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Abstract : 
   Our aim in this paper is to find the general solution of the first order linear  partial differential 

quation which has the general form :- 1,),,(),,(),(),(  nZzyxGZzyxRZyxQZyxP n

yx   

by using a new method  

 : المستخلص
ييهددنا فياددايهددحثيثو أددايهددحي الددف يثوأددميثولددفليفوددييثوللف وددايثويةفمددالايثولالألددايثوتيلددايهددايثومة ددايث  ودديي ثويدداي ددل ي فيثولفهددا

1,),,(),,(),(),(  nZzyxGZzyxRZyxQZyxP n

yxيبفسيتنثليطماقايجنانةي.يي

1- Introduction 
   The subject of partial differential equation is an important branch in mathematical science , since 

most physical phenomena whether field force fluid, electrical, mechanics, optics, heat effect can be 

described in general as a partial differential equations   

In this work , we transform the partial differential equation 

1,),,(),,(),(),(  nZzyxGZzyxRZyxQZyxP n

yx  , 

to the Lagrange [1] partial equation which has the form  

),,(),(),( tyxItyxQtyxP yx   

by using the idea of Bernoulli [3] for  solving  some kinds of  ordinary differential equations of the 

first order.  
 

2- Lagrangian Partial Differential Equation [1] 
 The general form of this equation is given by  

),,(),,(),,( zyxRZzyxQZzyxP yx   

where RQP ,,  are functions of zyx ,,  

 Such equation is linear at  least on  partial derivatives, and it  is  not necessary linear on the dependent 

variable z .  

For  finding  the  general solution of this  equation , we  must to  find two independent solutions, say 

bzyxvVazyxuU  ),,(,),,(  

from the auxiliary equations 

R

dz

Q

dy

P

dx
  

So, we can set the general solution to the Lagrangian equation as follows :- 

functionarbitraryVU  ;0),(  
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3-Bernoulli equation [2]   
   The general form of  Bernoulli equation is given by :- 

1;)()(  nyxqyxpy n  

where )(xp   and )(xq  are functions of x   only , while y  is the dependent variable , x  is the 

independent variable. 

For finding the solution of this equation see [2] 
 

4- How to find the general solution of the partial differential 

    equation which has the general  form 

)1...(1,),,(),,(),(),(  nZzyxGZzyxRZyxQZyxP n

yx  

Let  

)2...(

)1(

)1(

)( 1

1

1

























y

n

y

x

n

x

nn

ZZnt

ZZnt

tZZt

 

By substituting equation  )2( in equation )1( , follows, 

),,()1(),,()1(),(),( 1

1

1

1

nn
yx tyxGnttyxRntyxQtyxP  














  ttyxRtyxGntyxQtyxP nn

yx ),,(),,()1(),(),( 1

1

1

1

 

)3)...(,,(),(),( tyxItyxQtyxP yx   

 

such that  

),,(),,(),,()1( 1

1

1

1

tyxIttyxRtyxGn nn 







   

Equation )3( is especial case of Lagrangian equation , where t  is dependent variable , x  and y  are 

independent variables, so by using the idea of the Lagrangian  method we can write the auxiliary  

equations   

I

dt

Q

dy

P

dx
  

From the ordinary differential equation  

Q

dy

P

dx
  

we can introduce  the general solution   

ayxu ),(     ;   a     be  a constant 

Also from the ordinary differential equation  

I

dt

P

dx
  

we can get the general solution  
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btyxv ),,(    , b   be a constant  

 

So 

0)),,(,),((  tyxvyxu  

represents the general solution of  the partial differential equation )3( ,so the general solution of 

equation )1(  is given by:- 

0)),,(,),((  zyxvyxu  

5- Examples 
  Example 1:-  to solve the partial differential  equation  

)4...(3xZZxZxZ yx   

we set  

)5...(
2

2

3

32















yy

xx

ZZt

ZZtZt
 

By substituting equation )5( in equation  )4( we produce,  

)6...(22 xtxtxt yx   

Equation )6( represents Lagrange equation.To solve it, we observe  that the auxiliary equations are 

given by   

xt

dt

x

dy

x

dx

22 



  

By taking first and second ratio  

x

dy

x

dx


  

follows , aayx ;    be a constant 

 And by taking first and third ratio , follows 

2
2

2
2

2



 t

xdx

dt

dx

dt
t

xxt

dt

x

dx
 

The last equation is linear ordinary differential equation and it’s integrating factor is given by  

2

ln2

2
1

.
x

eefI x
dx

x 


 


  

So, 

bxzxbxtxbxtx

dxxtdxxdtx









1221212

232

222

22
 

Moreover ,  

0)2,( 122   xzxyx  

represents the general solution of the above partial differential equation  
 

Example 2:-To  solve the partial differential  equation 

)7...()(2 222 ZZZyxyZxZ yx   

We set  

)8...(
2

21















yy

xx

ZZt

ZZtZt
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By substituting equation )8( in equation  )7( we produce,  

 

)9...(12 12  tytxytxt yx  

Equation )9( represents Lagrange equation .To solve it, we consider  the auxiliary equations which  are 

given by  

 
1212 





tytx

dt

y

dy

x

dx
 

By taking first and second ratio  

y

dy

x

dx

2
  

we get 

aayx ;2    be a constant    

 

And by taking first and third ratio , follows,   

dt

aa
ta

t
dt

att

t

tat

dt

x

dx
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Now, 

  11 ;ln aax
x

dx
  be a constant  

To get the  integral     dt
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t
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1
1
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a

a

a
a
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a
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 
 be a constant  

So, 
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))
2

1
(

4

1
1
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)
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1
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yx
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yxyx
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xyx 



 

represents the general solution of  the above partial differential equation  
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