Journal of Kerbala University , VVol. 6 No.2 Scientific . 2008

Notes On The Weak Denseness In Topological Spaces

Assist Lecturer
Mohammed Yahya Abid
Computers Dept., /Science College, /Kerbalaa /University
B.ED (Mathematics)
Zeinab Hassen Abood

College of Administration. And Economics /Kerbalaa University
Qe (i Galia A (o2 dedaa, o
LY 5 5oy A /63 S dxala Clalal) aud/a shell 440 /630 S daals

Abstract :
In this paper we introduced the notion "weak dense, weak dense - in-itself, and nowhere
weak dense sets" and proved some of their related theorems by using the concept of weak open
set.
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1-INTRODUCTION AND PRELIMINARIES
Before we present the weak dense, weak dense - in-itself, and no
where weak dense sets, we give some definitions and remarks

Definition(1-1): A subset A of a space X is Called a weak open,
if there is an open set U such that cl(A)=cl(u).[5]

Remark(1-2): All semi open sets are weakly open set. [4]

Example (1-3):let X={a,b,c,d} and t ={¢,X,{a}{b,c}.{a,b,c}}
Then the set {X, ¢,{a},{b,c}} is a weak open set .

Definition(1-4): Let (X, 1) be a topological space and A c X.
Then A is called a weak neighborhood of a point x in X, if There exists a weak open set U of x
suchthat x e UcC A.

Definition(1-5):The union of all weak open sets contained in a
set A is called a weak interior of A and denoted by wkint(A).

Definition(1-6): let A — X, then
i)xeX is called weak limit point (wk limit point) of A, if each open neighborhood Ny of X,

(cl(NY)-{x}) N A = &.The set of all weak limit point of A, denoted by A” and is called weak
derive set of A, we denoted by wd(A).

i) A is said to be weakly closed set if wd(A) c A.[2]



Journal of Kerbala University , VVol. 6 No.2 Scientific . 2008

Remark(1-7): weak closedness implies closedness .[1]

Definition(1-8):The weak closure denoted by A~ of A is the set Au wd (A), the same as , if we
say A” =n{F:F is weak closed oA}

2.weak dense, weak dense-in-itself and no where weak dense

Definition (2-1):Let A be a subsets of the topological spaces (X, t ).Then A
Is said to be weak dense in X if A™=X .[2]

Theorem (2-2) :Every weak dense subset of a topological space(X, 1) is
dense subset of X .

Proof:let A be dense subset of X, then A™=X since A™ = N {F:F is weak

close set DA}and since weak closed implies closed set and that’s implies
A~ =n{F:F is close set >A}=cl(A) hence A is dense set .

Theorem (2-3): Let A be a subset of the topological spaces (X, 1), A
is weak dense in X if and only if A™is weak dense in X.

Theorm(2-4):Let A,B,C be a subsets of the topological spaces (X, 1),
if Aisweak dense in B and B is a weak dense in C then A is weak
dense in C.

Theorem (2-5):A is weak dense in X if and only if every weak open set in X contains a point of A.

Definition (2-6) : A subset A of a topological space (X,t) is called weak
Dense- in-itself, if A < wd(A) that is every points of A is wklimit point of A

Example ( 2-7): let X={a,b,c,d} and T ={¢,X,{a},{b,c}.,{a,b,c}}
Let A={b,c} then A"={b,c} is the set of weak drived set
Hence A is weak dense —in-itself.

Theorem (2-8): Every weak dense -in-itself set is dense - in — itself.
Proof: let A be a weak dense-in-itself set, that is (every pointin A is wk
limit point of A) ,since every wk limit pointisa limit point, then each
point of A is alimit point, then A is dense-in-itself. e

Theorem (2-9): Let A be a subset of the topological spaces (X, t),if Aisa
weak dense-in-itself and AcBc A™ then B is a weak dense —in-itself..

Theorem (2-10): A™ is weak dense-in-itself of X, if A is a weak
dense —in-itself subset of X.

Theorem (2-11): The union of any family of weak dense-in-itself subsets of X is weak a-dense -
in-itself.

Proof: let {Ai}, iel, be a family of weak dense-in-itself. So A < wd(A)) ,V i<l
Let peU A, then peA, .for some iel Hence for each weak open set U with

peU, AN(U-{p}) # @.Thus (UA) N(U-{p}) #0 , hence p € (wd (UA))).

Therefore UA; < (wd (UA))) ; hence U A; is weak denes-in-itsef. o
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Definition(2-12): A subset A of a topological space (X,t) is nowhere weak dense set, if wkint (
A") = thatis the weak interior of the weak closure of A is empty.
Theorem(2-13) :Let A be a subset of a topological space
(X,1). Then the following statements are equivalent
i) A is nowhere weak dense in X.
i) A contains no weak nhd.
Proof : (i) < (ii) we have A is no where weak dense
< No point of X is a wkint point of A~
< A" has not a weak nhd of any of its Points
= Acontains no weak nhd e

Theorem(2-14):if A is nowhere weak dense subset of X and B < X then B is nowhere weak dense
subset of X.

Theorem(2-15):if A is nowhere weak dense subset of X then x-A is weak dense subset of X.

Theorem(2-16): Let A be a subset of topological spaces (X, 1) if A

is no where weak dense, then ATis not the entire space X.

Proof: Since X is weak closed, then X=X". Again since X is weak open, we have
wkint(X™)=wkint(X)=X. Since A is nowhere weak dense in X,

wkint (A™) = & . Thus wkint (X")=X ,and wkint (A")= & . It follows A# X e
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