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The Module of A-derivations
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Abstract:
In this work we have dealt with module D(A)and produced the arrangement as one of its

example.We have also shown some of the basic properties related to it and one of them is the
module of the product of two arrangements.
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1-Introduction :
Let V be an /-dimensional vector space ,an arrangement is a finite collection of affine
subspaces (H) of codimension one .The product Q(A) = HO(H is called a defining polynomial of

HeA

A.Let S =S(V")be the symmetric algebra of the dual space V" of V .If x,,.., X, is a basis forvV"
then S =K[x,,..,X,].Let Der,(S)be the set of K-linear maps 6:S—>S such that
d(fg) = f6(g)+9o(f) f,geS .An element of Der, (S)is called a derivation of S overK .For
feSand 6,6, € Der,(S),we defined fo, € Der, (S) and 6, + 0, € Der, (S)by
f0,(9) = f(6,(9)) and (6, +6,)(9) =6,(9) +6,(g)for any g S .Any K-linear map from V to
S can be extended uniquely to a derivation of S over K. In particular,for any v €V there exists a
unique D, € Der, (S) such that D, (a) = a(v)for any o €V .Let e,,....e, €V be the dual basis of

Xy, X, .Define D, =D, ,1<i</.Then D;is the usual derivation

/ :D,(f)= / ; f €S.1tis easy to see that D,,..., D, is a basis for Der, (S)over S.Thus any

derivation ¢of S over K is expressed uniquely as & = f, D, +...+ f,D, ; f,,..., f, €S.It follows that
Der, (S)is a free

S-module of rank 7 .Let S, denote the K-vector subspace of S consisting of 0 and the homogenous
polynomials of degree P for P> 0. For P<0 defin Sy=0 Then S = @S P is a graded K-algebra .It

Pez
follows that deg x=1 for x € V" and x=0.

2- The module D(A) :-

2.1 Definition
Ahyperplane in V is an affine subspace of dimensional (/—1)or it is a maximal subspace of

codimension one .

2.2Examples
1) {0} is a hyperplane in Euclidean space R .

2) If V = R? then any line in V is a hyperplane .
3) If V =R?, then any plane in V is a hyperplane .

2.3 Definition
An arrangement A= (A,V)is a finite collection of hyperplanes in V .

q0



Journal of Kerbala University , VVol. 6 No.1 Scientific .March. 2008

2.4 Definition
A defining polynomial of an arrangement Ais the product Q(A) :HaH of polynomials of

HeA
degree one .

2.5 Remark
We agree that Q(¢,) =1 is the defining polynomial of the empty arrangement .

2.6 Definitions
An arrangement Ais called

i) centerless ,if (\H =4¢.

HeA

ii) centered with center T ,if T = (|H = ¢.

HeA
iii) central ,if each hyperplane contains the origin .

2.7 Examples
1) Define A by Q(A) = xy(x+ y),then Aconsists of three lines through the origin

2) Define A by Q(A) = xy(x+ y—1),then Aconsists of three affine lines
3) The arrangement which is defined by Q(A) = x,X,...x, called the Boolean arrangement .
4) For 1<i<j</¢ and Hj=ker(x;—x;).The arrangement which defined by

Q(A) = JJ(x —x;)is called a Braid arrangement .

1<i<j<e

2.8 Definition
Let Abe an arrangement and let L = L(A) be the set of all non-empty intersections of elements of

A .Define a partial orderon Lby X <Y <Y < X.

2.9 Remarks
1) The Poset (partially order set ) L(A)includes V as the intersection of the empty collection of

hyperplanes.
2) If X eL(A),then X <V as a subspace .

2.10 Definition
A non-zero element & e Der,(S) is homogenous of polynomial degree P if

!
6=ZfKDK and f, €S, forl<k</. In this case we write pdegreed= p.Note that
K=1

pdegD, =0 .Let Der, (S), denote the vector space consisting of all homogenous elements of
pdegreep forp>0.Let Der, (S),=0 if P<O,with this P degree function . Der, (S) is a graded S-

module Der, (S) =@ Der, (S),.If we view derivations as a subset of the set of K-linear
Pez

endomorphism of S, then there is another natural grading of Der, (S) .

2.11 Definition
Forany f €S ,define D(f)={0 < Der,(S) / 6(f) e fS}.Note that D(f) is an
S-submodule of Der, (S) .

a1
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2.12 Definiton
LetAbe an arrangement in V with defining polynomial Q(A)=HaH where

HeA

H = Ker (e, ) .Define the module of A-derivations by D(A) = D(Q(A)).

Clearly, p(a) does not depend on the choice of Q(A).In particular D(g,) = Der, (S)because
Q(4,) =1.An element of p(a)is called a derivation tangent to A.This terminology is justified by
the topological significance of the module D(A) in case K=C.

2.13 Example
Let Abe the Boolean arrangement .Then

Z/“ f.D, € D(A).

4 !
D F00x.X,)) %) € X,..X,S & (. x,)D (Fi /%) ex..x,S < fexS (1<i</)

i=1 i=1

This implies that D(A) is a free S-module with basis {x,D,,...,x,D,}.

3.Basic Properties
In this section we assume that all arrangements are central and use "arrangement™ in place of
central arrangement.

3.1 Definition
(
The Euler derivation 6 € Der,(S) is defined by ¢9E:inDi for any homogenous

i=1

feS , 6.(f)=(deg f)f .Thus 6. is independent of choice of {x;,...,X,}
Taking f =Q=Q(A),we get 6. (Q)=|AQe QS.Thusé.  D(A) for any arrangement A.

3.2 Proposition
D(A) = ﬂ D(a,, ) ={0 € Der, (S) / O(a,)ea,S foralHe A}

HeA
Proof
It is sufficient to prove

D(f,f,)= D(fl)ﬂ D(f,)forany f,,f, €S suchthat f, and f,are coprime.
If 8 € Der, (S),then
6 € D(f,f,)
< o(f f,)e £ 1,S
< f,0(f,)+ f,0(f)e f.1,S
<0(f)efS (1=12)
< 0le D(fl)ﬂ D(f,).
3.3 Corollary
Let A; and A; be two arrangements in V such that A, < A,.Then D(A,) < D(A).

Proof

D(A,)) = ﬂD(aH) ={0 e Der, (S) / O(ay)ea,S foralHe A}
HeA,
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Let & eD(A,). Then & e Der, (S) / 6(ay)ea,S foralHeA}
Since A, c A,.Then 8 eDer,(S) / 6(a,)ca,S foralHeA}
Then & e D(A)) . Hence D(A,) < D(A).

3.4 Proposition [ 2]
Let D(A), = D(A)ﬂ Dery (S ), .Then D(A) = @ D(A), .Thus D(A) is a graded

Pez

S-submodule of Der, (S).

3.5 Definition
If @ € Der, (S).Thend = Ze(xi)Di .Given derivations 4,,...,6, € D(A) ,define the coefficient

0,(%,)--0, (%) |

matrix M(6,,..,6,) by M =6,(x;).Thus M(8,,...,0,) =|.

L6 (%,)-0,(x,) ]
And 6, => M; D,

3.6 Proposition
If 4,,....,0, € D(A) then det M (4,,...,0,) € QS.

Proof
This is clear for A =¢,.Since Q(A)=1

4
Let H € A and let H =ker(e,,) ,where «,, = Zcixi eV ".May assume that ¢, =1 for
i=1

[6,(x,)...0,(x,)

0.(a))..6,
some i .Then det M (6,,...,6,) = det )0, (ay) ca,S

16,(x,)..0,(x,) |

Since H is arbitrary, detM (6,,...,6,) is divisible by all «,, ,and hence by Q.
as required .
Let (A,V,)and (A,,V,)be two arrangement .let S, =S(V,)fori=1,2 and let V =V, ®V,.Then

Siand S, may be regarded as K-subalgebras of S =S(V") .An element @ e Der(S,)is uniquely

extended to an element y of Der(S) such that y/S, = 0.By this extension , Der(S;) may be regarded
as a subset of Der(S) for i=1,2. The following is easy to see.

A
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3.7 Proposition [ 3]
Der(S) = SDer(S,) @ SDer(S,) .

3.8 Proposition
For two arrangements (A,,V,)and (A,,V,),we have D(A x A,) =SD(A ) @ SD(A,).

Proof

Write A= A x A, .For i=1,2, let S, =S(V,")and let Q, €S, be defining polynomials for A .Then
Q,Q, is a defining polynomial for A .Since an element of Der(S;) annihilates every element in S
,we get SD(A,) < D(A). Thus we obtain SD(A,) @ SD(A,) = D(A).

By Proposition (3.7) ,any element &< D(A)can be written as 6=6,+6, for some
6. e SDer(S;) with i=1,2 .By symmetry we only have to prove 6, € SD(A).For that purpose we
may assume that 6 =6, .

Since 9(Q1Q2) = Qze(Ql) + Qle(QZ) = QZH(Ql) €Q,Q,S we have e(Ql) €QS.

Let G={9g,,0,,...}be a K-basis for S, .For example,take G to be the set of all monomials.Note that
G is linearly independent over S; also there is a unique expression

0= z g,77, with 7, Der(S,).There is also a unique expression

Q(Qli = le gihi with hi < Sl.ThUS we have Zgi (hin) = H(Ql) = Zgiﬂi (Ql)

By the uniqueness of the expression,we have for i >1
7(Q) =hQ, €Q;S, ;50 77, € D(A). Thus 6 = Zi 9:77 € SD(A).
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