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Abstract : In this paper, we study a class WR(A, B, a, u,0) , which consists

of analytic and univalent functions with negative coefficients in the open

unit disk U = {z e C :|z| <1} defined by Hadamard product (or convolution)

with Rafid — Operator , we obtain coefficient bounds for this class. Also

and some results for this class are obtained.
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1- Introduction :
Let R denote the class of functions of the form :
f(2)=z-Ya,z"(a,20,neIN ={,23,.}) (1)
n=2
which are analytic and univalent in the unit disk U ={z e C:|z|<1}.

If feRr isgivenby(l)and geR given by
g(z)= z—ibﬂz”,bn >0
then the Hadamanr:(i product (or convolution) (f.g) of fand g is defined by
(D=2 ab2 ~(.)E) )
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Lemma 1: The Rafid —Operator of f e R for 0<u<1,0<6<1 is denoted by
R, and defined as following :

1
(1= )"’ T(0+1)

:z—iK(n,,u,@)anz", (3)

n=2

0)= (1=)"'T(0+n)
r@+1y

1
(1= )"’ T(0+1)

B - ,U)H;F(Q +1) J': tale_[lyj{ﬂ B g a,(zt)" }dt

| [zjw tge_(ﬁ]dt - 2 a,z" J': tg””e(lt”]dt]

RI(f(2) = [ t”e{fﬂj f(zt)dt

where K(n, u,

Proof : R)(f(2)) = j: t‘g’le{l%”] f(zt)dt

T (=)@ +D|

t
1-p

Let x= , thenif t=0,weget x=0

= o ,we get x=00
and ¢=(1-u)x, then dr=(1- u)dx.

Thus

b 1
B = r

- u)”z’r(e 1) [Z(l )" TO+1) =Y a,2" (1- )T+ n)}

ST
- Z; re+n

=z- ZK(n,,u, O)a,z".

n=2

{ZJZO (1= 1) e x dx — Z a,z" J:O (1— )" exxg””dx}

n=2

Definition 1: A function f e R,z e U s said to be in the class WR(A, B,a, 1,6)
if and only if satisfies the inequality :

>

Re 2(R, ((f.8)(2)) + A2* (R((f:g)(2)))"
(1= DR ((f.g)(2) + Az(R;((f:8)(2)))



p { 2RI +12* (RS2 _1}+a’ @)

(1-DR((f.g) @)+ =R (f£.g)@)

where 0<a <1, 0<A<1,820,zeU,0<u<1,0<0<1 and

g(z) e Rgiven by g(z) = Z—anz",bn >0 .
n=2

Lemma 2[1] : Let w=u+iv . Then Rew> o if and only if
w—(+0)|<|w+(1-0)

Lemma 3[1] : Let w=u+iv and o,y are real numbers. Then
Rew > olw—1/+y if and only if Re {w(l + O'€i¢)—(7€i¢} >y,

Here ,we aim to study the coefficient bounds, Hadamard product of the

class WR(A, B,a, 11,0) ,radius of close-to-convexity, integral representation

for R)((f.g)(2)), inclusive properties of the class WR(4, 8,a, 1,6),

(n,7)- neighborhoods on WR'(A, S, c, 11,6) .

2. Coefficient Bounds:

Here we obtain a necessary and sufficient condition and extreme points for

the functions f in the class WR(A, B,a, 11,6) .

Theorem 1: The function f defined by (1) is in the class WR(A, B, a, u,0) if
and only if
S (= 2+nd)n(+ B~ (B+ K (1, 1,0)a,b, <1-a, (5)

n=2

where 0<a<1,£>0,0<1<1,0<u<1 and 0<O<1.

Proof: Let (5) holds true . Then we must to show that
f eWR(A, B,a, u,0) By Definition 1 , we have
Re{ 2(RL((£-8)2) + 22 (Ry((£.2)(2)) }
(1= DR (f-2)(2) + 2R, (-)2)
| 2RI + 42 (Ry(f-g) () _1‘ s
(= DRI((f-2)2) + ARy (£.2)(=))

>

p

Then by Lemma 3 , we have



Re{ 2(R;((£.8)(2)) +A2* (R ((f-£)(2)))"

(1= DR, ((f-)(2)) + 22(R; ((f.g)(2)))
—-T<¢P<r

or equivalently

Re{(Z(Rf,' (f:)(2) + 42" (R ((f:8)(2)))"(L+ fe”)

(1+ Be?) —ﬁe”f} >a,

(1= DR ((f.£)(2)) + Az(R;((f.£)(2)))

B (- DR, (f:2)(2) + 42" (R (S:)@)) | " 6)
(- DRI(f.2)2)+ 2Ry (L)) |

Let F(z2) = [2(R7((f,2)(2)) + 22> (RU(f12)(2))'] (1 + fe)
— e [(1= AXRI(f,.2)(2)) + Az(RI(f,.2)())'],

and E(z) = (1- HRI((fog)(2) + Az(R((fr2)(2)))"

By Lemma 2 , (6) is equivalent to

IF(2)+(-a)E(2)|2|F(2)-(1+a)E(z)] for 0<a<l.
But |F(2)+(1-a)E(2)|

{z - K(n,p,0)a,b,z" =2 n(n—0)K(n, u,0)a,b,z" }(1 + fe'?)
n=2 n=2

—ﬂe"{(l_mz—ZK(n,u,e)anbnz")MZ%Z"K (”’”’9)“"13"2”}
=2 n=2

+(1- a)|:z — i (1-A+nA)K(n, u, H)anbnz"}

0

= ‘(2 —a)z= Y [(n+ An(n—1)+ (- a)1-A+nA)| K(n, u,0)a,b,z"

n=2

- ﬁew‘i [n+ An(n=1)— (1= 2+ nA)|K (n, u,0)a,b,z"
>(2-a)- i [(n+ An(n=1)) + (1 - )1 = A + An)] K (n, 11, 0)a,b,|2["

Z|

— B [n+ an(n-2) -1+ 2] K(n 11.0)ab,

Also |F(z)-(1+a)E(z)| =

{z - Z nK(n,u,0)a,b, z"
n=2



—AY n(n=DK(n,u,0)a,b,z" }(1 +fe”)
n=2
— B’ {z ~(1-2) K(n,p,0)a,b,z" = 1) nK(n, p, e)anbnzn}
=2 n=2

—(1+ a)|:z — i (1-A+nA)K(n, u, H)anbnz"}

=z - i [(n+ An(n =1)) = A+ @)1 - A+ nA)| K(n, u,0)a,b,z"
- ﬂe”’f:[n +nA(n—1)— (A=A +nA)]| K(n, u, e)anbnz"\
<ale+ i[(n +nA(n-1)— (1 +a)1-A+nd)| K(n, u,0)a,b,|z"

+ ﬁi [n+nA(n—1)—(1-A+nd)] K(n, u,0)a,b,|2["
and so |F(z)+(1-a)E(z)|-|F(z)-(1+ a)E(z)| > 2(1-a)|]
— i [(2n +2nA(n—-1))-2a(1-A+nid)— L2n+2nA(n—-1)—

—2(1=A+nA)| K(n, u,0)a,b,|z|" =20
or

o0

> [n(t+ By +ni(n-D(1+ B)— (- A+ni)a+B)] K(n, u,0)a,b, <1-a.

n=2

This is equivalent to

o0

S (1-2+nA)n(1+B)—(B+a)) K(n, u,0)a,b, <1-a.

n=2

Conversely , suppose that (5) holds. Then we must show
Re{ R (@) + 2 R L) N+ e
(1= DR+ A=(RI(f-2)()
0= DRUS)E) + 2R ((f*g)(Z)))’]} .
(1= DRUS-E) +E=R(LE) |

Upon choosing the values of z on the positive real axis where
0<z=r<1,the above inequality reduces to



(1-a)- i [n(1+ Be*)(1 = A+ An) — (@ + pe*)1 = A+ nA)|K (n, 11, 0)a, b,

Re >0.

1- Z (1-A+n)K(n, u,0)a,b,r""

n=2

Since Re (—¢*)> —‘e”} ‘ = -1, the above inequality reduces to

(l-a)- i [n(l + )1 -2+ An)—(a+ ) 1-A1+ n/I)]K(n, w,0)a,b r"’

Re >0.

1-> (1= 2+nA)K(n, u,0)a,b,r""

n-n
n=2

Letting r —1° , we get desired conclusion .

There are many authors who have studied the various interesting properties
of the classes, Y. Komatu [ 4 ], W. G. Atshan and S. R. Kulkarni [ 2 ],
S. Kanas and A. Wisniowska [ 3 ], Rosy et. al.[ 5].

In the next discussion, we concentrate upon getting the radius of close —
to—convexity .

Theorem 2: Let the function f defined by (1) be in the class
WR(A, B,a,11,0). Then f is close — to—convex of order § (0< 5 <1)in

|2 < #(4, B,at, 11,6,6), where
1

(1-8)A =2+ nA)[n(+ B) = (B + a)lk(n, u,0)b, }’”, n>2.(7)

n(l-a)

r(4, B,a, 1,0,6) = inf{

Proof: We must show that |f'(z)-1/<1-5 for |4<nr(4 B,a,146,5),

we have
F@-1<Y nal"".
n=2
Thus FEO-l<1-5if ¥ (1 ”5}1,1 4 <1, ®)
n=2 -
According to Theorem 1, we have
i (A=A+n)[n(1+ f) - (S +)K(n,u,0) ab <l. 9)

n=2 (1 - a)



Hence (8) will be true if

n

n

z

- < (1=-A+nA)[n(+p)-(L+a)]K(n,u,b)b,
1-5 (1-a)

equivalently if

1

2| < {(1 —5)(1- 4+ n/i)[n(l(+1ﬁ)—)(,b’ +a)]K (n, u,0)b, }H,n - (10)
nl—-a

The theorem follows from ().

The following theorem provides integral representation for B((f *2)@))z <U.

Theorem 3: Let /e WR(0,5,a, 11,0) . Then

O(( % o)(2)) = r B-ya .
R, ((f*g)2)) eXpU G dtJ, w(n|<1, zeU.
proof: The case g=0is obvious . Letg =0, for /€ WR(0,,a,1,0)and

_Z(R((f*8)@))
Ry((f*£)(2)

we have  Rew> fjw—I1|+a. Therefore

<L or equivalently — =

w—1
w—a

where w(z)|<1, zeU.

(RU((f*) _ B-v(2)a
Ri(f*g)2)  z2(B-y(2)

after integration , we get

log(R((f * 8)(2) = | %“ '

Thus (RE((f* g)(z))):exp[j %4 .

This completes the proof .



Theorem 4: Let f(z)=z- ianz" , g(z)=z— ibﬂz" belong to
n=2 n=2
WR(A, B,a, 11,0) . Then the Hadamard product of fand g given by
(f.g)(z) =z ianbnz" belongs to WR(A, B,a, 11,6).
n=2

Proof : Since 7 and g e WR(4, B,a, u,0), we have

i{(l—ﬂwi)[n(Hﬂ)—(a+ﬂ)]1<(n,ﬂ,9)bn }an <

l-«

n=2

and

i{(l —A+nd)ln(+p)~(@+pK(np.0)a, }b 1

n=2 1 -

and by applying the (Cauchy- Schwarz) inequality , we have

> (=2 +n )1+ )= (@ + BIK (.0 a,, } [a,b,

o -«

1

(i‘a — A+ n D)1+ f) = (a+ PIK (1,00, H

n=2 l_a

n=2 l_a

x(i{(l—ﬂ+n/1)[n(l+ﬂ)—(a+ﬂ)]K(n,ﬂ,9)an H

However , we obtain

i{ﬂ—/“nl)[ﬂ(“ﬂ)—(a+ﬂ)]f<(naﬂa‘9)\/anbn } Jab <1,

l-a

n=2
Now, we want to prove

i[(l — 2+ n2)n(+ )~ (a + PK(n, 1, m}anbn <1

-«

Since

i[(l —A+nQ)n(+ f)—(a+B)K(n, . G)Ja”b"

n=2 1 -



_§| A=A nhln e =+ AR 1 OJad, | e

. -«

Hence, we get the required result.

Theorem 5: Let the function f defined by (1) and g given by

no*

g(z)= z—ibnz” be in the class WR(A, B,a, u,0) . Then the function ~ defined
n=2

by h(z)=z-) a.b}z" is in the class WR(A, 8,7, ,0),where 0<A1<1,0<a <1,

n=2

0<y<1,20,zeU,0<u<1,0<0<1 and

_ (1-a)*(1+p)
A+ D)2+ pB-a)(1-wd+0)-(1-a)

Proof: We must find the largest » such that

i(1—ﬂ+nﬂ)[n(1+,f)—<ﬂ+7)]1<<n,u,6>a5bj <1
n=2 '

y<1

Since f and g are in the class WR(A, B, a, u,0), we see that

i {(l—ﬂ +n)[n(1+ B)—(B+a)|K(n, 1,0)b, }an}z 3

-«

and

i {(1 —A+n)[n(1+ B)— (B +a)|K(n,u,0)a, }bn}z .

-«
Combining the inequalities (12) and (13) ,gives
5 {(1—1 +nd)ln(+ f) = (B +a)|K (n.p, 9)}2615,)5 ‘1
n=2

-«
but 2 e WR(A, By, u,0),1f and only if

3 {(l—i+n/1)[n(l+f)—(ﬂ+7)]K(n,ﬂ,<9)}a5bj <1
-7

n=2

The inequality (14) would obviously imply (11) if

(11)

(12)

(13)

(14)



(= A+n2)[n(+ f)~(B+1)]K (. 1,6) _ |:(1—ﬂ,+nl)[n(l+ ﬁ)—(ﬁm)]K(n,u,e)T .
1-y - ’

then

(A=A +nA)n+ B =B+ K np0) _
-y a
or

1=y _ (1= A+nA)(n-DK(n,u,6)
1+ u>—(1=A+nA)K(n,u,60)

The right hand is a decreasing function of » and its maximum if n=2 .

Now

-y (1=A+n)(n-D(1-a)?
1+8  [A=2+nD)n(+B) - B+ K, 1,0)—(1-A+nd)(1-a)*

Simplifying (15) we get

1—7> (1—0{)2
1+ (1+D)Q2+pf-a)(1-w)@+)-(1-a)

(15)

or

_ (1-a)*(1+p)
A+ D)2+ p-a)(1-w1+0)-(1-a)

This completes the proof of theorem.

y<1

Next, we obtain the inclusive properties of the class WR(4, 8,a, 1,0) .

Theorem 6 : Let3>0,0<a<1,0s1<1,y>0,0<u<land 0<&d<1. Then

WR(A, B,a, 1,0) c WR(0, B,y, u,0) , where

_ (n=D){A -a)(1+ S)K(n, 11,0)
(=2 +n2)n(+ B) = (B+ 1)K (1 1,0) - (1 - @)K (n, 11,0)"

y<1
nelN,n>2.

Proof: Let f e WR(A,B,a,u,0).Then in view of Theorem 1, we have

i(1—/1+n/1)[n(1+,[7’)—(0!+ﬂ)]1<("’ﬂ’ e)a,,bn <1 (16)

n=2 l-a

10



we wish to find the value 5 such that

sl - (lﬂ )GV (17)
n=2 -7

The inequality (16) would obviously imply (17) if

[+ B) = B+ NIK (. p1,0) (1= A+ nA)n(1+f) (o + PK (. p.0) _
-y l-a

Therefore

[n(1+ B) _(f+ D@0 _ (18)
-7

Now (18) gives on simplification

L=y, =DKm@O) o sn ey, (19)
1+ u—-K(n,ub)

The right hand side of (19) decreases as » increases and so is maximum for
n=2.
So (19) is satisfied provided

-y S (n-1)(1-a)K(n,u,0) _d
1+4  A=A+nD)[n(+B) - (B+a)K(n,u,0)-A—a)K(n,u,0)

Obviously d <1and

_ (n=Dd =)+ f)K (1, 1,0) '
(1= 2+n2)[n(+ )= (B +e) K (n, 4,0)~ (1= @)K (n, 1, 0)

This completes the proof of theorem.

y<1

Theorem 7 : Let >00<a<1,4,>1,20,0<6<1,0<u<1.Then

WR(A,, B,a,1,0) < WR(A,, B,a, 11,0).
The proof of theorem follows also from Theorem 6 .
Now, we determine a set of inclusion relations involving

(n,7)—neighborhoods. Following [ 6 ], we define the (»,7)-neighborhoods

11



of a function feR by
n=2 n=2

N,.(f) Z{g eR:g(2) =Z—i b,,Z"andi nla, —bn|£r,0£r<1} (20)

We need the following definition:
Definition 2: The function f defined by (1) is said to be member of the

class WR'(4, B, a, u,0) if there exists a function g e WR(A, S, a, 11,0)

1G
g(2)

such that

<1-0, (zeU0<l<I).

Theorem 8: Let g e WR(A, B, a, 11,0) and

1+ AR+ -a)(1- w)(@+Da, @1
2+ D)2+ f-a)(1 = p)(0+Da, ~(1-a)}

Then N, .(g) cWR" (A, B,a, 1,0).

Proof: Let f e N, . (g) .Then we have from (20) that

i na,-b |<7,
n=2
which readily implies the coefficient inequality
S la, ~b,[< T .
; an n < 2
Also, since g e WR(A, B, a, i, 0) ,we have from Theorem 1
i b < (I-a)
=+ A2+ -0+ Da,
so that
i a,-b,
PACII = 7 (+AHC+F-a)d—p)(@+Da,
g(z) l_i b 2 I+ )2+ f-a)l-u)(0+Da,-(1-a)
n=2

12



Thus by definition , f eWR'(A,8,a,u,0)for ¢ given by (21).

This completes the proof.

We further define the integral operator , in the following discussion :

Theorem 9: Let ¢ be a real number such that ¢>-1.If f e WR(A,B,a,1,6).

Then the function F, defined by

F.(2)= CZ_” 5 £(s)ds

0

also belongs to WR(A, B,a, 11,0) .

Proof: Let f(z)zz—i a,z" . Then

n=2

o0

F (2)= cztlj sc’l(s—z a,s")ds
n=2

0

z n=2

1 - z
c+ 1 Sc+ 0 Sc+n
= -2 T4
0

_ C"tlj‘ (Sg _i Scflﬂzan)ds
0

z¢ e+l 45 c+n
> c+1 "
=z nzz;‘ i a,z .
= 1
Hence F(z)=z— € "
(2)=z 22 P
Therefore ,
et 2r B+ p) - (a+ PIKp0),
s (c+n) n
<(1=A+n)n(+p)—(a+ K (n,u,0)a,b, <1-a.
Hence F. e WR(A, B,a, 11,6).

This completes the proof.

13
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