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1- Introduction :
Let R denote the class of functions of the form :
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which are analytic and univalent in the unit disk CzU  { 1: z }.
If Rf  is given by (1) and Rg  given by
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Lemma 1: The Rafid –Operator of Rf  for 10  , 10  is denoted by

R and defined as following :
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Definition 1: A function UzRf  , is said to be in the class ),,,,( WR
if and only if satisfies the inequality :
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Lemma 2[1] : Let ivuw  . Then wRe if and only if
)1()1(   ww

Lemma 3[1] : Let ivuw  and  , are real numbers. Then
wRe >  1w if and only if Re    ii eew  )1( >  .

Here ,we aim to study the coefficient bounds, Hadamard product of the

class ),,,,( WR ,radius of close-to-convexity, integral representation

for )))((( * zgfR , inclusive properties of the class ),,,,( WR ,

 ,n - neighborhoods on ),,,,( WR .

2. Coefficient Bounds:

Here we obtain a necessary and sufficient condition and extreme points for

the functions f in the class ),,,,( WR .

Theorem 1: The function f defined by (1) is in the class ),,,,( WR if
and only if
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Proof: Let (5) holds true . Then we must to show that
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Letting   r 1 , we get desired conclusion .

There are many authors who have studied the various interesting properties

of the classes, Y. Komatu [ 4 ], W. G. Atshan and S. R. Kulkarni [ 2 ],

S. Kanas and A. Wisniowska [ 3 ], Rosy et. al.[ 5 ] .

In the next discussion, we concentrate upon getting the  radius of  close –
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The theorem follows from (١٠).
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)))(*((
))))(*(((

zgfR
zgfRz

w 



 

 ,

we have wRe .1  w Therefore




w

w 1

1 or equivalently ,)(1





z

w
w





where 1)( z , .Uz

so
))((

)(
)))(*((

))))(*(((
zz

z
zgfR
zgfR
















after integration , we get

dt
tt

tzgfR
z

))((
)())))(*((log(

0 


 


  .

Thus 











  dt
tt

tzgfR
z

))((
)(exp))))(*(((

0 


 .

This completes the proof .
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Theorem 4: Let 





2

)(
n

n
n zazzf , 






2

)(
n

n
n zbzzg belong to

),,,,( WR . Then the Hadamard product of f and g given by







2

* ))((
n

n
nn zbazzgf belongs to ).,,,,( WR

Proof : Since f and ),,,,,( WRg  we have

 
1

1
),,()()1()1(

2












n

n

n abnKnn




and

 
1

1
),,()()1()1(

2












n

n

n b
anKnn




and by applying the (Cauchy- Schwarz) inequality , we have

 
nn

n

nn ba
banKnn




 















2 1
),,()()1()1(




 

  .
1

),,()()1()1(

1
),,()()1()1(

2
1

2

2
1

2



























































n
n

n

n
n

n

banKnn

abnKnn







However , we obtain

 
.1

1
),,()()1()1(

2





















nn

n

nn ba
banKnn




Now, we want to prove

  1
1

),,()()1()1(
2













nn

n
banKnn




Since

 
nn

n
banKnn













2 1
),,()()1()1(



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 
nn

n

nn ba
banKnn




 
















2 1
),,()()1()1(


 .

Hence, we get the required result.

Theorem 5: Let the function f defined by (1) and g given by







2

)(
n

n
n zbzzg be in the class ),,,,( WR .Then the function h defined

by 





2

22)(
n

n
nn zbazzh is in the class ),,,,,( WR where 10   , 10   ,

10   , 0 , ,Uz 10   , 10   and

22

2

)1()1)(1()2)(1(
)1()1(1







 .

Proof: We must find the largest  such that

  .1
1

),,()()1()1( 22

2








nn

n
banKnn


 (11)

Since f and g are in the class ),,,,,( WR we see that

  1
1

),,()()1()1(
2

2





















n
n

n abnKnn


 (12)

and

  1
1

),,()()1()1(
2

2





















n
n

n banKnn


 (13)

Combining the inequalities (12) and (13) ,gives

  ,1
1

),,()()1()1( 22
2

2
















nn

n
banKnn




but ),,,,,( WRh if and only if

  1
1

),,()()1()1( 22

2
















nn

n
banKnn


 . (14)

The inequality (14) would obviously imply (11) if
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 








1
),,()()1()1( nKnn   2

2

1
),,()()1()1( unKnn










 ,

then
  2

1
),,()()1()1( unKnn








or

),,()1(
),,()1)(1(

1
1

2 





nKnu
nKnn








The right hand is a decreasing function of n and its maximum if 2n .

Now

   22

2

)1)(1(),,()()1()1(
)1)(1)(1(

1
1














nnKnn
nn . (15)

Simplifying (15) we get

22

2

)1()1)(1()2)(1(
)1(

1
1














or

22

2

)1()1)(1()2)(1(
)1()1(1







 .

This completes the proof of theorem.

Next, we obtain the inclusive properties of the class ),,,,( WR .

Theorem 6 : Let 10,0,10,10,0   and 10   . Then

),,,,0(),,,,(  WRWR  , where

  ,
),,()1(),,()()1()1(

),,()1)(1)(1(1



nKnKnn

nKn





.2,  nINn

Proof: Let ),,,,( WRf  .Then in view of Theorem 1, we have

  1
1

),,()()1()1(
2








nn

n
banKnn


 (16)
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we wish to find the value  such that

 
1

1
),,()()1(

2








nn

n
banKn


 . (17)

The inequality (16) would obviously imply (17) if

    .
1

),,()()1()1(
1

),,()()1( unKnnnKn















Therefore

  .
1

),,()()1( unKn






 (18)

Now (18) gives on simplification

),,(
),,()1(

1
1







nKu
nKn






 , ),2( INnn  . (19)

The right hand side of (19) decreases as n increases and so is maximum for

2n .

So (19) is satisfied provided

  .
),,()1(),,()()1()1(

),,()1)(1(
1
1 d

nKnKnn
nKn
















Obviously 1d and

  .
),,()1(),,()()1()1(

),,()1)(1)(1(1



nKnKnn

nKn





This completes the proof of theorem.

Theorem 7 : Let 10,10,0,10,0 21   .Then

).,,,,(),,,,( 21  WRWR 

The proof of theorem follows also from Theorem 6 .

Now, we determine a set of inclusion relations involving

),( n neighborhoods. Following [ 6 ], we define the ),( n neighborhoods
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of a function Rf  by









 








10,and)(:)(
22

,  nn
n

n
n

n
n banzbzzgRgfN (20)

We need the following definition:

Definition 2: The function f defined by (1) is said to be member of the

class ),,,,( WR if there exists a function ),,,,( WRg 

such that  11
)(
)(

zg
zf , )10,(  Uz .

Theorem 8: Let ),,,,( WRg and

)}1()1)(1)(2)(1{(2
)1)(1)(2)(1(1

2

2








a

a
 (21)

Then ).,,,,()(, 
WRgNn 

Proof: Let )(, gNf n  .Then we have from (20) that





nn

n
ban

2

,

which readily implies the coefficient inequality

22







nn

n
ba .

Also, since ),,,,( WRg  ,we have from Theorem 1

,
)1)(1)(2)(1(

)1(

22 a
bn

n 





 


so that

n
n

nn
n

b

ba

zg
zf

















2

2

1
1

)(
)(

)1()1)(1)(2)(1(
)1)(1)(2)(1(.

2 2

2








a

a

 1 .
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Thus by definition , ),,,,( WRf  for  given by (21).

This completes the proof.

We further define the integral operator , in the following  discussion :

Theorem 9: Let c be a real number such that 1c . If ),,,,( WRf  .

Then the function cF defined by

dssfs
z

czF c
z

cc )(1)( 1

0




 (22)

also belongs to ),,,,( WR .

Proof: Let n
n

n
zazzf 






2

)( . Then

dssass
z

czF n
n

n

c
z

cc )(1)(
2

1

0





 




dsass
z

c
n

nc

n

c
z

c )(1 1

20





 




z

n

nc

n

c

c a
nc

s
c
s

z
c

02

1

1
1

























.1
2

n
n

n
za

nc
cz



 




Hence n
n

n
c za

nc
czzF



 




1)(
2

.

Therefore ,

 
nn

n
ba

nc
nKnnc



 


2 )(
),,()()1()1)(1( 

  .1),,()()1()1(   nnbanKnn

Hence ).,,,,( WRFc 

This completes the proof.
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