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Abstract
In this paper we define a new kind of ogets in bitopological space which we called semi
Sa —open sets, which we lead to define a new typeoofpactness on bitopological spaces called

" semi S —compactness” and we study the properties of trasespy also we define the continuous
functions between these spaces.
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1.Introduction

The concept of " bitopological space " was intraetliby Kelly [1] in 1963 . A set equipped
with two topologies is called a" bitopological spaicand denote by ( Xry. ;) , where (X 1),

(X, ;) are two topological spaces. Since then many asiti@ve contributed to the development
of various bitopological properties. A subset Aitopological space ( Xty, 7,) is "S- open " if

it is T4-Open or T,- open . in 1996 Mrsevic and Reilly [2] definedace ( X 74, 75) t0 be S-
compact if and only if every S-open cover of X ladsmite sub cover. And also they defined a space
(X, 14, T,) to be pair-wise compact [2]. In this paper weadtrced a new type of compactness on
bitopological spaces namely#mi Sa —compact” and we review some remarks , propositions,
theorems and examples about it .

2. Preliminaries

In this section we introduce some defimtiwhich is necessary for the paper.
Definition 2.1[1]:

Let X be a non-empty set, Izt 7, be any two topologies on X, then (X, 7,) is called
" bitopological space”.

Definition 2.2[3]:
A subset A of a topological space Xcafled" a-open set " if and only if 4 £ A" .The
family of all a-open sets is denoted ly.

Definition 2.3[3]:
The complement ofi-open set is called a-closed set " . The family of allu-closed sets is
denoted by C(X).

Definition 2.4[4]:
A subset A of a topological space X is calleeii- a-open set” if and only if there exists an
a-open set U in X, such th&itE A € U. The family of all semie-open sets of X is denoted by

SaO(X).

Definition 2.5[4]:
The complement of semi-open set is calledsemi- a-closed set” . The family of all semie-
closed sets of X is denoted by C3X).

Proposition 2.6[5]:
(1) Every open set is sentopen set .
(ii) Every closed set is semi-closed set .

Definition 2.7[6]:
Let ( X, T) be a topological spac4 < X a family W of subsets of X is said to be sethi -a-
open cover of A" if and only if W covers A and W is a subfamily 8&O(X).
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Definition 2.8:
Let W be any semi-open cover of X, a subfamily V of W is saidd® an " semi - a-open
subcover of W™ if and only if it's cover X.

Definition 2.9[6]:
A topological space ( >t) is said to bé semi-a-compact” if and only if every semig-open
cover of X has a finite subcover.

Proposition 2.10[6]:
Every semia-compact space is compact.

3.5emi Sa —compactness

In this section, we will define a new type of caver bitopological spaces, in order to define a
new kind of compactness on bitopological spacdsaal semi S —compactness” .

First we begin to the definition efmi Sa —open set in bitopological space .

Definition 3.1:
Let ( X ,74, 72) be a bitopological space , then any collectioautfsets of X which is

contained 5,,0(X) and 5,,0(X) and it is forms a topology on X calleth& supermom topology
on X" and is denoted by, 0(X) v 5,,0(X) . Wheres, ,0(X) is the family of all semie-open
sets in the space (f,) ands,_0(X) is the family of all semiropen sets in the space @,).

Definition 3.2:
A subset A of a bitopological space (#%,,1,) is said to be ah semi Sa—open set " if

and only if it is open in the space (X.,0(X) Vv 5,,0(X) ), wheres,, 0(X) v 5,,0(X) is the
supermom topology on X contairy_ 0(X) and 5, 0(X).

Definition 3.3:
The complement of senSiz —open set in a bitopological space (%, t,) is called

' semiSa—closed set".
Remark 3.4:

Let ( X ,ry, 7,) be a bitopological space , then :

(1) Every semie-open set in (Xz,) or (X, t,)is semisa —open setin ( X 7y, 7).

(2) Every semia-closed set in (X7,) or (X, 7,)is semisa —closed setin ( X7y, 7).
Note 3.5:

The opposite direction of Remark (3.4) is tnoe as the following example shows:
Example 1:

Let X={1,2,3},7,={@, {1}, X}, and 7,={ @, {2,3}, X} thens, ,O(X) =14, =

7, U{{1,2},{1,3}},and 5,.0(X) = 1,, = 1,.thus
5,,0(X)vS5,,00X)={0{1}{12},{13},{2,3},{2}, {3}, X} is the family of all serni Sa —open
setsin (X 1y, T,).



{2} is semisa — openset in ( X, 1y, T,) butitis not semie-open set of both (Xg,) and (X,
7,). S0 {1,3} is semifa —closed set in ( X 7,, 7,) which is not semie-closed in both (Xz,) and
(X, 7).

Now we introduce the definition Gfmi Sa —opencover in bitopological space ( %, 1,).

Definition 3.6:
Let ( X, 7y, T7) be a bitopological spacdet A be a subset of X. a sub collection of theifgm

5,,0(X)v5,,0(X)is called an"semi&a —opencover of A" if the union of members of this
collection contains A.

Definition 3.7:
A bitopological space ( Xt,, T,)is said to bésemi Sax —compact space" if and only if
every semni Sa —opencover of X has a finite sub cover.

Theorem 3.8:
If (X ,74, 72) ISsemi So —compact space, then both (¢, and (X,z,)
aresemi — a —compact.

Proof:
To prove (Xr,) is semi — a —compact space, we must prove for any sempen cover of

X, has a finite sub cover .

Let {U.}i € A be any semi-open cover of X, impliest{;}i € 4 is a sem§a —opencover of X (

by Remark (3.4)) and since (>t;. t,) is semisa —compact space, implies there exists a finite sub
cover of X, so (Xz;) is semi-a —compact.

And by the same way we prove (¥,) is semia —compact. m

Corollary 3.9:

If (X,14, T5) ISsemiSa —compact space, then both (¥,) and (X,7,) are compact.
Proof:

The proof is follows from theorem(3.8) andosition (2.10). =

Remark 3.10:
The converse of theorem (3.8) and it's darplis not true, as the following example shows:
Example 2:
Let X={0,2}, r,=={@, {0}, X}, and r,={®,{2}, X1 then 5, O(X) ==, =
7, and S5, 0(X) = 1,, = T,.
Now, both (X,z,) and (X,z,) aresemi — & —compact (compact) space, but (¥, =) is not
semi Se —compact space since there is {{0},{2}} is se# —opencover of X which has no finite

sub cover.
The converse of theorem (3.8) becomes waladspecial case , whel, 0(X) = 5,,0(X) , as

the following proposition shows:



Proposition 3.11:
Ifs,,0(X) is a subfamily ofs,_0(X) then ( X ,7;, 7,)is semiSa —compact space if and

only if (X, =,) is semi-a —compact.

Proof:
The first direction follows from theorem &3.
Now, if (X, T;) is semi — ¢ —compact, we must prove ( X, t,) iS semi Sa& —compact . since

5,,0(X)=5,,0(X),thers, (X)) VS5, 0(X)= 5,.0(X).So (X,1y, 7o) iS semi Sa —compact
space.m

Corollary 3.12:
let ( X, 1) be a topological space, then the bitopologgadice (X1, TV Sa0(X))is

semi Soo —compact space if and only if O£,v 5_,0(X)) is semi—a —compact.

Proof:
(=) it is clear from theorem (3.8).

(&) sincer v 5a0(X) is a finer thant, then by proposition (3.11) we have @z Vv Sad(X))is
semiSa —compact. =

Proposition 3.13:
If Aand B are twcsemi Sa —compact subsets of a bitopological space ¢X z,) then

A UFEis semisa —compact subset of X .

Proof:
To proved U B is semisa —compact subset of X, we must prove for any
semi S —opencover ofd U E, it has a finite sub cover .
Let {U.}i € Abe anysemi Sa& —opencover ofi U B, thend U B S {uU,i € A]and therefore
AS Ul and BEu U, ,implies {U.}i € Ais ansemi §& —opencover of Aand B .
But A and B are semi o —compact subsets, therefore there exigts, ..., i,, € Aand
i00 0, EAsuchthat ¥, U, ..., U, }and {U, ,U,_..., U, }is afinite sub cover of A and B
respectively, then
{U.,.U,,...0 Yy u{U,_U_ .. U_}is afinite sub cover of AU B, therefored U B is an

semi S —compact subset of X . m

Theorem 3.15:
Thesemi Sa —closed subset of agemi Sac —compact space igemi So —compact.

Proof:
Let ( X 7y, 7,) be semifa —compact space and let A be a sefai—closed subset of X. to

show that A is sem#ia —compact set.

Let {U.} i € Abe anysemi Sa& —opencover ofl. Since A issemi S§a —closed subset of X, then X-
Ais a semisae —open subset of X, so {X-A}{ U;; i € A} is a semi&a —opencover of X , which is
cemi o —compact space.



Therefore, there existsy,i,,...1, €A suchthat {X-AU; ,U,_,..,U; }is afinite sub cover of X

n

.as A= X and X-A covers no part of A, thew{, U, ..., U; }is afinite sub cover of A.so Alis
semi Sa —compact set. m

Definition 3.16:
A functionf: (X, 7y, 7,) — (Y,74,7;) is said to b8 semi Sa —continuousfunction " if

and only if the inverse image of eacglami Sa —open subset of Y is a seir —open subset of X.

Theorem 3.17:
The semi Sa —continuous image of a semfa —compact space is a sefti —compact space.

Proof:

Let (X ,ry, 7,) be a semfa —compact space, and l¢ft ( X , 7y, 7,) = (Y. 7,,7;) bea
semisa —continuous, onto function. To show thaw,z;,7;) is a sema —compact space. Let
{U; i € A} be a semisa —opencover of Y, then{~(I/) ; i€ A} is a semSa —opencover of X ,
which is semi Sa —compact space.

So there existsy, iy, ..., € A, such that the family £* (U:‘;) ;j=1,2,...,n} covers X and since
fis onto, then U, ; = 1.2, ...,n} is s finite sub cover of Y.

Hence Y is a senfic —compact spacem
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