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space . Our paper extends the results of Anju Rani [1] .  
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Introduction: 

     In 1965 Zadeh [7] introduced the notion of fuzzy set . Later many authors have 
extensively developed the theory of fuzzy sets and applications . 

     The purpose of this work is to give a comprehensive study of fixed point theorem 
and we supply the details of the proofs  for most of the results that were given by Anju 
Rani [1] that's depended on the papers of Cho , "Common fixed points of compatible 
maps of type (α) on fuzzy metric space , 1998" .  And Chung , "On common fixed point 
theorem in fuzzy metric  spaces , 2002" . And Kutukchu , "On common fixed points in 
Menger probabilistic and fuzzy metric spaces , 2007" . The Anju Rani work was proof 
the six self maps have a unique common fixed point . We add also some results that 
seem to be new to the best of our knowledge that's we are tried to generalize this 
paper for eight self maps have a unique common fixed point and given some 
corollaries .     

$1:Definitions on fuzzy normed linear spaces 

     In this section we shall introduce some basic concepts and definitions with some 
illustrate examples  which are necessary to our work . 

Definition 1-1:[7] 

     Let  be any non empty set . A fuzzy set  in  is a function with domain   and 

values in  . 

Definition 1-2:[12] 

     Let X be a linear space over  . A fuzzy subset  is said to be  

fuzzy norm on X if  for all  and  all   : 

1)  

2)    

3)    

4)    

5)  is a non-decreasing function on  and 

 

Then  is called a fuzzy normed linear space . 

Example 1-3:[5] 

   Let  is a normed linear space . define a fuzzy subset  

  . Then  is a fuzzy normed linear space . 
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Definition 1-4:[9] 

     Let X be any non-empty set and let  be the set of  all fuzzy set on , for 

 such that    ,  and  define 

  and    

Definition 1-5:[9] 

     A fuzzy linear space     over the field  where the addition 

and scalar multiplication operation on  are define by : 

   and    

is a fuzzy normed space if  to every  there is associated a non-negative real 

number  called the fuzzy norm of  , in such a way that : 

 1)  

2)    

3)   

4)    . 

Definition 1-6:[9] 

     The linear space  is said to be normed space if  for every  , there is 

associated a non-negative real number  called the norm of   in such a way that : 

1)  

      

                      if and only if        ,  

                      if and only if        

2)  

  

3)  . For  
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Then  is a normed linear space . 

Definition 1-7:[9] 

     Let  be a linear  space  over  R . A fuzzy subset 

is called fuzzy norm on X if  the following are satisfies : 

1)   

2)    

3)    

4)    

5)  is a non-decreasing function on  and 
 

Then  is called a fuzzy normed linear space . 

Example 1-8: 

     Let X be a non-empty set and   be a normed linear space . define 

 by :    such that  

 Then  is a fuzzy normed linear space . 

Definition 1-9:[4] 

     Let  be a non-empty set , then  is a fuzzy metric space if  is a fuzzy set in  

 satisfying the following condition , for all  : 

1)  

2)   

3)    

4)  

5)   is a non-decreasing function and 

 

Example 1-10:[4] 

     Let  be a metric space . define  by : 
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  . Then   is a fuzzy metric space . 

$2: Fixed points of absorbing maps in fuzzy metric space 

     In this section we recall some definitions and known results in fuzzy metric space . 

Definition 2-1:[12] 

     A binary operation   is called continuous t-norm if   is 

satisfying the  

1)   is commutative and associative ,  

2)   is continuous , 

3)    

4)  

  

Definition 2-2:[4]  

     The 3- is said to be fuzzy metric space if  is an arbitrary set ,  is 

continuous t-norm   a fuzzy set in following ; 

for all  

1)  

2)    

3)    

4)     

5)  is a left continuous function and     
 

Definition 2-3:[1] 

     Let be a fuzzy metric space : 

 i)  A sequence  is said to be convergent to a point  denoted by 

  if     

ii)  A sequence   is said to be Cauchy sequence  if  

  

iii) A fuzzy metric space in which every Cauchy sequence is convergent is said to be 
complete . 
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Definition 2-4:[1] 

     A pair  of self maps of a fuzzy metric space  is said to be reciprocal 

continuous if  
                                         
  

If  are both continuous then they are reciprocally continuous but the 
converse need not be true . 

Example 2-5 

     Let X = [ 5, 25 ] and  be the usual metric space X . Define mapping 

by : 

          

It may be noted that  are reciprocally continuous mapping , But neither 

 is continuous mapping . 

Definition 2-6:[2] 

     The two maps A and B from a fuzzy metric space  into itself are said to be 

compatible if :    

Definition 2-7:[1] 

     Let  are two self maps on a fuzzy metric space  then    is called  -

absorbing if  there exists a positive  integer    such that :          

  

Similarly ,   is called  -absorbing  if  there exists a positive  integer    such 

that :    

The map    is called point wise -absorbing if  for given , there exists a 

positive integer  such that :    

Similarly ,  is called point wise  -absorbing  if  for given , there exists a 

positive integer  such that :   

Lemma 2-8:[6],[11] 

     If for all  

 

Lemma 2-9:[8],[13] 
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    For all   ,    is a non-decreasing . 

Theorem 2-10:[1] 

     Let  be a point wise -absorbing and  be a point wise -absorbing self maps 

on complete fuzzy metric space  with continuous t-norm defined by 

 , satisfying the conditions : 

1)  

2)  There exists   

 
 

3)    

4) . 

If  the pair of maps  is reciprocal continuous compatible maps then 

have a unique common  fixed  point in  . 

Proof : we can see the proof in [1] .                                                                            #  

Theorem 2-12:[1] 

     Let  be a point wise -absorbing and  be a point wise -absorbing pairs of 

self mappings of a fuzzy metric space  satisfying conditions  :  

1)    

2)  There exists  such that for every   

 

  

3�  For all  ,  

4�   

If the range of one of the mappings    be a complete 

subspace of have a unique common fixed point in  . 

Proof : we can see the proof in [1].                                                                             # 

Example 2-13:[1] 

    Let be usual metric space where and for each  and  

be the usual fuzzy metric on  where  is defined by 



 

8 

  

Let  be self maps  defined  as , 
 

  

  
  

  
  

  

Then   Hence 

 is - absorbing and  is -absorbing with  . 

If we take and , then the contractive condition  in theorem (2-12)  

is satisfied and zero is the unique common fixed point.                                                 # 
 
     Now we going to generalize the result given in the theorem (2-10) for eight self 
maps: 
Theorem 2-14 

     Let  be a point wise -absorbing and  be a point wise -

absorbing self maps on complete fuzzy metric space  with continuous t-norm 

defined by  , satisfying the conditions : 

1)  

2)  There exists   

a) 
   

b) 
  

c)  
 

 
d)   

 
  

3)    

4)

. 
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If one of the pair of maps  is reciprocal 

continuous compatible maps then have a unique 

common  fixed  point in  . 

Proof : 

     Let  be any arbitrary  point in  , construct a sequence  such that 

                                                          
  

 This can be done by the virtue of  (1) . By using the same techniques of theorem (2-
10) we can show that  is Cauchy sequence in . Since   is complete so 

there exists a point (say)   in such that  Also we have 

 . 

 Let the pair  is reciprocally continuous mappings , then from theorem (2-10)  

we have ,  is a common fixed point of  . 

Now , we have to show that have the same common fixed point : 

Now putting  we get ,  

 

 
 

  

  

Now putting  we get ,  

 

 
     

  

  . Hence 

 . Hence  is a 

common fixed point of  . 

Uniqueness is the same of theorem (2-10) . 

The proof  when the pair of maps  is  reciprocal continuous compatible maps . 

Since   is complete so there exists a point (say)   in such that  

Also we have  . 
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since the pair  is reciprocally continuous mappings , then we have , 

  , and compatibility of   and 

 yields ,  . 

Hence  . Since  then there exists a point  such that  

 . 

Now by contractive condition (d) , we get ,  

 

 
                                

  

 (i.e)  thus  . 

 Since -absorbing then for  , we have 

   (i.e)  

Now by contractive condition (d)  we have ,  

 
  

 
 

(i.e)    . Therefore    is  a  common  fixed  point  of   

 . Similarly , -absorbing therefore we have 

,     (i.e)  

 

Now by contractive condition (d)  we have , 

      

      
  

(i.e)   

Now putting   , we have   

Now putting  we get ,  
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Now putting  we have , 

 
 

 
  

  

Now putting  , we have ,   

 
   

As  , We have, 

 
 

By lemma (2-8 ) we have ,  . Hence 

,  .Hence 

,   

Now putting  

 
  

As     We have , 

 
  

By lemma (2-8)  we have ,  . Since 

. Hence 

 .  Hence  is a 

common fixed point of  . 

Uniqueness , let  be another fixed point of    then putting 

 in the contractive condition (d) we have ,  
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Therefore       . Hence    .  

The proof  when the pair of maps  is  reciprocal continuous compatible maps . 

From theorem (2-10)  we have ,  is a common fixed point of  

.Now , we have to show that have the same common 

fixed point : putting  we get ,  

 

 

 

  

 .  

Now putting  we have ,  

 

 

 

  

 . Hence 

 . Hence  is a 

common fixed point of  . 

Uniqueness is the same of theorem (2-10) . 

The proof  when the pair of maps  is  reciprocal continuous compatible maps . 

Since   is complete so there exists a point (say)   in such that . 

Also we have  . 

Since the pair   is reciprocally continuous mappings , then we have , 

  , and compatibility of   

yields ,    . Hence 

 . 

Since  then there exists a point   such that   . 
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Now by contractive condition (d) , we get ,  

 

 

                                    

  

 (i.e)   thus   . 

Since -absorbing  then for  we have , 

  

(i.e)   

Now by contractive condition (d)  we have , 

 

 

    

  

(i.e)   

Therefore  is a common fixed point of   Similarly -absorbing  

therefore  we have ,       

(i.e)  

Now by contractive condition (d)  we have ,  

 

  

 

 

(i.e)    . Now putting  we have  . 

Now putting  we have ,  
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Now putting  we have ,  

 

 

   

  

  

Now putting   ,we have ,   

 

  

As  , we have, 

 

   

by lemma (2-8) we have ,  . Since 

,    . Hence 

,  .   

Now putting     

 

  

As    We have , 

 

  

By using lemma (2-8) we have  . Since 

. Hence 

 . Hence  is a 

common fixed point of  . 

Uniqueness , let  be another fixed point of    then putting 

 in the contractive condition (d) we have ,  
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Therefore      . Hence    .                                # 

Corollary 2-15: 

     In theorem (2-14) , when  then we have the same result as in 
theorem (2-10) .                                                                                                              # 

     Now we going to the result for eight mappings , using absorbing maps , which are 
not necessarily continuous .                                                                                            

Corollary 2-16 : 

     Let  be a point wise -absorbing and  be a point wise -

absorbing self maps on complete fuzzy metric space  with continuous t-norm 

defined by  , satisfying the conditions : 

1)  

2)  There exists   

 

 
 

 
 

 
 

  

3)    

4)

. 

     If the range of one of the mappings be a 

complete subspace of  then have a unique common  

fixed  point in  .                                                                                                            # 
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