW " (Q),1< p<oo,me N ,then there exists a polynomial
Pe]], ., forwhich

y= ,((d = diamQ) .

l9-p|, . <cmy)d™¥g| ,k=0..m.
K,p m, p

Earlier , Dechevski and Quak improved the Bramble lemma in some cases their result applies to the
larger class of domains that are star-shaped with respect to a point . A domain Q is aster-shaped

with respect to a point x, € Q if for any point x € Q the line segment [ x,, x] is contained in Q .

The following is a modified version of their result :
Proposition 1.6 [3] let Q be a Lipshitz domain which is star-shaped with respect to a point x, € Q

,and let g eW,"(Q2) .thenfor me N and 2<n< p <o, there exists a polynomial P e Hmfl for
which

lg- p|k‘p <c(n,m, p)d m*"|g|m’p,k =041,...,m.
Our approach differs from previous work in the case 0 < p <1.Our main result is

Theorem I: Let Q@ < R" be convex , and let g eW"(©2) , me N,0< p<1.
Then there exists a polynomial P e Hmfl for which

lg- p|ka(g) <c(n,m, p,Q)|g|Wok(m .
A direct consequence from the proof of theorem 1 is the following :
Corollary I1I: For all convex domains Q2 < R" and a function g € Lp(Q2),0< p <1 . there exists a
polynomial P[]  for which

lo—Pl, <cz(@.0),
where ¢ is a constant depending on p,m,n,Q .
Corollary I11: for all convex domains Q < R" and function f e Lp(Q2), p<1,

Em—l(faQ)p = Km—l(f)p-

2. The averaged Taylor polynomial [3]
We recall some basic definitions of multivariate polynomials , differentials and Taylor series

thought this section we use the notation of section 2 in [3] . For multi index o € Z!

n n .
a!:H“i! and denoted by x* :Hxi“" , the multivariate monomial of total degree |a| . Denote
i=1 i=1
the set of all multivariate polynomials of total degree m—1 by
zm_l(R”)z e x% .
la|<m-1
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The classical Taylor polynomial of order m (degree m-1 ) of a function g eC™(Q) at xeQ ,
about the point y e Q , is given by

T7(g0) = 3 2 -y

|a]<m
The Taylor remainder of order m of a function g e C™(QQ) at x e Q about the point yeQ , is
given by

TR;“g(x):mZﬂjsm‘lD“g(x+S(y—X))ds .
ot

It is meaningful provided the segment [ y, x] is contained in Q . Then we have

9(x) =T,"g(x) +TRI'g(X) .
Next we introduce the averaged Taylor polynomial . It can be shown that for a ball

B(x,,p) = {z eR" :|z — x0| < p} there exists a cut-off function ¢, with the following properties

(i) [¢,(0dx=1 (i) supp(g,)=F (i) 4, cC"(R") (W) |¢,]. <p™.

Given g e C™(Q) the averaged Taylor polynomial of order m (degree m—1) (average over a ball
B < Q) is defined by

QMg(x) = [Ty g(N)¢p(y)dy xeQ.
B

We also define the averaged Taylor remainder , namely

R™g(x) = g(x)-QMg(x)
The following lemma is a special case of the classical Bramble-Hilbert which estimate the
simultaneous degree of approximation of the averaged Taylor polynomial in normalized setting .
Lemma 2.1 [3] let B(0,)) c Q< B(O,n) , be star shaped with respect toB(0,1). Then for any

geC”(®)),meN and 1< p <o ,we have
9-Q"g|,, <c(nmg
where Q™ is averaged over B(0,1)

mp K=01..,m,

3.John's theorem [3]
In this section we also use the notation in section 3 of [3]. An ellipsoid E is the image of the closed

unite ball in R" under a nonsingular affine map

A(X) =Mx+bmeM,,(R),beR"the center of E is b=A0) .Now let
c+n(E—c)={c+n(x—c):xeE}. Then we need the following result from [1],[3]

Lemma 3.1 (John's theorem) . let Q e R" be convex .then there exists an ellipsoid E — Q such that
if x, is the center of E then E = Q2 < xg +n(E —Xg) . By the definition above and John's theorem
implies that for each convex domain Q we can find an affine map such that
B(0,) c AX(Q) = B(O,n).

For the proof of our main result we also need the following lemma from [3]

Lemma 3.2 let Q< R" , and let A be a nonsingular affine map such that B(0,1) c A™(Q). Then

for g e C"(Q) and an_?,|a|=k,1£k£m—l
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DY[Q™ (g(A)(A1]=Q™ X (D* g)(A)(AX), (3.3)
where Q™ is with respect to B(0,1).

4. The proof of the main results
One may take P(x)= Qm(g(A))(A_lx), where Q™ is the averaged Taylor polynomial over the

ball B(0,1) c R" , and A is an affine transformation related to Q .
Using lemma 2.1. ,(1.2),(1.5) and (1.3) to obtain

‘g _ng‘ <c(nm)gl, .

<c(n,m Q)K,(g9,t™),,

<c(n,mQ)o,(9,t).,.
Then

la-QMg| <o m O [om(@.02)
P 9

n b
<c(nmQ)(Y [om(g,x,H)P) P t>0
i-10,

<c(p,n,m, Q) (9,t)p (corollary 1.2)

<c(p,n,m,Q)[g|

Sc(p,n,m,Q)||g||Lp(Q) .
For 1<k<m-1ltake aeZ! ,|o|=kl<k<m-1 and h=D“g ,then (3.3) yields
[P (@~ P, =INO-Q (R(AN(AX)|
By the case k =0 proved above we have
Then
HD“ (9- p)H

Lp(@)

Lp(Q

<c(p,n,mQ)h|  <c(p,n,mQ D&
 se(p.nmayhl, <c(pnmo) ¥ [pfg|

Then by the definition of Sobolev semi norm we get
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