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Abstract

The perturbed linear dynamical system of Sylvester type in infinite dimensional
space has been considered . The solvability of this class of equations by using the
perturbed composite semigroup of bounded linear operator is presented and developed .
The necessary dynamical properties have also been presented and proved.

1. Intraduction

The theory of one parameter semigroup of linear operator on Banach spaces started
in 1948 with the Hill-Yoside generation theorem, and attained its first apex with the 1957
edition of semigroup and functional analysis by E. Hille and R. S. Phillips, in 1970's and
80's.The theory reached a certain state of perfection, which is well represented in the
monograph by [6], [3], [5] and others. Today, the situation is characterized by manifold
applications of this theory not only to the traditional areas, such as partial differential
equations or stochastic processes. Semigroup has become important tools for integro-
differential equations and functional differential equations in quantum mechanics or in
infinite-dimensional control theory.

This paper introduces to the concept of a composite semigroup and applications to
the analysis of the operator differential Sylvester equation. This equation arises in various
control problems on finite time horizon [0,t], for linear infinite-dimensional systems with
unbounded input / output operator.

The work of [4] introduced to the concept of a composite semigroup and its
application to the analysis of the operator differential Sylvester equation. This equation

arises in various control problems on finite time horizon [0, t], t€ [0,00), for linear
infinite-dimensional systems with bounded input or operators.

The solvability of such system and the study of some of its dynamical properties,
up to our knowledge are still a challenge for many researchers. So, the main aim of the
following work is to define such dynamical properties ,as well as, the solvability using the
concept of composite semigroup generated by some unbounded linear generators. Some
preliminaries are then needed to understand the present approach.



The following problem have been presented an disused in this paper.
S7(6) = (A + A)Z(D), t> 0
Z(0)=Z,

where A + AA : D(A+ AA) < L( L(H)) is a linear unbounded operator. The operator A
is the infinitesimal generator of a C,- composite semigroup denoted by T(t), t > 0 and
D(A) cL( L(H)). D(A|) < D(AA)) and D(A;) < D(AA;). For Z € D(A + AA) and AA,,
AA,e L(H).

The operator A + AA is the infinitesimal generator of a Cy-composite perturbation
semigroup S(t), t > 0 and D(A + AA) < L(L(H)).and h € D(A; + AA;), where the
generator A is defined as :

(A +AA)Z)h = (A; + AA))Zh + Z(A; + AAr)h
2_Some Mathematical Concepts

In this sction, some necessary mathematical concepts for usual semigroup theory are
discussed .

Definitian (2 1) [8]:

VL]

Let T be an unbounded linear operator on a Hilbert space H, with domain D(T) is
dense in H. The adjoint operator T* is defined by:

<Tx, y> = <x, T*y> for all x € D(T), y € D(T*), where:
D(T*) = {yeH | <Tx,y> = <x,z>, for some zeH and all xeD(T)}.

D E. .!. ‘:2 21 [11 .

A family {T(t)}=o of bounded linear operators on a Banach space X is called a
(one-parameter) semigroup on X if it satisfies the following conditions:

Tt+s)=TE)T(s), Vt,s=>0
T(0) =1, where I stand for identity operator.

Definition(2.3) [5]:

7’k

The linear operator A defined on the domain:

D(A) = {x € X : [im LMX~X exists) and (1)
t40 t

Ax = i LOX =X _ d'T(t)|  forx eD(A)
t40 t dt .
t=

is the infinitesimal generator of the semigroup T(t), D(A) is the domain of A.

Definition(2 4)_[6]-

A semigroup {T(t)}0 on a Banach space X is called strongly continuous
semigroup of a bounded linear operators or (C,-semigroup) if the map t —— T(t)

eL(X),t €l " satisfies the following conditions:



. T(t+s)=TOTE), Vtsell .
2. T(0) = L.where I stands for identity operator.

3. limlT(H)x — x|[x =0, for every x € X.
t40

Remark(25) [9] -

L) 77 = a

Let T(t) be Co-semigroup generated by infinitesimal generator A on a Banach space
X.Then

t+h
lim L [ T(s)x ds=T(t)x, he(,t) and for x e X

h—0 h "

—
1

ii- Forx € D(A), T(t)x eD(A) and

4 T(t)x = AT(H)x = T(t)Ax, for all t > 0
dt

iii- For x € D(A)

t t
Tx - Tex= [ TOAxdr = [ AT@x dr.

S S

v- Forevery A € LI , one can define a linear bounded operators:

o0
RO:AX= [ e™T(Ox dt, forall x € X.Re L >W,.
0
Definition(2 6)_[7] -
The weakest topology on L(X, Y), such that E : L(X, Y) —— Y given by: Ex(T) = Tx
are continuous for all x e X 1is called the strong operator topology.

A semigroup {{T(t)} o is called a continuous in the uniform operator topology, if:

(1) [Tt +A)x — T()x||x —> 0,as A—> 0, V x € X.
(2) [T(Hx = T(t-A)x||x —> 0,asA——> 0,V x e X
Remarks(2 8) [6]-

L) 7 7= -

Suppose that x(0) € D(A) and the function f(t) with range in X is continuous
differentiable in the open interval (0, T) with continuous derivative in the closed
interval [0, T ], then the (non-homogeneous) initial value problem:

%x(t)zAx(tHf(t), O<t<rt (2)
x(0)=x,, given in the domain A

has a unique solution satisfying:



1. x(t) 1s absolutely continuous in (0, T).

ii.  x(t) e D(A), t>0.
iii. Ix(t) _X(o)||X—> Oast—> 0.

_Definition (2 9)_[9]:

Let xg € D(A) and f € C([0, T] : H), then x(.) defined by

t
x(t) = T(H)xo + j T(t =s)f(s) ds
0

is called a strong solution of (1.11) if:

x(.) € C([0, T]; D(A)) N Cl([O, T]; H) and satisfying (2) for all t € [0, T].

Theorem(2 10) [6]-

Let X be a Banach space and let A be the unbounded linear infinitesimal generator
of a Cy-semigroup T(t) on X, satisfying:

IT()l[Lx) < Me™.

If AA is a bounded linear operator on X, then A+AA with D(A+AA)=D(A) is the
infinitesimal generator of a C,-perturbation semigroup S(t) on X, satisfying:

IS)|Leo < Me W MIAAIIL ) )t

foranyt>0,w>0and M > 1.

3. Problem Formulation
Consider the linear initial value problem in finite state space:
ditza) = (A + AA)Z(t), t> 0 3)
2(0) =2y,

where A + AA: D(A+ AA) ¢ L(H)—— L(H) is a linear operator, defined as follows:

1. The operator A .=A; . +. A, is the infinitesimal generator of a Cy-composite semigroup
denoted by T (t) =T (t)ZTx(t)=, t > 0 and D(A) < L(H) .

(wi+w)t

2. ”Tr(t))HL(H) <M M,€ where M; Mx>1, wi wy>0.

3. The operator A + AA is the infinitesimal generator of a C,-composite perturbation
semigroup S(t), t > 0 and D(A + AA) < L(H).

4. D(A)) < D(AA)) and D(A,) < D(AA)).

5. ForZ e D(A + AA)and h € D(A; + AA,) , we have
(A +AA)Z)h = (A + AA))Zh + Z(A; + AAy)h

6. There exists positive constants k; and k;, such that

[AA1|lan < ki and [[AAsf|La) < ko



7. [|AA Ly = [AAL+AAlm)
< [AAL e + [-AA LS [[AA L |-l + (|- lleenl|AA2lLe
< (IAAlLe + [[AA2llue) (|-l -
Definiti ‘:3 1,1'
Let L(H) be a Banach space, a one-parameter family {S(t)}0 < L(L((H)), te[0,0)
of bounded linear operators defined by:
S(t) = Si()ZSa(1) , 4)

for generator A + AA, for any ZeL(H) and t €[0,0) is called composite perturbation
semigroup, where Si(t),S,(t) are two perturbation semigroups defined from H into H for
(A1+AA ) and(A, + AA;) respectively.

Definition(3.2):
The infinitesimal generator A + AA of S(t) of problem formulation on a uniform

operator topology defined as the limit:

§1t)Zh Zh

(A +AA)Zh =limg, {,ZeDA+AA),heH

where D(A + AA) c L(H) is the domain of A+AA defined as follows:

D(A+AA)=1{Z L(H): Ilmm{gtt)Zh L

fexistin L(H) {.

1-{L(H), t} stands for L(H) equipped with the strong operator topology T, i.e.,
topology induced by family of seminorms p={pp}nen, Where seminorms py(Z) = ||Zh||u,
Z € L(H).
2. Let D(A1) < D(AA)), D(A;) < D(AA;) and D(A) < D(AA).Therefore the following

are concluded

a-The different between the usual strongly continuous semigroups of problem
formulation and the composite perturbation semigroup (4) follows from the fact
that in general for Z €L(H), the function [0,00) D t > S(t)Z € L(H) is
continuous in {L(H), t}, and which cannot be continuous in {L(H), ||.||} unless the
semigroups {S;(t)}0, {S2(t)}=0 < L(H) are uniformly continuous. However, this

takes place case only if their generators A; + AA, A, + AA; are bounded operators
on H.

b-The generator A + AA is densely defined only in {L(H), t} and does not in {L(H),
||l]I}. This implies that D(A + AA) in L(H) is only a proper set and not the whole
L(H).

c-The infinitesimal generator A + AA of problem formulation of the composite
perturbation semigroup {S(t)}0 < L(L((H)) on a strong operator topology is
defined as the following limit:

Stt)Zh %

(A+AA)Z=1-limgy,] [.Z € D(A + AA),



where D(A + AA) c L(H)is the domain of A + AA and defined as follows:

D(A + AA) = { ZeL(H): 1 limgo {25} exist in {L(H).t} }

In the following lemma some generalized results on S(t),t € [0,0) of [2], are
developed.

| emma(3.4) -
Consider the problem formulation, let S(t)= Si(t)ZS,(t), t > 0 be a composite

perturbation semigroup defined on L(L(H)); S;(t) and S,(t) are, perturbation semigroups
defined on L(H) then

a- The family {S(t)}=0 < L(H), t > 0 is a semigroup, i.e.,
1.5(0)2=72,V Z € L(H)
2.5(t +s)Z = S(t)(S(s)z)
= S(s)(S(1)Z
Z € L(H), t, s € [0, ).

t + +M1||AA +M> ||AA
b. I\S(t)IIL(H)SMlee(Wl w2 )+MlIAA L) +M; || 2||L(H),f0rte

[0, ).
c- S(t) € L(L(H)) is a strong-operator and continuous at the origin, i.e.,

T‘lifn||(§(t)z)h ~(S(0)2)h|ls=0,h € H, Z € L(H).
ty0

Proof:
a- Let Z be an arbitrary element in L(H). By theorem(2.10) and
definition(2.2)in chapter one,we have:
(1) S(0)Z = S1(0)ZS,(0) =1Z1 = Z.
From definition (2.2) we get:
(i1) S(t +s)Z = Sy(t +8)zSy(t + 5)
= S1()S1(8)ZS2(t)Sa(s) -
From (4),we have that
= S1(t) S($)ZSa(V),
since S(s)ZeL(H). Hence definition (3.1),implies that:
S (t+s)Z= S(t)S(s)Z = S(s)S(t)Z
b- From (4) ,we have that
SOl = [S1OZS2(D] L
< [IS1® el ZllLn/[S2D)]|La), from {theorem (2.10)}

(W +MlIAA L))t (W2 +Ma[|AA [l (1))t

<M;€ ||Z||L(H)Mze



W1+Wo )+Mq||[AA7|[+MH ||AAA]|)t
SMlee((l 2)+M[IAA [+ M5 [|AA, ) Zlan -

¢ r-lim IS()Z)h—~(S(0)Z)hl = liﬁ)l [(S1(DZS2(1))h—S1(0)ZS(0)h| |
t t

= li¢m |: I(S1(H)ZS2(t))h — (S1(1)ZS2(0))h + (S1(t)ZS2(0))h —
L0

(S1(0)ZS>(0)h| |5 :|

= liin |: I(S1(DZ)[S2(t)h —Sz(0)h] + [S1(H)ZS,(0)h - SI(O)ZSZ(O)hH:|a
tv0

By using dfintion(2.2)

r—liim I(S(t)Z)h—(S(0)Z)h|| < r-liim |: IS1(OZ]|Lt)|[S2()h — h||g +[|S1(t)Zh—Zh||y :|,
t+0 tv0

and from theorem (2.10),we have got
(Wi +M1llAA[lL ()t

7-1im [[(S()Z)h—~(S(0)Z)h|ly < M; € IZI| z-1im [IS2(Hh
t40 t40

—hllu + t-1im [S1(H)Zh — Zh||y
t40

Now, since {S;(t)}w0 and {Sa(t)} 0 are a Cyp-semigroup, thus:

1:_H¢m||82(‘[)h —hju=0= r-lifn IS1(t)Zh — Zh|| ,for any heD(Z)
10 )

and ZeL(H).

Which implies that {S(t)}o is a strongly continuous perturbation semigroup. H

Based on the previous results and references, the following generalization have
been proposed.

The operator A + AA of problem formulation is infinitesimal generator for S(t)
defined on its domain D(A+ AA) satisfying the following properties:
(a) D(A + AA) is strong-operator dense in L(H).
(b) A + AA is uniform-operator closed on L(H).
(¢) ForZ e L(H) :
t

[(S()Z) dr < D(A +AA), and
0



(A+AA) ([, S(ryZdr)=S®HZ-Z.

(d) ForZ € D(A):
S(t)Z € D(A + AA), the function t:[0,00) > S(t)ZeL(H)
is continuously differentiable in {L(H),t} and

4(S(H2) = (A + L) (S(VZ)
dt

=S(t) (A + AA)Z)
() ForZ € D(A +AA)and h € D(A| + AA))
(A + AAYZ)h = (A, + AA)Zh + Z(As + AA)h .
Proof:
(a) By lemma(3.4)(c), S(t)Z is integrable, so Z; = _fot S(s)Zds

b

for a fixed Z € L(H), and fixed t > 0. Thus:
S(AZy—Zy = _rot[S(s +A)Z—§(s)lds , A €(0,) . (5)

Hence, equation (5) becomes:
A+t

T S(S)Z ds —ﬁf S(S)Z ds :_r(-JA S(s +1Z ds —_r(-JA S(S)Z ds
:_r(-JA S(S)S(t)z ds —_r(-JA S(S)Z ds.
Then from Remark (2.5)(i), we have that:

“lim W7 =SMZ-Z , (6)
tv0

that implies to Z; € D(A + AA) and {Z:}+( generates a linear space contained in

D(A+AA),which implies that {éz t>0} < D(A+AA) and im £=Z, for arbitrary Ze
t o t
L(H) .Hence D(A + AA) is dense in {L(H),t }.

(b) Since D(A + AA) is dense in {L(H),t }, one can define {7 1* jto be a ||.| bounded
sequence in D(A+AA) ¢ L(H) and Z, —— Z as n——> o in {L(H), t},where Z is ||.
bounded.

Now, let (A + AA)Z,—— Y; by remark(2.5)(iii) we have that:

. t
Tlim I 7 = vim ] [ S(s) (A+AA) Z,ds.

t40 t40 t 0

Now, as n——> o, we get:
S t
= lim “& Z= t-|im Tt Sesyvds.
t40 t40 t 0

Then by concluding remark (2.3)(c) and Remark(2.5)(i), we get



(A+AA)Z =Y.
Hence A+ AA is a closed linear operator.
(c) Let Z € D(A + AA).

On using simple calculation of semigroup, as follows, we get :

t t
S(A)[S($)Z ds - [S(s)Z ds _t[S(s+A)Z ds—jS(s)Z ds
0

t
(A + AA) =T-j 0 0 =1T-1im 2
-([ S()Z ds tljlol A tljlol A

1 A S | A =S _
=T 1 L T 1 - = (t)Z Z
im { S(05(s)Z ds ~ lim £ S(s)Z ds

From Concluding Remark (3.3)(c), we obtain:
JOtS(S)Z dse D(A + AA).
(d) One can show that S(t)Z € D(A + AA).
Let Z € D(A + A A),such that

A +AA)SHZ = 1- [ 2BAPMOZ-5MOZ _ th(t)P(A)j}: S(t)(A + AA)Z .
t40 A t40 A

implies that S(t)Z € D(A + AA), and the right derivation exists in{L(H),t }.Hence,
(A + A A)S(H)Z = S(t)(A + AA)Z.
Now, one can show that the following left derivative for A > 0 exists.

[S(t)Z—S(t -A)Z
A

T-lim

im —S(t)(A + AA)Z} (7)

By adding (A + A A)S(t-A) to (7),we obtain:= - [jm S(t — A) [S(A)j_( A+A A\)Z}
A

40
+1- lifn [S(t — A)A + AA)Z — S(t)(A + AA)Z]. (8)
40
Hence: r-lianS(t - A)[W#_(A +AA)Z} + St — AA + AA)Z -
40
SOA+AA)Z]Lan < T lim IS¢t = D) 1im 2272 _ (A 1 ap)zZ
t4.0 40 A L(H)

+1- li¢m|| St —AYA+AA)Z - SH)A+AR)Z| ) -
tv 0

Now, from Concluding Remark(3.3)(c) and the strongly continuous of {S(t)}0, We
get:

T-lim SMZ-5(t-A)Z _ S(t—A)A+ARZ,

t40 A
for any Z € D(A + AA).



(e) ForZ € D(A + AA), h € D(A; + AA)) and g € D((A| + AA))*), we get:

<(A + AA)Zh, g1 = <t-|im S(t)Zﬂ’ 2>y =T-lim l< S(t)Zh — Zh, g>y .
40 t 40 t
By using (2.6),we have that:
t-lim L <S(0)Zh - Zh,g>1 = lim L <S1(0ZSx(0)h — Zh, g>n )
t40 t 40 t
Adding (Si(t)Zh + ZS,(t)h+Zh) to (9), we obtain ;

= lim L<S1()ZSa(t)h — S1()Zh — ZS»(t)h + S1(t)Zh + ZS»(t)h — Zh + Zh — Zh,

t40 t
@4 = lim 2 <(S1(0) = DZ(Sa(t) = Dh, g4 + lim L <ZSa(H)h—Zh, g4
td0 t tlo t
+1lim<Si1()Zh-Zh, g>y . (10)
t40

Since {Si(t)}wo 1s a family of bounded operators, the relation (10) becomes:

1
= Tim — <Z(Sa(t) = Dh, (S1(t) - D¥*g>1 + Tim L<Z(Sa(t) — Dh, g>1 + [jm L<Zh,

tdo t t40 t td0 t
(S1(t) — D*g>n = <[imZ(S2(t) — Dh, [im l(S"‘1(t) -Dg>H + <{jiy /(0
td0 t40 t t40 t
— Dh, g>y + <Zh, 1i¢m (S*1(t) - I),g>q - (11)
tv0

By using definition (2.3) of infinitesimal generator, (11) becomes:

<(& + A}%)Zh, g>H = <0, (A1 + AAl)*g>H + <Z(A2 + AAz)h, g>H+<Zh, (A] +
AA)*g>y . (12)

From definition(2.1) of unbounded adjoint operator of a Hilbert space, we have that
<(A + AA)Zh, g>y = <(A; + AA)Zh + Z(A; + AAy)h, g>y

for all g € D(A; + AA))*). Thus:
(A+AA)Zh = (A1+AA)Zh + Z(Ay+AAo)h and (A+AA)Zh eH. H

The following theorem presents some properties of the unbounded perturbed
operator A + AA, of problem formulation.

Let { S(t)} =0 be a family of a Cyp-composite perturbation semigroup generated by
unbounded linear operator A + AA satisfies:

W1+Wo )+M||[AA1|[+M>H||AAS || )t
SOy < MM, el V1+W2)PMIIAAL I+ M2[[AA )

W1,W220 and A Al, AAzeL(H).

Then the resolvent set p(A + AA) contains the ray (wi+w; +Mi||AA ]| + M||AA;]|, ©0)such
that the resolvent operator of A+AA is estimated as:

, for MI,MZZI,

10



IRO:A + AR)| < MM, ,
Red —[(w; +wy)+M [|[AA; [|+M; || AA, |]

for Rek > (wy +wy)+ My [|AA, [y +Mo [[AA, [[Ln)-

Proof:
From remark(2.5)(v),
0
R(A)Z = I e ™M S(t)Z dt, for L >0, Z eL(H) and
0
0
IRMZan < ||| ™S dt
0

o0
< [ e™ISOZua d.
L(H) 0

From lemma (3.4)(b), we obtain:
o0 o0
[ eMIs0Zmd=] ™Me
0 0

(Wi+w2)+Mi[|AA7[[+M3[AA; | 1Zan dt

o0
—t(A—M;||AA +M5||AA +H(wWi+w
:IMlee ( HIAAYIL () +M2lIAAL [ () +H(W1 2))

0

|1Z]| ey dt

MM, (| Z|g ()
A= My 1 AA, [l +M [|AA [l gy +(w) +W5) |

for & > My [| AA [l gy +My | AA, [l +(w +w5) ]
Hence

IRA)Z < MM, 12 (13)
Rek—[Ml 1 AAY [y +Mo (| AA Ly +(Wy +W2)]

Furthermore, for h €(0,00)

Sth-Trapyz=1 T e M(S(t + h)Z — S(1)Z) dt
h h)

_1 [ eMearmza- 1 [ eMsmza= 1 { | e MMS(1)7Z dt — | e MS(H)Z dt:|
h 0 h 0 h 0 0
_1 f e MMz dt — T e Sz dt —T e ™MS(H)Z dt:|
h
0 0 0

11



2h 0 Ah oo
i [ eswzai- c [ ¢Sz,
h 0 h 0

ash T 0, the right hand side of (14) converges to AR(A)Z — Z in {L(H),t} . Hence:

(A+AARMNZ=ARAN)Z-Z.
Thus:
ARMZ — (A+AAARMNZ=Z

AM-A+AA)Y)RNZ=Z
R(A) = (A — (A + AA)) ", for Lep(A + AA) ,
and from the fact that

IR(A:A + AA)| =[|(A — (A + AA))"||(see the definition of H_;) and hence

IRCL:A + AB)Z =|Z]| gy _, = — (A + AR
From (13) and if A€ Ll with Aep(A + AA),we gets

IR(L:A + AA)|| < MM,
Red—[(w;+w,)+ M, [[AA; [[+M, || AA, |[]

for Red > ((w; +w,)+ M, [| AA, Iy M3 [ AA, ||L(H))' u
Corollary37)
Let the condition of theorem(3.6) be satisfied, then-
a-R(A:A + AA) S(t) = S(OR(L:A + AA).
b-R(A)A + AA)Z = (A + A A)R)Z, for Z € D(A + AA).
Proof:
a- By using the identity (Al — (A + AA))R(A:A + AA), we have that
S(t) = S()(AM — (A + AA)R(L:A + AA) .
= (AS(t) — S(t)(A + AA))R(AL:A + AA) .
By Lemma (3.5)(d), yields:
S(t)=I—-(A+AAR)SE)RM:A + AA)
By multiplying both sides of (17) by R(A:A + AA), we get:
R(A:A + A A)S(t) = S(t) R(OL:A + AA).

o0
b-Since ROJA +AA)Z= [ ™ SW(A +AA)Z dt, for L.ep(A + AA)
0

[ee]

= | e™MA+ams®Zdt=(A+ AA)[ fesayz dtj = (A+AMRMZ,
0 0
then (15) implies that:
RA:A +AA)A + AA)Z = (A + AA)RMA+AA)Z. B

12
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Definition (3.8) :
The continuous function Z(.)e D(A + AA) given by:
Z(t) =S(t) Zy forany Zy, € L(H)and t =2 0

which is strong operator differentiable in L(H), is called a strong solution to the linear
perturbation initial value problem (3).

Concluding Remark(3.9) -

The necessary and sufficient conditions for any Z € D(A + AA) is that restriction Z
to D(A; + AAj) belong to L(D(A; + AAj), D(A; + AAY)), ie., DA+ AA) < L(H)N
L(D(A; + AA,), D(A; + AA))) and an extension of (A + AA) Z € L(D(A, + AA,), H) to H
belong to L(H).

We are now interested in the relation between the semigroup T(t) generated by A
and S(t) generated by A + AA. By condition (a),(b), T(t) and S(t) are Coy-semigroups
generated by the linear operators A and A + A A respectively and let Z(.) € D(A + AA).
Then by remark (2.5)(ii) , we have T(t — s)S(s)Z is differentiable, that implies the L(H)-
value function, let:

H(s)=T (t — s)S(s)Z for 0<s <t ;
and from lemma(2.2)(d),

iH(S)Z =T (t--5s) i S(s)Z + i T (t—s)S(s)Z
ds B ds ds ’

=T@t—s)A+AA)SGS)Z-AT(t—s)S(s)Z
=T (t— s)AAS(s)Z .

Integrating dH(S) 7 from 0 to t, yields:

ds
to t
!)" aH(S)Z ds= !)' T (t — s)AAS(s)Z ds
t
SOZ=T(OZ+ | T (t-)AAS®Z ds, for Z eD(A+AA). (18)
0
Since the operator on both sides of (18) are bounded,then (18) holds for every ZeL(H).
Theorem(3.10)-

Let T(t) be a C,-Composite semigroup of problem formulation satisfying:

| Tl < MiM, e(W1+W2)t .

Let AA be a bounded linear operator on a Banach space L(H). Then there exist a unique
family S(t), t > 0 of bounded operators on L(H) such that (18) is continuous on [0, o), for
every Z eL(H).
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Proof:

The main steps of the proof is as follows:
Set :

So(t) = T(t)
and define S,(t) inductively by:

Sui1(Z = j T(t - 5)A AS.(H)Z ds,
0

for Z € L(H), and n > 0.

We shall prove, by induction, that {S,(t)} o is continuous family.

(19)

(20)

Now, for n = 0, we have from condition(a) of problem formulation, that So(t)Z = T(t)Z is

continuous for t > 0 and Z € L(H).

We assume that:

lim [[S.(1)Z — Sa(DZ1 L) = 0,
n—o0

for Z, € L(H) and for all Ze L(H) .

Now:

[S0+1(0Z = Sur1(DZ1]| =

j T (t — )A A(Sa()Z — Su(t)Z1) ds
0 L(H)

t
< j | T (t=8)lLanl|AA [lLy [ISn(t)Z~ Su(D)Zi || ds -
0

From (21), we get:

lim [Sy:1(0Z = Su1(DZi | = 0.
n—>0

Thus t —— S,+1(t)Z is continuous, for Z € L(H), t > 0 and every n > 0.
From above, we have :

(W1+W2)t
1Sl < MiMaC

MM [IAA 't
n!

For n =0, we have:

t
S0l = [[m(®)lLan< MiM2 e(W1+W2) .

Assume that (22) holds for any neN.Then by (20), we get:

[Sar1()Z]|L =

j' T(t — s)AAS,(S)Z ds
0

L(H)

14
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t t
S_[ | T(t = s)llLanllA A Ll Sa®) el Z]Lm dsSJ' MM,
0 0
e(Wl+w2 )(t—S) ||A!Q||L(H)M1M2 e(wl +W) )S
MiM; [[AA][" s™ || Z||L(H) ds

n!

(W1+W2)t M{1+1Mr21+le(wl+wz)s
(n+1)!

=MM,€ [AA | ™) Z |l iy ds

forn>0and Z € L(H) .

The integral equation (18) is a Volterra integral equation of the second kind with
continuous kernel of difference type k(s, t) = T(t — s)A A.This equation has a solution may
often appear as integral of the form :

t
S0 =So() + | T(t. & 1So(©) &, (23)
0

where I'(t, &; 1) is called the resolvent bounded kernel of integral equation (23) and k(t, &)
and Sy(t) in (18) are both continuous.

It is easy to construct the resolvent I'(t, &; 1) for (23) as Numann series:

L& D=, ken(t,8),
n=0

where ky+1(t, €), the iterated kernel, such that:

Tt & D= kei(t,8),
n=0

where k(t, y) = k(t, y). Thus:
S(t) = So(t) + S1(t) + Sa(t) + ...,
where:

So(t) = T(t)

t

Su0 = | k(t,©) Sy1(8) de
0

So:

SH= D, Su® (24)
n=0

15



By using (22), yields:

3 S, ()

n=0

| SOl =

L(H)

0 ny N n ,n
leMze(WﬁWZ)t Z MM, [[AA " ¢t _

n=0 n!

The right part of inequality is convergent, the series (24) is uniformly convergence in
the uniform operator topology on bounded interval, and t —— S(t)Z is continuous for
every Z € L(H).Therefore, S(t)Z €C([0, t], L(H))

To prove the uniqueness, let U(t), t > 0 be a uniformly bounded operator for which

t—— U(t)Z is continuous for Z € L(H) and:
t
U(H)Z = T(t)Z + j T (t - s)A AU(H)Z ds , (25)
0
for Z € L(H).
By subtracting (24) from (18), yields:

+wo)t

t
| SMZ - U)Z||lLw) < I MM, e IAA]|L)|[S(s) — US)||L|Z]|) ds

0

Hence from Gronwall's inequality, we get:

| S(t) = U(t))Z||r @y = 0, for t > 0 and thus 5(t) = U(t). ®
Corallary(3 11):

Let A be the infinitesimal generator of a Cy-composite semigroup T(t) satisfying
T ®)e < Mlee(lerWz)t. Let AA be a bounded operator and let S(t) be the
infinitesimal generator by A + AA. Then:

|| S(t) _ fﬂ'\(t)HL(H) <M;M, e(W1+W2)t (C(M1||AA1”+M2|AA1”)t _1)

Proof:
On using (18) and conditions (b), (d), one gets:

t
ISMOZ = TOZ|luw = | TOZ + I T(t - s)A AS(s)Z ds — T()Z]|L)
0

t
< [ 1T =) 1A Allan] S onl i ds
0

By using conditions (b),(e) of problem formulation , we obtain:
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+wo)t

t
| SOZ - TOZan < | MMye™! 1A AllLgnMiM;

0
eS(Wl +wo+M[[AA][[+M;[|[AA, )

|1 Z|| ) ds
t (M{[|AA][+M; [|AA, )t
= M2 M2 eV A A | @ _
| M [|AA [[+M; [[AA, |
1 1Zl Iy - (26)
M, [ AA, | +M, || AA, ||

From condition (f) of problem formulation and the fact that M; M»>1, we have that
IAA (L) = [|AAL T AA[lLan< [[AAL eyt [ AAlLa)
< Mif|AA L[ + Mz [ AAsflLe < (Mif[AAG[uey + Mz [[AAf|Le) (|- lee) -

Hence (26), becomes:
t Mi||AA{|[+M)5 ||AA
” S(t)_ T (t)HL(H) < M12 M% e(W1+W2) (e( 1” 1||+ 2“ 1||)t _1) ||Z||L(H)

For Ml, MQZ 1, Wi, WzZ Oand A A], AAZ (S L(H)

Concluding Remark(3 12) -
The addition of a bounded linear operator A A such that D(A) < D(AA), to an
infinitesimal generator A of a Cy-semigroup does not destroy the analytic and contraction

properties, [6].
Theorem(3 13) -

Let A be the infinitesimal generator of a compact composite semigroup T(t) and,
the resolvent operator for A satisfies

MM,

IRL:A) L) <
A—=(wy+w,)

, for A >w; +ws. (27)

Let AA be a bounded operator, then A + A A is the infinitesimal generator of a compact
composite perturbation Cy-semigroup S(t).

Proof:
Assume that A > W1+W2+M1M2||AA”L(H), for M1, M>>1, wy, wy > 0.

Thus
MM, |AA]| <1
A=(w+wy)

17



| AA ey MM, <1

I AARA) Ly < 1A Al RASA) ey < | (28)
A—(W+Ww,)
Hence:
| AARAA) [y <1 (29)
From (29), we get (I - AAR(AA)) is invertible and bounded for

A >wi + wot MiMa||AA ||y, set
R = R(AA)I - A ARMA)) ™ [from (I - A AR(LA)) '=R(AA) i [AAR(X : A)]k ). (30)
k=0

We have to show that R is a resolvent operator of A+AA and for
A > W1 + W2+ M]Mg”AA ”L(L(H))- Note that

O = (A + AA)R = (M — (A + AA))RA)[(I - AAR(L:A))] ™
= (ML= A - AA[RMA)[(I - AARMNAN]™
= (1- AAR(A)][I- AAR(AA)N] ' =1.
Let Z € D(A + AA) = D(A)), then:

R(A - (A + AA))Z = R(LA)AL - (A + AA))Z + i RO A)[AARQL: A
k=1

= (A+ AA)Z 31)

=7Z-RM\A)AA Z + i[AAR(X:A)]kZ_Z [R(k:A)AA]k.
k=1 k=2

Hence:

ROI - (A+8A)= S R(h: AYAAR(L: A)]*

k=0 (32)
Moreover
I = A = AR |l = i R(L: A)[AARQGL: A6
k=0 L(L(H))
IR A)i [AAR: A
k=0 L(L(H))

= [RG: A)”L(H) > [IAARG: A)”lIi(L(H))
k=0

Since|| AAR(A;A) ||y < 1, we get:

0 1 .
AARL: A k = , 1>||AAR(7\,A)”
kZ:‘Z)” ( )”L(L(H)) 1— ”AAR(K : A)”L(L(H)) L(L(H))

together with
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MM,
A—=(wy+Ww,)

| ROGA) gy < LA > (W +w,y).

We have:

A=A - AAY ey s MMy 1
A—(W +w,) 1- ||AAR(7\, : A)”L(H)

1

A= (Wi + W)= (A= (wy +wWo)[AAR(L: A)| )

From (28), one gets
A= (wi + W2)[AARAA) Ly < IAA [[LemyMiM2

A= (Wi +wa) — (A — (Wi + W) AARGA) |L ) >

A= (w1 +w2) —[|AA [lLeapMiM: .
Thus:

1 < 1 .
A= (Wi +wy) = (o= (wy + Wy )[AAR: A A= (w; +w,) —[AA[MM,
(34)

from condition (g)of problem formulation, the inequality (34) becomes:
1 <
A=W +w,)—(A—(w; + wz))”AAR(k : A)”

1
(A= (W +w,)) = (MM, || AA [l gy MMy || AAS [l cny))

Now, for
> (W) + W) — (MM, [| AA [y +MiMy [TAA Iy 1
we have:

1 < 1
A=W+ W) = (MM, [[AA | (i) MM, [[AAS (I rry)

5

where (A —(w; +w,))— (MM, || AA, loee ey TMIMy [ AA Ipmy) # 0

<1

also

i RO A)[AARG: A
k=0

L(L(H))

Hence (32) is convergent in L({L(H), t}).

Now, R(A:A) and AAR(A:A) are compact .

Hence R(A:A + A A) is compact, for A > (w; + wy) — (MiM,||AA|| + MiM,||[AAL)+1. B
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