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Abstract

In this paper Laplace transform and convolution theorem are used to solve integral
equation involving spheroidal wave functions(S.W.F.) of 3-variables of the form
Yk X

g(xp X1 Xs) - H J(Xl _tl)p_l(xz 'tz)q_l (Xa 'ts)ﬂ_lqﬁal‘n1 (Xl _tl)'¢a2‘n2 (Xz _tz)l/)ag,n3 (X3 't3) f (t1’t21t3)dt1dt2dt3 (1)
00 0
where ¢, . (x—t),i =1,2,3 are the spheroidal wave function:-

: (x,—t)
kl+al+y 1 1
B, (¥ 1) = 8, (% /ayn;) Evr:

1M 1 Val nl( 1) kz ky 1 ( 1—tl) 1+1/2
(X, —t;)

k2+a2+}/ 2 2

X, — a, (x,/a,n 2
Peur, 2 Va n (X klzf;l g o (Xz —t,)

k3+a3+% (X3 B t3)

X. —t )a3+1/2
3

¢a3,n3 (X, —t3) = z a, (X3 [ a3ny)

a3n3( 3)k1 =0,1

which represents the function uniformly converges on (-o0,00), where V, n(X) are eigen
values and the coefficients ax(x,o,) satisfy the recursion formula and the asterisk over the

summation sign indicates that the sum is taken over only even or odd values of (k)
according as (n) is even or odd.

Introduction

Spheroidal wave functions are special functions in mathematical
physics which have found many important and practical applications in
science engineering where the prelate or the oblate spheroidal coordinate
system is used (Bakshi & Bakshi, 2007; Leong, 2002). In the evaluation of
electromagnetic fields in spheroidal structures, spheroidal wave functions are
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frequently encountered, especially when boundary value problem in
spheroidal structures are solved using full wave analysis (Leong, 2002; Verma
1977 and Wylie,1975) . The mechanics problem of calculating the time a
particle to side under gravity down a given smooth curve, from any point on
the curve to it’s lower end, leads to an exercise in integration. The time f(z)
say ; for the particle to descend from the height t is given by an expression of
the form

f(z) = jy(t)dt (@a<r<b) .2

°(r-1)?
where y(t) embodies the shape of the given curve.
The converse problem, in which the time of descent from height z is given
and the particular curve which produces this time has to be found is less
straight for ward, as it entails the determination of the function ¢ form (2),
f (r)now being assigned for a<z<b. From this point of view (2) is called
integral equation, this description expressing the fact that the function to be
determined appears under an integral sign. The equation (2) is one of many
integral equations which result directly from a physical problem. The notation
adopted in this section, and through out by y or y(s) (Jerri,1985).Some of this
formulas have provide very useful in physical application such as
electromagnetic diffraction.(Hamko, 2002).
In 1977, Gupta and Mishra have considered the solution of the convolution
integral equation.

F00 = [(x=1)""g, . (x-)y(t)dt ...(3)

where ¢, (x—t) is called spheroidal wave function given by the equation:

_in 2T & Jk+a+%(x_t)
¢a,n(x_t) - Va‘n(X) kZQlak (X’an)W

where a, (x,«,) is the coefficient.

In 1987 Mishra and Chauhan have considered the solution of the
convolution integral equation involving spheroidal wave function of two
variables.

XX
f(Xl,Xz):j j (x -1, (r- pl( 2_tz)(rz_ﬂ_l)%—m(Xl’t1)¢“2‘”2 (X,,1,)y(t, L, )dt,dt, (4

00

where

131



Journal of Kirkuk University —Scientific Studies, vol. ¥, No. !, 201 ¥

Q t2k2+l
2ok, 412

I

Q 2k1+l
L Eorals

2k +1l+ep—1y)

Py, (1) = Z and ¢, (t,)= Z

(2k, +1+a,—ny)

Basic definitions
Definition(1): (Gupta & Mishra, 1977).
A function ¢, (x—t) of the convolution integral equation of the form

o (x—1)
k+a+%
Z (X _t)a+l/2

k=0,1

g(x) = [ (x=)“"g, ,(x=D) F (O)dt , 4, ,(x-

is called spheroidal wave function.
Definition (2):- (Wylie , 1975).

The normalization property of the spheroidal wave function if a=-1/2, that
means

J2r & 1 fork=n
vV, (X kzo“l() a (X —n) [0 fork;tn}

for x, »0and t —wosuch that (x;-t;) remains finite, the function ¢, (x-t)
become
proportional to (x-t) "2 3, (X-1)
1, (k=n)
hence a, (x,«,) = by normalization property, that means a=-1/2.
0, (k#n)
Definition (3) :-( Murray, 1965)
Double Laplace transform:- Double Laplace transform are defined by

ap
f(a,p) = j jf(x, y)e " Vdxdy . where o and B are two parameters and the
00

given function f(x,y) contains two variables x and y.
Theorem (1) :-( Murray, 1965)
Convolution theorem: If f («)and f,(a)are a transforms of fi(x) and

fo(X), then f,(a) . f, () is the transform of j f,(u)f,(x—u)du.

Analytic Solution of Integral Equation Involving Spheroidal

Wave Functions of Three Variables
The integral equation of 3-variables of the form (Gupta & Mishra ,1977)
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X X X3

(X, Xp, Xg) = J.J J.(Xl ~1)77H (% — 1) (% ‘ts)ﬂ_l%l,nl(xl ‘tl)-¢a2,n2 (X2 =15) 4, 0, (% —3) F (. 15, t3) dtyditdlty
00 0

where ¢, . (x,-1),4, . (x,-t,)and ¢, (x,—t;)are the spheroidal wave
functions given by

_ i" \/_ k1+a1+}/(xl tl)
By, (X — 1) = v, . (% )kz a, (% /egn,) (% ti)al+1/2

_ _ in \/_ k2+a2+% (XZ _tz)
¢a2,n2 (X, —t,) = az nz( N klelak (X, [ a,ny) X, —tz)“ﬁl/z
By (o —t) = I™2r R

Zak (X3 a3ny)

a3 n3( 3) k= (Xs _t3)a3+1/2

then the series of mtegral equation of 3-variables is written as

3
X X X

9(x1, X2, X3) :J j-J(Xl ~11)77 (% ~t) " (Xg —ta) v Zak X egny)*

000 o, Xl)'vozz,n2 (XZ)Va3 n3 k1 01

i n1+n2+n3

f(tl,tz,t3)dt1dt2dt3 ”.(5)

1
n+- - R
1 2 k—0,1 3 2

(X3 —t3)
due to the uniformly converges of the series we have

g(X17X2'X3):

i (2)2 i a, (X, /en,) ia (X, /ax,n,)
Vozl,n1 (Xl)'\/ozz,n2 (XZ)'\/a3n,n3 (Xn)k1:0.1 i o .kZ:O,l R 2

XXy X3

¥ aalialan)[ | [l o)) bt e,y )
k=01

000

f(ty, o, t3)dt dt,dts ..(6)

Taking Laplace transform of both sides of equation (6), and applying

convolution theorem, yields
3

i (2m) i a, (x,/a,n) ia (x,/e,n,)
Va1,n1 (Xl)'vozz,n2 (XZ)'Va3,n3 (Xn)klzo,l W o .kZ:O,l A 2

6(31'32!53) =

Z ak 3(X3 /a?’ng)[jj J‘tlp*a1*3/2.tzq%lz*yzltgﬁ*an *3/2\] k1+a1+% (tl)\] k2+a2+l/2(t2)'J k3+a3+% (t3) *
00 O

k3=0,1
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BXp [(s,t; +S,t, +S;t,)]* dt,dit dt, f(Sl’ $,:5;) ..(D

where f and g are the symbols of Laplace transformation.
then

j MatN2tns (272_)5 0 o ©
a (X, /an). > a_ (x,/a,n,) a, (X3/asn,)*
Von XDV o o, (XY 0 (X5) k;‘,l S kzz(),l A k;:,l AT

w» ) ms K3+a3+%+2m3 T K 2 B
s D™ (%) (BrKat2ms) oo

Ms=0 m3!IT (K + a4 +%+ ms +1)Sf+K3+2m3

g(sl’SZ's3):

..(8)
then we get

9(51.52.53) Vo, n (X1) Vo, n, (X2)V n (X3)S,°S5S4
3 o0

M (27)2 D Ay (4 fagng) D ay, (Xx asn,) D aw, (X3 / agng)

K,=0,1 ky=0,1 K3=0,1

1

[i (_1)m1 (%)K1+a1+%+2m1 F(p-l- K1 +2m1)* . (_1)m3 (%)K3+a3+%+2m3 F(ﬂ-l- KS +2m3)

mi=0 mlll“(Kl+051+%+m1+1)81*<“2m1 ! m3!l“(K3+053+%+m3+1)83K3+2ma

*

f_(sl,sz,ss) =

(9)

0(51152:85) Vi, (Vo 0, (X2 Ve, (%)S17 5SS

= f(s,,5,,8,) = -

NN, 4N 2 S S S
i (27) Z ay (X /ayn;) Zak2 (X, atyn,) ZaK3 (X3 /a3n;)
K,;=0,1 K,=0,1 Ky=0,1
1 *
K K 5 K. 9 Koy at2
(k) () Tirpekied) (k) g™ rpei o)
O(Ky+ag+ 398 UN(K +ay+ 99847 AN(Ki+aq+ Q)8 mil(ky+q +my+3/2)y 7™
1 *
K K 5 K 9 Ky tarp s
(k) (k) (19N a2y
OF(Ky+ay + )85 IN(Ky+ap+ )85 2T(Ky 4+ )52 Myl (kg +tp +my +3/2)S5272M
1
(l/ 2)k3+a3+l/2F(ﬁ+ k3) ~ (1/ 2)k3+a3+5/21—\(ﬁ+ k3 + 2) s (1/ 2)k3+a3+9/21-\(ﬂ+a3 + 4) . (_1)m3 (l/ 2)k3+a3+1/2+2m3 F(ﬂ"’ k3 + 2m3)
OF(ky+ 3 +3/2)S8  IT(kg+a3+5/2)S%%  AT(kg+a+7/2)S8™ 7 myIT(Ky+atg+ My +3/2)SE5 2™
(10)
Then we get

134



Journal of Kirkuk University —Scientific Studies, vol. ¥, No. !, 201 ¥

: 0
F(81,82,85) = — *

o0 o0
Z ay, (X, 1) Zakz (X2, @aMy). ZaK3(X3’a3n3)

K;=0.1 k,=0,1 Ky=0.1

1

*

WY T(p k) @2 T(p+k,+2) (W12 T(p+k,+4)

. (—1)m1 (1/ 2)k1+a1+1/2+2m11—~(p + k1 +2m1)

O(k,+a, +3/2)8,  UT(k, +a,+5/2)8," 21T (K, +a, +7/2)S,+"
1

m, IT(k, +a, +m, +3/2)S 2™

U2 (g +k,) (L2 T(q+k,+2) N (L12) T (q +k,+4)

. (_1)mz (1/ 2)k2+a2+1/2+2m2 F(q + k2 n 2m2)

OT(k, +a,+3/2)S;:  UT(k, +a, +5/2)8;2%  2IT(K,+a, +7/2)S,7"
1

m,'T(K, +a, + M, +3/2)S 2"

(_1)m3 (1/ 2)k3+a3+1/2+2m3r(ﬁ+ k3 + 2m3)

U2 T (B+k,) (U2 T(B+k,+2) N 2 T (B+k, +4)
O (K, +a, +3/2)SS°  UN(k,+a, #5128, 2Tk, +a,+7/2)S 5

where
0 _ g(sl’ SZ ' 53) Vozl,n1 (Xl)volz,n2 (XZ )Va3,n3 (X3)SlpS;S3{3
- 3

i N +n,+Ng (27[)5

M, T (K, +a, +m, +3/2)S 7"

..(11)

Case 1: Taking firstly K; =K,= K3=0, 2, 4,... in the equation (11), then:-

If Kl =K2= K3 =0
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0

f_(Sl,SZ,SS) = *
a, (X, /ayny)ag (X, /ayn, )a, (X 5/ agng)

1

(1)) ("2 (1) r(p+a)

D) (p am,)

[O'F(a1+/)82 1'F(a1+/)84 2'F(a1+/)86

1

m, T (e, + M, +/)S oM

(- (3)= 2™ r(g +2m,)

(B tr@) () Tra+ () e

[O'F(a2+/)82 T (e, +95)8; 2|r(0¢2+/)s6

1

m, T (a, + M, +%)32sz

(1)) ()i ()" rges)

()™ (2> 2™ r(p+ 2m,)

+
O (e +30)s2  U(c+%)ss 21 (a+ )ss

If Kl :K2: Kg =2
0

f_(51’52133) = *
a, (X, fayn))a, (x, 1 a,n,)a, (X, agny)

1

m, T (e, + M, +%)532”‘3

*

(4= %r(p+2) (Y 7ir(p+4) (4 r(p+6)

()™ (Ly) =7 r(p +2m, +2)

- +
O (e +74)87  UN(ey+95)8,  2T(e +110)s]

1

m, T (e, +m, + %)S Jmer?

(1)) ()" irase () e+

(-)m(y) 72" (g +2m, +2)

0 (e, +7)8;  Ul(e,+9)8;  2T(e, +11))s;

1

m,!T(c, + M, + %)S S

*

("2 (") ()" rps)

(™ ()" r(p+2m, +2)

[
0Ir( a3+/ 11 ( a3+/)8 2!F(a3+1%)836
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If K]_ =K2= K3 =4
1

(}/ “1* 2T (p +4) (}/ ’11 ZF (p +6) (}/ “” 2T(p +8) (—1)m1(%)“”%+2m11“(|0+2m1+4)

—nt
0|F a1+1}/ S4 l‘F 0(1+1/)SG Z'F 0{1+1/ Ss m1!r(a1+m1+l%)812m1+4

1
(%)“2*/ r(g+4) (}/)“2*/ ra+) ()7 ras8) ()T 2m, 4
0T (e, +11))s; 052+1/)s6 2M(e, +130)82  m, (e, +m, +11)s 1

1

(B i) ()" or(pee) (b rgee) (b (g, g
0T (e, +117)s; 1!r(a3+1%)s§ Z!F(a3+1%)838 T I +m, + 1)

(12)
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~ 0
F(s,81,85) == - - (13)

z DOﬂ‘lsl_Ul z D1/1282_% z Dzﬂessizja
A4=0 1,=0 Jp=0

8, (X, /an,)( %)”‘”%F(p) a, (X, /n,)(L/2)%2T(q) & (X asn)(2)* 72T (p)

where D, = :
’ 0 (ey + ) 0!l (e, +3/2) 0T (e + %)
“Ir(p +4 “T2r(p +4 “D2r(p +4
(2)* 7T (p+4) (1) T(p+ ) e (2)"7r(p+ )
D,=[a,(X,/an,) —8,(X,/ayn,) X lon;)
0!1“(a1+1%) 1T( a1+/ 21T( a1+/
( %)“Z+ T (L) %r(g+4) v )% 2,
[a,(X ;[ ayn,) X,lapn,) +a,(X,/ ayn,)
0T (e, +11)) 1T(a, +9) 211 ( a2+/
(%)“3%r(ﬂ+4> ( %)“ﬁ* RGO ( %)“ﬁ* T+
[a,(X 3/ a;n;) 1 Xy lagn;) Xylagny)
01T (e, +117) 1 (2 +95) 211 ( a3+/
(W) Pr(p ) (W) r(p ) (b Hr(p+2r)

D, Dy, =8y, (X, /ain,) ~a,, (X, Jan) Lo+ 4 (D) (X, foyn ) L
o =D 0HKq+2q+§é) e ﬂF@q+2q+}é) UL qﬂh%+q+§§

0 (e, +2r, +/

(%)a23+2r32+%r(q : 2r2)
1T (a, +2r,+ )

(}/2)”2”’2“}/ rg+26)

'Faz+r+/

‘13+2r3n+% 2 a3+2r3+}/ )
(1) (p+ D, g an) (%) )
10T+ 21, + ) (a1, /

[2,,, (X, /gny) .4 ()% (X, /an,)

RETLUS) a,N,)

[, (X, /an,)
S OIFa3+2r+/

2r Z(Xn/annn)

Thus
_ 9(8,,52:83) Vi 0 (X, 0, (X2)Ve, (x,)SFS9S/
f(51,82:8,) = 3@

et (97)2 Z Do A,S; ~2) Z D,4,S; -22, Z D, 4, 3—213 ...(14)
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As D, = 0 the series in (14) can be reciprocated. Hence
g(sl’SZ’S3) Val (Xl)vaz (XZ)Va N3 (XS)SquSﬂ

et (97)2 ZEZU S, —2u ZE2u S, -2u, ZEZU S, —2U5 ... (15)

u,=0 u3=0

£(5,,5,,8;) =

Where, E2u1 DO + E2U1*2 D2 +...+ E0 Dzul = O
E2U2 DO + E2U21*2 D2 +...+ EO D2u2 = 0

and E,, D, +E,, ,D, +..+E,Dy, =0
As the leading coefficient E, of the series is not zero, the function has no zero

for

<egfor some >0, meaning there by the convergence is true for

1'¥3

S,. S, |> , thus:

f(51,52,85) = 51_r1+p52_r2+q53,_r3+ﬂ (UZOQlE2u151—2U1UZOQ2E2u232-2uz uZoQS E3U3S§u3 )S18255 0(54,5,53)-...(16)
1= 2= 3=

where

Vi (X1) Vo, n, (X2) Von, (%)
T I N e TN
which can be intrepreted as convolution integral provided
min(r;-p)>0, p<0 and r; is a +ve integer ,then r;>p.
min(r,-q)>0, g<0 and r, isa +ve integer ,then r,>q.

min(rz-p)>0, B>0 and r3 isa +ve integer ,then ry>p.

Case (2): Taking K;=K,=K;=1,3,5,... in the equation (11), then
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— 0
f (51152’53): *

0 n!

a, (X, fany)ay (X, 1 app)a (X agng) @, (X, ey, )a, (X, 1 aph ), (X 5/ agny) r!(n —I‘)!

1

*

(4 r(p+1) (1)""*r(p+3) (%““ zr(p+5)+

0|F(a1+/)51 1‘F(a1+/ )S? 2|F(a1+/)S

(=)™ 1/ 2)%"*™2(p +2m, +1)
m, 'T (e, +m, +5/2)S 2™

]

L \
(b re+1 (29)*"r@+3 K% )21 (g I G 1) C N CRE )
0T (e, +%,)8; l'F(a2+/)S 2'F(a2+/)85 T my (@, +m, +5/2)S;"

1 .

(b rp+n (1) r(s+3) (%““ T(+5)

(=D)™ (L/ 2)**"* 2T (B +2m, +1)

O'F(a3+/)81 l'F(a3+/)S3 2'F(a3+/)85

0
+ ]
a,(x, fayny)as (X, /e,y )ay (X 5/ agng)

1

m, T (a, +m, +5/2)S 7™

[(%"‘“/r(ms) ()" +8) (1))

(0" +2m, 49

0 (e +95)87  UN(ey +117)s; 2|Fa1+1/)8

1

m,!T(e, +m +/)S 2m+3

[(%“2*/ ra+3_(""rass ("Hren ¢

0l (e, +95)8; 1T (e, +11))s5 2'F(a3+1/ )S]

1

" (1) 72" (g +2m, +3)
m, ! (e, + M, + %)Sf’nz+3

]

*

*

*

()" ir(p+3) (b r(pes) () r(pe)

(OB am, +9

01T (czy + 9483 1'F(a3+1}/)85 210 (o, +137)8 ]
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+ 0 I*

a(Xy [ agny)ag (X, TNy )ag (X 5/ agny)

1

*

(}/)%+}/F p+5 (}/ a1+ 21_, p+7) (}/)aﬁ zr(p +9) (_l)ml(%)aﬁl%ﬂml—w(p +2m1+5)

vt
0 (e, +130)8  1M(e, +19)8] 2T (ey +171)s; m, 1T (e, +m, +13))8 77

1

(s () e (a9 () T T 2, +5)

et
0!F(a2+1%)825 Ul(e, + /37 21T 052+1/ )S; m,!T(a, +m, +l/ S 2mact®

1

*

(Y or(pes) ()= r(pen) () s () R (p e am, +5)

- + ot
0 (e, +130)8; (e, +190)8]  2(ay +17)s; My (e, +m, +13)s 7+

— 0
f (s,,8,,8;) = — s (18)

00

(z D1/71+1517(2M1) z D34,.,8 27(%%) Z Ds4,.,S ;(243+1) )_1
71=0 =0 J5=0

a1+/F 1 a+3/2 da*%r 1
where D, <[ ¢ Jan) T2 T L o1y WD g 0T
O (e, +55) 0! (a, +5/2) 0! (e, + 55)
“ar(g+3 “ir(q+3
[a,(X ,/ a,n,) (%) a )_%(Xz/agnz) (%) @+3 *
01 (e, + %) Ul (at, + 1)
AT (f+3 “or(f+3
[a5(X 5/ az5ny) (%) . )_ai(x3/a3n3) (%) 3
0T (et +%) 1T (e, + %)
1
(}/)aﬁ- 21—~(p+5) (%)aﬁ- 2F(p+5) (%)al+%l"(p+5)
D5 =[as(X,/oqny) O'F(a1+1/) —a3(Xy/oymy) J.'F(a1+1%) +ay (X /oym) Z!F(al+%)
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a+l a+L o+
()= Vor(g+5) (4= or(q+5) (Y= or(q+s)
[as(X;, 7 apny) O!F(a2+1%) —ag(Xy / apny) ]_'F(az+1%) +a (X, ayhy) 2!F(a2+%) ]
a3 1Y) ay 1Y) ay ¥
(1)1 (B +5) (1) 772r(B+5) (1) “772r(B+5)
/ - / /
[a5 (X3/ ;) 0 (a3+1%) ag(X3/ agng) ]_ll“(a3+1%) +y(X3/ ;) Z!F(a3+%)

)(%)““““%r(p+2r1+1) )(%)“1*2’1*%r(p+2r1+1) (" Pr(pe2;+y_

ot (D) (X fagny)

Dy, 1Dary 1 =[5, 1 (X1 oy =3y 4 (Xy /gy

O (eq + 21, + %) T (ey +2r, + %) LT (eq +1; + %)
3 3 3
(A Forg 2, 4 ey (1) Forg 21,41
[y, , (X5 1 any) =y, 1 (Xy/ apny) +ot (D)2 a(Xy  apny) *
: 0|F(Ot2 + 2[’2 + %) ].Ir(az + 2r2 + %) rz!r(az + r2 + %)

() er(pe 21,41 (4 r(p 21,4 (4 er(pe 21,41

[azr3+1(x3/a3n3) _aZrnfl(XS/asna) +...+(—1)r3 a1(x3/a3n3)
(g, +21,+5)) 1T(a, +21,+3)) e 1,75)
Then
i G(5:5255) Vayin, O3V 1, X2V i, (X508 55
f (s,,8,,5;) = 1152153 g KN in, Ko NV g n (X 5)91 9293 19)

n o0 0 00
P et (2r) 2 (Z D1/11+181_(211+1)'Z D;4,,,S 2_(212&) Z D5ﬂ3+1s3_(213+l)
=0 7,=0 75=0

Then we get

G(Sl’ s2 ! SS) Vozl,n1 (Xl)vaz,nz (X2 )Va3,n3 (XS)

n

SN+, 4N 2 . —(2u;+1) c —(2u,+1) S —(2uz+1)
i (27) ZE2U1+1S]. ' ZE2u2+1sz ’ ZE2u3+183 ’

u,=0 u,=0 uz=0

f(s,,s,,8,) = ..(20)
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where
E1D1: 1

Eou D1 +Epy 1D3+...4 Dy B =0,
Eou,1D1 +Eg, D3 +..4 Dy 1By =0
and E2U3+1Dl + E2U3—1D3 +...+ D2U3+1E1 = O

- - - S -(2 1oc ~(2u,+1 C ~(2u3+1 =
f (31132'53) :Sl rl+p'82 rz+qs3 r3+ﬁ(zQ1E2ui+l S1 e )ZQZEZUMSZ( 0 ZQ3EZU3+1SS( o ))Slrlszrzssr3 (51'52153)'“(21)
=0 U,=0 U3=0

where Q _Von ) o Ve, X2) and o Vo n, (X3)
toind2nx 2 in/2x Pim/2x

Theorem (2):- The convolution integral equation of 3- variables

XXy Xg

00 O
= Q1E2u1+1 t12u1+1 > Qz E2u2+1 t22u2+1
where ZAOEDY Wea(t2) =2, and
iool(2u, +1+1, - p) hool'(2u, +1+1,-0)

2uz+1
> Qs E2u3+1 t3

t) =
V)= 2 ru 1, )

Particular Case
If t,,t,,t; are taken to be zero this reduces to the convolution integral
equation involving Bessel functions of 3- variables.

Conclusion

The analytic solution of integral equation involving Spheroidal Wave
Functions of three variables was introduced by using Laplace transform and
convolution theorem. we get two cases the first case K;=K,= K3;=0, 2, 4,...
and in the second case K; =K,= K3 =1, 3, 5,... we get two distinct results
which is indicated in both equations (16)and (21). After apply Laplace
transform and convolution theorem we got the Analytic Solution of it.
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& e KD Liaga ) g0 EDE (g gind Alalss Alslaal Ll Ja

S84 i (g el O Joolan) Calh
el 73a daals ¢ glel) A 5 A
Yo Vo) :dsdl s \TARVAREEEIS H g
Lol

A lalaad sl JaY sa¥ ( Convolution theorem) aa ye 5 oY Josad Leadinl Gaad) 124 4
o Wirna o)y TG A e ) 5o OB Jadi ALl

00K % %) = H Xf(xi 6706 =) (X =6, 6 =8, 0, (6 ), (0 - 1) (1 L )ty
VS o shmse dl g, (X—1),i =123 Bk

By 4 — q)—T‘/(_l)kZ a,, (% /aqn,) (_f)(x_t)

Borr, (xz—t2)=i:T\/(_2)kZ a, (%, / ayn,) (_}t/()x_t)

b, (&—g):%kz a,, (% /asn,) (_yt()x_t)

. (—oo,oo) 3 o alaiie S5 4 Hlie J)sa ol yiey
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