
Journal of Kerbala University , Vol. 7 No.4 Scientific . 2009 
 

 33 

Theorems on  n - dimensional Sumudu 

transforms and their applications 

 

Lecturer Amal Khalaf Haydar, 

Kufa University,College of Education for Girls,Math. Dep. 

 

Abstract 
     In this paper we prove eight fundamental theorems that include the Sumudu transform of 

n variables and a table of  n Sumudu transform of some familiar functions that is calculated 

in this paper . In addition , two partial differential equations are solved by using the double 

Sumudu transform . 

 المستخلص
أساسية  لتحويل ساهودو النوني , تن حساب جذول يبين  تحويل ساهودو النوني  خصائصثوانية  أثبتنافي هذا البحث       

 لبعض الذوال الوألوفة بالإضافة إلى حل هعادلتين تفاضليتين جزئيتين  باستخذام  تحويل ساهودو  الثنائي  .

 

1 . Introduction 

     The single  Sumudu transform ( or Sumudu transform ) was proposed by Watugala in  [1] for 

functions of exponential order as follows : Consider functions in the set A  , defined by 

        , 0/ , ,  )( 21   orandMtfA  

                 such that  .  ),0[)1(    ,  )(  jt
tifMetf j                                                         (1.1) 

For a given function in the set A  , the constant M  must be finite , while 1  and 2  need not 

simultaneously exist , and each may be infinite . For a given function )(tf  in A  the Sumudu  

transform is defined by 
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provided the integral exists for some u . Also properties and applications  of the Sumudu transform 

to ordinary differential equations are described in [1] . In [2] , Weerakoon derived formulas for the 

single Sumudu transform of partial derivatives and applied them in solving  initial value problems . 

Subsequently exploited by many works such as Weerakoon in [3] and [4] .  Watugala in [5] 

extended the Sumudu  transform to functions of two variables with emphasis on solutions to partial 

differential equations . In [6] , the double Sumudu transform of functions expressible as 

polynomials or convergent series are derived .  

     The generalization of the single Sumudu  transform to n dimensional  for a function )(tf  of 

the exponential order is given by 
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provided the integral exists for some )(u  , Rti , ),...,,()( 21 ntttt   , ),...,,()( 21 nuuuu   and 

),...,,()( 2211

___

nntututuut    . The n dimensional Sumudu  transform nS   and the n dimensional 

Laplace  transform nL  of the function )(tf  [7]  which is given by 
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are theoretically dual . That is 
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Also   
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2. Properties of the n dimensional Sumudu  transform 
     In this section we prove very important  properties of the transform nS  through the following 

eight theorems 

 

 Thoerem 2.1 . Suppose that )( ii uF be the Sumudu transform of the function )( ii tf  for   

ni ,...,2,1 . Then 
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Proof . From definition  (1.4)  and definition (1.2) we have  
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Remark 2.2. By using a similar proof of  theorem  2.1 we can easily deduce that if )(tf  be a 

product of two independent functions , i .e.  if 
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 ,                                                                                  (2.3) 

where lk ii   for  lk   and niilk lk ,...,2,1,,,   . Then 
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 ,                                                           (2.4) 

i.e. the dimension of Sumudu transform of any function is equal to the number of the independent 

variables of that function . This speech is true if )(tf  is a product of any number doesn’t exceed n  

of the independent functions .  

 

Theorem 2.3. Let )(tf  is a function with n dimensional Sumudu transform )(uF  . Then 
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where ),...,,()( 2211
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nnuauauaau   and sai '  are positive constants . 

Proof . The n dimensional Sumudu transform of  )(
___

atf  may be obtained directly from definition 

(1.4)  
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where ),...,,()( 222111

___

nnn tuatuatuaaut   . 

 

Theorem 2.4 . Suppose that )(uF  is the n dimensional Sumudu transform of the function )(tf  . 

Then  
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Proof . From definition (1.4) we get that  
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Therefore , by the change of variables  iiii tuaw )1(   , ni ,...2,1  , then   
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Note [4] : Recall that , the Heaviside function )( atH   is defined as 
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Theorem 2.5. Let )(uF  be  the n dimensional Sumudu transform of the function )(tf  . Then              
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where ),...,()( 11

_____

nn atatatf   and H  is the Heaviside function . 

Proof . From equation (2.10) we conclude that  
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From definition  (1.5 ) and equation (2.13) we get that 
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By setting  )()(
_______

xat   , i.e. iii xat   for ni ,...,2,1  then 
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Corollary 2.6. Suppose that )( ii uF be the Sumudu transform of the functions )( ii tf  for   

ni ,...,2,1 . Then 

       )( )]()([
11

1

ii

n

i

u

a

iiiiii

n

i
n uFeatHatfS

n

i i

i








   .                                                                          (2.16) 

Proof  . If )()(
1

_____

iii

n

i
atfatf 


  then )()(

1
ii

n

i
tftf


   and by applying theorem 2.5 and theorem 2.1 

we get the desired result . 

        

Theorem 2.7 . For an   even number  n   we have 

       

jj

j

j

jj

j

jj

iji

m

ij
n

j
iji

m

iji

n

j
n

ucu

um
tctHtctS

212

12

212212

1
2

1

2

1

)()!(
)]()([













 ,                                                  (2.17) 

where lk li   for lk  , niilk lk ,...,2,1,,,   and  ,...2,1,0jm  . 

Proof .  From remark (2.2) we have  
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For lk   then  using definition (1.5) when 2n  and definition of  the Heaviside function in  
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If we put jjj ilccik 212  ,  ,    and jmm   in equation  (2.19) and substitution the result in 

equation (2.18) the desired result is obtained . 

 

Theorem 2.8 . Let  )(uF  denote the n dimensional Sumudu transform of the function )(tf  . 

Then  
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Proof . To prove this theorem we shall define the functions )(tgi  for ni ,...,1,0  as follows 
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After performing 1n   integrations yields                            
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Theorem 2.9. Let )(tf is a function with n dimensional Sumudu transform )(uF  . Then 
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Proof  . From definition (1.4) and setting )()(
___

vtx   we have 
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Theorem 2.10. Let )(tf is a function with n dimensional Sumudu transform )(uF  . Then 

       

j

j

j

j

i

m

j

m

i

m

j

i

m

j

m

i

m

j
n

u

uF
u

t

tf
tS


















1

1

1

1

)(
]

)(
[







  ,                                                                                        (2.29) 

for nm 1  ,  lk ii   for lk   and  niilk lk ,...,2,1,,,   
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Note that if nm   in theorem 2.10  then  
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3 . The n dimensional Sumudu transform  of some functions 
     In this section we shall give a table of n dimensional Sumudu transforms  of some of the 

familiar functions which we find  them using definition (1.4) or definition (1.5) or the theorems 

given in section 2 . 

 

a table of n dimensional Sumudu transforms  of some functions. 
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No. )(tf  )]([ tfSn  
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        Now , we shall introduce some explanations about the table . To prove No.5 and No.6 of the 

table , first we shall use the mathematical induction  to prove  that     
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Suppose that  relation (3.1) is true  when kn   , i.e. 
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where nN   if n  is an even number and  1 nN  if n  is an odd number , lk ii   for lk   and 

niilk lk ,...,2,1,,,  .     In a similar manner we have  
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where nN   if  n  is an even number and  1 nN  if n  is an odd number , lk ii   for lk   and 

niilk lk ,...,2,1,,,  .     

     For No. 7 of the table then from the multinomial theorem [8] we have 
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       No.8 and No.9 can be concluded by  using the relations  
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and No.3 of the table then replacing iiua ,  in relation (3.1) , by  iiuka  and iiuka  for  )1(
1

ii

n

i
uka


  

and )1(
1

ii

n

i
uka


  respectively . 

      It is clear that No. 10 , No.11 ,.. and No.14 can be obtained using theorem 2.4 in addition , No.5 

, No.6 , …and No.9 of the table respectively .      

      

Example 1. Here  we shall give an example for finding the inverse of the triple Sumudu transform  

(3- dimension) 
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Note that for the first term of the last equation of equations (3.12) we used No.2 of the table when 

3n  , 121  ii  and 23 i  .  For the second term we used theorem 2.10 when 2n  , 1m  and 

11 i  , in addition we used No.6 of the table when 2n , 21 a  and 12 a   to obtain  
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Note that xt 1  , yt 2  and  zt 3 . 

 

4 . Applications to PDEs in the 2- dimension 
      In this section we shall find the double Sumudu transform of some of the  partial derivatives of 

the function ),( yxu  and then use them to solve two non – homogenous linear partial differential 

equations .  

     To obtain the double Sumudu transform of partial derivatives we use integration by parts . Using 
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where   

     ),0()(   , )]([ )( 2 yuygygSuG  .                                                                                            (4.2)  

Similarly  
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Similarly ,  using the last equation of equations  (4.1) we have 
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where  

       ),0()(   ,  )]([ )( 1121 yuygygSuG x   ,                                                                                  (4.6) 

and  )( 2uG is defined in (4.2) . 

 

Example 2. Determination of a solution ),( yxu of the PDE  
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under the following initial and boundary conditions 
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respectively  . By taking the double Sumudu transform to the PDE (4.7) using the last equation of  

equations (4.1) and relations (4.3) , (4.8) and (4.9) we get   
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By using theorem 2.7  when 2n  , ac 1 , 21 i   and  12 i      then the inverse transform 1

2

S of 

the second equation of (4.10) gives the following solution of the PDE (4.7)  
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Example 3. Consider the PDE  

        xuu xxy  3sin2    , 10  x  ,                                                                                         (4.12) 

with the initial  and boundary conditions  

        i- xxu  sin)0,(   ,  
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From relations (4.4) , (4.2) and (4.6) we get  
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respectively . Applying the double Sumudu transform of the PDE (4.12) by using relations (4.3) , 

(4.5) ,  (4.13) , (4.14) and (4.15), simplifications and adding the terms  3
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223 uu  to the denominator of the right hand side  give the transformed problem 
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by applying partial fractions with respect to the variable 1u  . Solving the partial fractions gives      
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Since , from theorem 2.1 we have 111

2 .   SSS  then taking 1
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S  of the last equation of (4.17) 
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5. Conclusion 
      Throught our work in this paper , we note that there is a little work has been done on the single 

Sumudu transform and a very little work on the double Sumudu transform . In the field of the 

generalized Sumudu transform we don’t find any relating paper or reference . Hence , for advanced 

reseach , there is many works such as  introducing other interesting properties or in applied 

mathematics via control problems in partial differential equations . 
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