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Abstract

We study some functions by using »—open set which are
small and large inductive dimension (ind and Ind ) and called
by b—ind and b-1Ind . Also we study some relations between
them .

Introduction
The concept of h-open set in topological space was
introduced in [2]. We recall the definition of ind and Ind in [7].
In this paper we study similar definitions using b-open sets
which are called »-ind and b-Ind and we study some relations

between them .



Section one : Oon /-, sets

1.1.Definition [2]

Let x be a topological space and 4c x. 4 is called »-open
set in x if 4c 4u4. The complement of »-open set is called

b—closed set ,that 1S, 4 1S b—closed set if AnAc A
It is clear that every open set is »-open and every closed set

1S b-closed ,but the converse may be not true in general .As the

following example .

1.2.Example
Let x={abc} , T={a,X,¢}. The b-opensets are :-

{a},{a,b},{a,cl,¢, X . Then {a,b} 1S b-open set but not open.

1.3.Proposition [4]

Let x be topological space then G is an open set in x iff

GnA=Gn 4 foreach 4c x.

1.4.Remark [6]

The intersection of an »-open set and an open set is b - open .



1.5.Example

The intersection of two b - open sets may be not » - open 1n
general . Example let x ={a,b,¢},T = {{a},{b}.{a,b}.X,4}. Then each of

{a,c},{b,c} 1s an b —open set, where as {a,c}N{p,c}={c} 1S nOt b - open .

1.6.Proposition [6]

Let {4,} be a collection of »-open set in a topological

space x ,then U _ 4, 1S b - open .

1.7.Definition [3]

Let x be a topological space and 4c x. 4 1s called semi-

open (s—open) setin x if 4 c 4. The complement of s—open set is

called semi-closed (s-closed) that 1s, 4 1S s—closed set if jg A4 .
The intersection of all s-cosed subsets of x containing 41is
called semi-closur (s—closur ) of 4 and the union of all s - open
subsets of x contained in 4 is called semi- interior (s—interior )

of 4 ,and are denoted by 4°, 4™ respectively.

1.8.Definition [5]
Let X be a topological space and 4c x. 4 is called pre-open
setin x if 4c a4 .The complement of pre—open set is called
pre — closed that 1s 4 1s pre—closed S€t if 4 c4 . The
intersection of all pre - closed subsets of x containing 4 is called

pre —closur of 4 and the union of all pre —open subsets of



x contained in 41s called pre —int erior of 4 , and denoted by

4", ar respectively.

1.9.Proposition [1]
Let x be a topological space and 4c Bc x ,then:
(1) 4" B’

(ii) 47 c B

1.10.Proposition [2]

For any subset 4 of a space x the following statements
are equivalent:-

(1) 4 1S b - open set

(1) dc 4”4

(1) 4 c(a7)

1.11.Proposition
For any subset 4 of a space x, the following statements
are equivalent :-
(1) 4 1S b - open set
(i) 4" =4""
(ii1) There exists an pre —open set G in x suchthat Gc4cG”.

Proof :

(i) > (i) since 4 c 4" by proposition 1.10 , then 4’ c 4" and

since 47" c4”,then 4" = 47"



(i) - (ii)let G=4.Since 4" =47 and 47 caca”’. Then
GgAgap.

(ii) > (i) Suppose that there exists pre —open  set G such that

p

GcAcG’'. Then 6= and since 4c G’ =G < 47 ,then 4

1S b - open set by proposition 1.10 .

1.12.Proposition

For any subset 4 of a space x, the following statements
are equivalent :-

(1) 4 1S b —open set

(1) There exists an open set G in x such that

(i)—(ii) suppose that 4 is b-open set . let G=4, then
;1=Gg Angj=5Uj. Hence G AgEUj.

(11)—(1) Suppose that there exists an open set G in x such that
GcAdcGUA.Then AcGUA=GUA c AU4 by definition

1.1 .Hence 4c AU 4 , therefore 4 is b - open set .

1.13.Proposition
Let x be a topological space . let ¥ be an open subset of
xand 4 1S b-open setin vy . Then there exists a » - open set B in

X suchthat 4=BNvY.



Proof:

Let 4 1S h-open set in v, then by proposition 1.12 there

oY
exists an open set U in ¥ such that Uc 4cU U4 ,then there
exists an open set win x such that wNy=v.Let B=4Uw, then

BNY=UUWMNY=UNYUW NY)=AUU =4 to prove

WceBcWNB, since WcAUw=B, then wcB, since

B=AUW cWw U 4

oY v ,

cWUT' U cW UUNYU A cwu@mnnud cwud =

uEny = wUUNT) = wUUNY) = UANT)

(sincey = f/)=WUj cWUé(sinceA c AUw = B ).Therefore

Wc BcWUB.

1.14.Proposition
Let x be a topological space and vy c x. If G is a b - open
setin x and v is an open set in x , then GNY 1S b-open Set in

Y.

Proof :

Since G is a b-open set in x, then GcGuG. But

GD) UG oGAn UGAY =Gt MY )U G Y N =

( (GnY) UGG ~Y )Yy by proposition 1.3 o((GAyy NY*) U

(EMY’ NY) =( Z?omY")U(EmY")



=(GuUG)NY'=(GuG)nY >5GnY .Then Gnv is a

b — open ny

1.15.Proposition

Let x be atopological space .Let v be an open subset
of x and 4 1S b-open setin v .Then A41S b-open In X.
Proof :

Let 4 is b-open set in v, then by proposition 1.12 there

. . J— —y oY
exist an open set G in ysuch that Gc 4cG u4 ,then there

exist an open set win x such that WnY=0G,

oY

—vy —Y oY oY _—
Ac A A" =4 nY YU nY)c

AUU AY)=AUA " ~nY)=d ud4a . Then 4c4 ua . Hence

A1S b — open n x.

1.16.Proposition

For any subset 4 of a space x , the following statements are
equivalent :
(1) 4 1S b - closed S€tin X .
(i1)There exist a closed set ¢ in x such that ¢-n 4 cdccC.
Proof :
(i)—(ii) Suppose that 4 is b - closed set , then 4°1S b - open set .

By proposition 1.12 there exists an open set G such that

Ge A cGUA , (GUAY cACG



:(;(ZE(]ACLc :G(?QnAo

Then EUEgAng Jdet c=Gc. Then c°'N4°c4ccC.

(ii)—>(i) Suppose that there exists a closed set ¢ such that
C°'NA° cAcC,then C* c 4° c(C°U4"),

(CUAY =Cc"Ud =cUa , letcc=G , GedcGUA,
then by proposition 1.12  4° is b-open set . Therefore 4 is

b — closed Set .

1.17.Proposition [8]

A space X is regular space iff for every xeXx and each
open set U in X such that xeUthere exists an open set W such
that xew cwcU.

1.18.Proposition|8]

A space X1is normal space iff for every closed set ccx

and each open set U in X such that ccv there exists an open

set w suchthat ccwcew cuU.



Section TWO
On ina and v-ind

2.1.Definition [7]
Let X be a topological space then ind X =-11ff x =¢ , and if
n 1S a positive integer or 0 then it is said that ind x <n iff the
following satisfied :
For each xex and for each open set G containing x , there
exists an open set U such that xeucG and indbpU)<n-1 . If
there exists no integer » for which ind X<n then we put

ind X =

This suggests the following :-
2.2.Definition

Let x be a topological space. we say that »—ind X =—1 iff
x=¢, and if » is a positive integer or 0 then we say that
b—ind X <niff the following satisfied:

For each xexand for each open set G containing x, there
exists an b—open set U such that xeU cG and b-ind b(U) <n-1.1f
there exists no integer » for which »-ind Xx<n then we put
b—ind X =0,

To find »-ind b(U)<n-1 we have to know the topology on »(),
then we have to get »-ind of the boundary of open set in the

topology of »U).



2.3.Example

The following example of a space x with indX=b-ind Xx=0. Let
X ={a,b,c } ,T={{c}.{a,b},4,X} the b-open sets are {c},{a,b},4,X,{a},
(b}, {b,c},{a,c}. Since {a,b} 1s an open and closed then
bla,bt =¢ ,indbia,b}=—-1 hence indx <0 and since X =¢ then indx =0.

And by theorem 2.6 then »-indx =0 .

2.4.Example

Example 1.5 gives indX=b-ind X=1.Since ae{a}c ¥ such that
bia} ={a}—{a}’ = {a,c} —{a} = {c} .The topology on {c} is indiscrete then
ind b{a}=—-1 if blal=¢ or indb{a}=0 if bla}#¢ SInce X 1S not
regular then indX=0and since indb{a}=0 then indX=1.Since e

{a}1S b—open then b-ind X =1

2.5.Proposition
Let x be a topological space .If indx 1is exist then

b—ind X <indX

Proof:

By induction on ». It is clear »=-1. Suppose that it is true
for n-1. Now suppose that ind X <n, to prove b—ind X<n, let xe X
and G is an open set in X such that xeG since ind X <n , then
there exists an open set ¥ in X such that xeucG and

indb(U)<n-1 and since each open set is bh-open then Uis an



b-open set such that xeUcG and bs-indb(U)<n-1. Hence

b—ind X<n.

2.6. Theorem

Let x be a topological space , then ind X =0 iff b-ind X =0.
Proof :

By 2.5 if indx=0 then »-indX<0 and since x=g¢, then
b—indX=0. Now let b-indX=0, let xe X and G an open set in X
such that xeG. Since »-ind X=0then there exists an »-open set
U such that xeucG and b-ind bU)<-1. Then »U)=¢, and thus

ind b(U) = -1, so that indx <0 , and since x =¢,then indx=0.

It is known that if X is a topological space with ind X =0then
X 1s aregular space ( see [7])

Then we have the following :
2.7.Corollary

Let x be a topological space , if »-ind Xx=0 then Xx is a
regular space .

Proof:

Let xex and G an open set such that xeG. Since b—ind X =0
then there exists an b-open set ¥ such that xevcaG
and »-ind b(¥)=-1 then »¥)=¢ hence Vis an open and closed set
.Therefore xeV <V <G by proposition 1.17 Then x is a regular

space .



It is known that a space x satisfies indX=0 iff it is not
empty and has a base for its topology which consists of open
and closed sets. (' see[7])

Similarity, we have :

2.8.Corollary

A space X satisfies »—-ind X =0 iff it is not empty and has a
base for its topology which consists of open and closed sets.
2.9.Theorem

If 4 1s an open subspace of a space X, then b-ind A<b-ind X .
Proof:

By induction on ». It is clear »=-1. Suppose that it is true for
n—1. Now suppose that b-ind X<n, to prove b—ind A<n, let xe 4 and
G 1s an open subset in 4 such that xeG , since G is an open in 4,
then there exists U open set in X such that Un4=G. Since xeU

and b—ind X <n, then there exist an b-open set w in X such that
xewcU and b-ind b(W)<n-1, then V=wnd4 1S b-open In 4 by

proposition 1.14.
xeV=WnAcUNA=G
b,V CbW)N A=V ~VYndc (W -V)n A)
— W AT A
_ {V?m 7 o )it)}m 4
{(Wm Wyo W~ A")}m Acbovyov ac]n 4

=(bW)Yn A)U (4 4)
=b(W)n A c b(W)
Since  b-ind b(wy<n-1, then b-indb,(v)<n-1, therefore
b—ind A<n.



Section Three : On ima and - nd
3.1.Definition [7]

Let x be a topological space . It is said that md x =-1 iff
X =¢ and if » 1s a positive integer or 0 then we say that /nd X <n
iff the following is satisfied :

For each closed set ¢ in X and each open set G, CcG,
there exists an open set U such that ccucG and md b(U)<n-1.
If there exists no integer » for which Ind X<n then we put

Ind X =0

This suggest the following :
3.2.Definition
Let x be a topological space . we say that »—nd x =—1 iff

x=¢ , and if » is a positive integer or 0 then we say that

b—Ind X <n 1iff the following is satisfied :
For each closed set ¢ in x and each open set G, such that

Cc G, there exists an b-open set U such that ccucG and
b—Ind b(U)< n—1. If there exists no integer » for which »-1ind X <n
then we put p-imd X = .To find »-md b(Uy<n-1 we have to
know the topology on »(U), then we have to get »-ind of the

boundary of open set in the topology of »().



3.3.Example

The following example of a space x  with
b—-Ind X=IndX=0 . Let Xx={ab,c,d} , T={d},{b,c}ib,c,d},¢,X}.
The b — open sets are
bhich b, d}ie.d ) a,b,d ) {a,c,d ) {d ) (b, e} b, e, d ) {a, d )}, {a, b, ¢}, ¢, X .SInce
{a,bclc XX ,b(X)=¢ then Indb(X)=-1 hence IndX =0 and since

Xisan b-open then b—ind X =0 .

3.4.Example
The following example of a space X with md X =b-Ind X =1 .Let
X ={a,b,c,d,e}, T ={{a}{c.d}{a,c.d},{a,b,d,e},{d},{a,d}, X, ¢}.

The b — open Sets are:-

{a}, {c,d}, {a,c,d}, {a,b,d,e}, {d}, {a,d}, {a,b,d}, {a,d,e},

{a,b,c, d}, {a,c,d,e}{b,d,e}, {b,c,d,e}, {a, e}, {b, d}, {d,e}, {c, d,e}, {b,c,d}, {a,b,e}, {a,b},¢,X
..Since {c}cic,dc X such

that b{c,d} ={c.d} —{c.d}’ = {b,c,d,e} —{a,c,d} = {b,e} .The topology on
{b,e} 1s an indiscrete then nd bic,d}=-1 if blc,d}=¢ or
Indbic,d}=0 if bic,dt#¢ sSInce X 1S not normal then

IndX=0and since Indb{c,d}=0 then IndX=1.Since {c,d}1S

b—open then b-ind X =1



3.5.Proposition|[7]

Let x be a topological space , if md x=0 then X is normal
space.
3.6.Corollary

Let x be a topological space , if »-ind X=0, then X is
normal space .

Proof:

Let ¢ be a closed set in X and Uan open set such that
CcU.Since b-Ind X =0,then there exist an »-open set Wsuch
that »—md b(w)=—-1,hence w is an open and closed set .Therefore
CcW W cU by proposition 1.18 .Then x is a normal.
3.7.Proposition:

Let x be a topological space .If mdx is exist then
b—Ind X <Ind X .

Proof:

By induction on #. It is clear »=-1. Suppose that it is true
for n-1. Now suppose that /md x<n, to prove b—Ind X<n, let Cbe
a closed setin xand G is an open set in X such that CeG since
Ind X<n , then there exists an open set ¥ in X such that ceUcG
and md b(U)<n-1 and since each open set 1S »-open then Uis an
b-open set such that ceucG and »-mdbW)<n-1. Hence

b—Ind X<n.



The following analogous to theorem 2.6 and its proof is

similar and hence is omitted .

3.8.Theorem

Let x be a topological space . Then mdx=0 iff
b—Ind X =0,

It is known and easy to see that if Xxis 7,-space, then

ind X < Ind X (see[7]).

Similarity we have :
3.9.Proposition

Let x be a topological space . If X is 7, -space then
b—ind X <b—-Ind X .

Proof:

Let xexand Gbe an open set such that xeG ,since X is
T —space then {x}c G and since »—Ind X <n then there exist an
b-open set V'such that {x}cv <G and mdb()<n-1 .Hence
indb(V)<n—-1 ,then indx<n

It is known and easy to see that if X is a regular topological
space ,then ind X <mmd x. ( see[7])

Similarity , we have
3.10.Theorem

Let x be a topological space . If x 1s regular space then

b—ind X<b-Ind X.



Proof :

By induction on ». If n=-1 then »-md Xx=-1 and x =4, so
that »-md X =-1 . Suppose that the statement is true for »-1.
Now , let b—-md x <n. Let xex and G be an open set such that
xeG. Since X is regular space then there exists an open set ¥
such that xeV c¥V G by proposition 1.17. Also since b—1Ind X <n
and v is closed , V=G, then there exists an »-open set U such
that YcUcG and b-IdbU)<n-1, then b-indbU)y<n-1[ by

indication] and »—ind X <n.

3.11.Proposition|[7]

If 4 1s a closed subset of a space x, then ind 4<ind X

We have the following :

3.12.Theorem
If 4 is an open and closed subspace of a space x , then

b—Ind A<b-Ind X.

Proof :

By induction on ». It is clear if »n=-1, suppose that it is true
for n—-1. Now suppose that »—ind X <n, to prove b—Ind A<n, let C
is a closed subset of 4 and G 1s an open subset in 4 such that
CcG ,since Cis closed in 4 and 4 1s closed inx, then C 1is

closed in X . Since G is an open in 4 , then there exists U open



set in xsuch that un4=G. Since CcU and b-Ind X <n, then
there exists an »-open set W in X such that ccwcU and
b—Ind (W)<n-1, since Ais an open set then ¥ =wN4 1S b-open
set in 4 by proposition 1.14 ,

CcV=WnNnAcUNA=G

bA(V)gb(V)mA=(I7—V°)mAc(W—V")K\A=(Wmli)ﬂA
{Wm(Wf’uAi)}mA
:{(WHW:)U(WmAC)}mA
clporyoa|na
=GN A V(A NA)=bW)NAcb)
Since b-Ind (Wy<n-1, then b»-Indb,(V)<n-1, therefore

b—Ind A<n.
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