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ABSTRACT : 
     In this paper ,we have introduced  the concept of Noetherian fuzzy rings as a generalization of the 

Noetherian rings .We have given several basic properties and theorems about this concept . 

 

 : المستخلص
في  ذييال لثبقيم اييفجنا جلحييوت لثقلقيات لثنييبابية لثنوثيرينييية ت احييث ثلقلقييات لثنوثيرينيية لبع يالييية الأاضييقنا باي  لث ييول  ل  ا ييية 

 لثحوضوع .                                                                        الثحبرذنات حول ذال
 

 

INTRODUCTION : 
      In 1965, (Zadeh L.A.) introduced the concept of fuzzy subset. Since that time many papers were 

introduced in different mathematical scopes of theoretical and practical applications. 

     In 1982, (Liu W.J.) formulated the term of fuzzy ring and fuzzy ideal of a ring R. 

     The main aim of this paper is to introduce the concept " the Noetherian fuzzy rings " . We are going 

to study and prove some properties about this concept. 
 

1. Preliminary Concepts 

     Let R be a non empty set and (R, +,.) be a ring . A fuzzy subset of R is a function  from R into [0, 

1], ([3], [4]).  

     Let A and B be fuzzy sets of R .We write A  B if A(x) ≤ B(x) for all x R. If A B and there exist 

x  R such that A(x) <B(x), then we write A  B  ,[3]  and we say that A is a proper fuzzy subset of B, 

We write A = B if and only if A(x) = B(x), for all x   R, [1]. 

     We let  denote  (x) = 0 for all x  R, the empty fuzzy subset of R , ([1], [2]). 

     When we say fuzzy subset we mean a non empty fuzzy subset. We let  Im (A) denotes the image of 

A. We say that A is a finite –valued if Im (A) is finite and 

 | Im (A) | denote the cardinality of Im (A) , ([1], [5]). 

       For each  t [0,1], the set At  = {x  R :A(x)  t} is called a level subset of R and the set A*= {x 

 R :A(x) =A(0) },([3],[4]). Now, Let  (R, +,.) be a ring with identity. Let X be a fuzzy subset of R , X 

is called a fuzzy ring of R if for all x , y   R ,  X (x-y) ≥ min{X(x) , X(y)} and  X (x.y) ≥  

min{X(x),X(y)}  and a fuzzy subring A of a fuzzy ring X is a fuzzy ring of R satisfying A(x) ≤ X(x) 

for all x R , ([1] ,[2]). A fuzzy subset A of R is called a fuzzy ideal of R if and only if for all x , y 

R,   A (x-y) ≥ min{A(x),A(y)} and  A (x.y)  ≥ max {A(x),A(y)} , ([2],[4]). It is clear that every fuzzy 

ideal of R is a fuzzy ring of R but the converse is not true, [6] . Note that if A is a fuzzy ideal of R, t 

[0, 1], then At and A* are ideals of R , [7] . 
 

2. Noetherian Fuzzy Rings     

     In this section, we shall introduce the concept " Noetherian fuzzy rings " and we shall see that this 

concept is equivalent to definition (2.1). 
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Definition   2.1 [8] : 

      An R-module  M  is said to be  Noetherian (Artinian) iff  for every ascending (descending) 

sequences of submodules  Mn   of M  

   M1  M2  M3 ; ( M1  M2  M3 )   

There is an integer k  such that Mk = Mk+i  ,i=1,2,3,…   we characterize the  Noetherian module . 

Remark   2.2 : 

     When we discuss the concept Noetherian fuzzy ring as a Noetherian ring, we cannot define this 

concept as: Any ascending chain of fuzzy ideals of a fuzzy ring of R are terminates .The following 

result explains this. 

Theorem   2.3 :  

    For any fuzzy ring X of R, there exists an ascending chain of fuzzy ideals of X which does not 

terminate. 
 

Proof: 
     Let X(0)=t. then 0 < t ≤ 1 choose t1 (0,1), such that  t1< t .Hence there exist an infinite numbers  t2, 

t3,...  between t1,t  such that  t1< t2< t3 <...< t  . 

     For each i =1, 2, 3...   put Ai (a) = ti   if a=0 , Ai (a) =  0  if a ≠ 0 . 

     It is clear that Ai is a fuzzy ideal of X and A1  A2  A3 ,  which does not terminate. 

        Now ,we give the concept of Noetherian fuzzy rings. 

Definition   2.4 : 

     A fuzzy ring X of R is called Noetherian (Artinian) if R is a Noetherian (Artinian) ring. 

Lemma  2.5 [9].: 

     Any commutative Artinian ring with identity is Noetherian .  

Remark   2.6 : 

     Let X be a fuzzy ring of R .If X is Artinian, then X is Noetherian. 
 

Proof:  
      Since X is an Artinian fuzzy ring, then R is an Artinian ring by definition (2.4),which implies that R 

is a Noetherian ring by lemma (2.5) .  

     Hence X is a Noetherian fuzzy ring by definition (2.4). 

     The converse of remark (2.6) is not true as the following example shows.  

Examples: 

      Let Z be the ring of integers , we know that Z is a Noetherian ring but not an Artinian ring,  every 

fuzzy ring of Z is a Noetherian fuzzy ring, but not an Artinian fuzzy ring by definition (2.4). 

Definition 2.7 [10] : 

       If L is a partially ordered set, L is said to satisfy the ascending (resp.descending ) chain condition if 

every sequence of element t1< t2< t3 <... (t1> t2> t3 >...) is finite. 

Lemma  2.8  [10] : 

      Let X be a unital fuzzy ring of R, with R (0) ≥X (0). If X is Noetherian (Artinian), then the set 

K={X (a): a R} satisfies the descending (ascending) chain condition. 

      Now, we can prove the following properties. 
 

Proposition  2.9 : 

     Let X be a Noetherian (Artinian) fuzzy ring over L .Then every ascending (descending) chain of  the 

fuzzy ideals of  X terminates. 
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Proof:  
    If X is a Noetherian fuzzy ring ,let A1  A2   be an  ascending  chain of fuzzy ideals of X 

.Suppose this chain does not terminate ,then for all n  N, there exist  p  N such that  An < An+p. 

     Hence there exists xn R such that An (xn) <   An+p (xn) .  

     S={ An (xn) : n N} ≤  Im X which is a contradiction , since S is an infinite set and Im X is a finite 

set . The chain must terminate. 

      The proof is analogous to the Artinian case. 

Theorem   2.10 :  

      X is a Noethertian (Artinian) fuzzy ring over L if and only if Xt is a Noetherian (Artinian) ring, for 

all t  [0, 1]. 
 

Proof: 

     If X is a Noetherian fuzzy ring, to prove that Xt is a Noetherian ring, for all t. 

     If t=0, X0 =R (R is Noetherian ring by definition (2.4). 

     For t  (0, 1], let I1  I2.... be an ascending chain of ideals in Xt . 

     For each  x I1  Xt   X(x) ≥ t 

                     x I2  Xt   X(x) ≥ t 

     Let Ai : R  L  for each i =1,2,... such that : 



 


otherwise

IixifxX
xAi

0

)(
)(  

     Ai  is a fuzzy ideal of X  for all i=1,2,... and  A1  A2      

     Hence by proposition (2.9),there exists n N such that An = An+p=...  

     It follows that In = In+1=...  .Thus Xt is a Noetherian ring . 

     Similarly ,Xt is an Artinian ring . 

     Conversely , if Xt is a Noetherian (Artinian) ring ,for all t  [0, 1] ,then X0 =R is a  Noetherian 

(Artinian) ring  ,which implies that X is a Noetherian (Artinian )fuzzy ring by definition (2.4) . 

Corollary  2.11  : 

     Let X be a fuzzy ring of R . X is a Noetherian (Artinian ) if and only if Xt is a Noetherian (Artinian) 

ring ,for all t  [0,1] such that t is a minimal element of ImX  

      The proof of this corollary is clear . 

Corollary  2.12 : 

     Xt is a Noetherian (Artinian) ring over L ,for all t  [0,X(0)].ImX is a finite set ,then every an 

ascending chain of fuzzy ideals of X terminates . 

Proof : 
     Let A1  A2     be an ascending chain of fuzzy ideals of X .  

     Let ImX = { t1, t2,..., tn}, then (A1) ti  (A2) ti  ... for all i=1,2,..,n   is an ascending chain in Xt  which 

implies that there exists mi N such that : 

 (Ami) ti = (A mi+1) ti= ...  . 

     Let m=max { m1, m2 ,...}  .Then (Am) t = (A m+1) t= ...  for all t L . Thus Am =A m+1= ... , thus X 

satisfies ascending chain of fuzzy ideals of R. 

     Hence X satisfies the ascending chain of fuzzy ideals of X.  

The proof is analogous in the Artinian case . 

Lemma  2.13 [7] :    

     Let R be a ring with unity . R is Artinian iff every fuzzy ideal of R is finite valued . 
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 Proposition 2.14 :    

     Let X be a fuzzy ring of R .Then X is an Artinian fuzzy ring ,if every fuzzy ideal A of X has sup 

property is a finite –valued . 

Proof : 
     Since X is an Artinian fuzzy ring ,then R is an  Artinian ring by definition (2.4). 

     Thus by lemma (2.13), every fuzzy ideal A of R is a finite –valued which implies that every fuzzy 

ideal A of X is has sup property is a finite –valued . 

 

Proposition 2.15 :   

   Let A be a fuzzy ideal of R, if every fuzzy ideals of R is a finite –valued ,then every fuzzy ideals of R 

is a finitely generated . 

Proof : 
     Since every fuzzy ideal A of R is a finite –valued, then R is Artinian by Proposition( 2.14 ) and [10], 

which implies that R is Noetherian ring by Lemma  (2.5) . 

     Hence every fuzzy ideal of R is finite generated by [10] . 

     The converse of this proposition is not true . 

 Proposition 2.16 : 

     Let X be a fuzzy ring of R .Then X is an Artinian  ,if every fuzzy ideal A of X  is finitely generated . 

Proof : 
     Since X is Artinian ,then every fuzzy ideal A of X which has sup property is a finite –valued by 

proposition (2.14) . 

     By proposition (2.15) ,every fuzzy ideal A of R is finitely generated . 

Corollary  2.17  : 

    Let X be a fuzzy ring of R . If every fuzzy ideal A of X is  finitely generated ,then X is a Noetherian 

fuzzy ring . 

Proof : 
  Since every fuzzy ideal A of R  is finitely generated ,then R is an Artinian ring by Proposition( 2.14 ) 

and  [10] .By [9] , R is a Noetherian ring which implies that X is a Noetherian fuzzy ring by definition 

(2.4) . 

Corollary  2.18 :     

     Let X be a fuzzy ring of R . If every fuzzy ideal A of R has a sup property is a finite –valued ,then X 

is Noetherian . 

    It follows directly by proposition (2.14) and Corollary (2.17) . 

    The converse of Corollary (2.17) and Corollary (2.18) are not true as the following example shows      

Examples : 

      Let Z be the ring of integers , we know that Z is a Noetherian ring but not Artinian ring . Thus if 

lm(I) Is finite for all fuzzy ideal I of Z , then Z is Artinian ring ,by lemma (2.13) , which is not the case 

. Thus there exists a fuzzy ideal I of Z such that Im(I) is not finite since the chain of ideals  2    

22     
32    … is infinite .Let In = 

n2  .That is I(x)









nn

n

Iifxi

Ixif





/11

1
 where ni  is 

the smallest i such that x In .that is construction of  every fuzzy ideal I of R has a sup property is a 

finite –valued . 

Lemma 2.19 [9]  : 

     Let I be an ideal of the ring R .If I and R/I are both Noetherian (Artinian) rings, then R is Noetherian 

(Artinian) ring . 
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Proposition 2.20 : 

     Let X be a fuzzy ring of R .Let I be an ideal of R such that I and R ∕ I are both Noetherian . Then X 

is a Noetherian fuzzy ring . 
 

Proof :   
    Since I is an ideal of R such that I and R ∕ I are both Noetherian ,then R is a Noetherian ring by 

lemma (2.19). 

     Hence X is a Noetherian fuzzy ring  by definition (2.4) . 
 

Lemma 2.21 [11]  : 

     Let R be a ring .Then R is Noetherian  ring iff the set of values  of any fuzzy ideal on R is a well 

ordered subset of [0,1] . 

Proposition 2.22  : 

     Let X be a fuzzy ring of R .  X is a Noetherian if and only if the set of values of any fuzzy ideal of X 

is a well ordered subset of [0,1] . 

The proof of a above proposition  is clear by lemma (2.21) . 

Lemma 2.23 [9]  : 

     If R is  a Noetherian (Artinian) ring, then any homomorphism image of R is also Noetherian 

(Artinian). 

Proposition 2.24 : 

     Let X be a fuzzy ring of R1 and Y be a fuzzy ring of R2. Let f: R1 → R2 be homomorphism function 

and onto .Then if X is Noetherian (Artinian ),then Y is Noetherian (Artinian) . 

Proof : 
     X is Noetherian (Artinian ),by definition (2.4), R1 is Noetherian (Artinian ). 

     Then  R2 is Noetherian (Artinian) by lemma (2.23) . 

     Hence Y is   Noetherian (Artinian ),by definition (2.4) . 

     Now ,we shall introduce the concept of a quotient fuzzy ring and discuss some of its properties of it.  

Definition 2.25  [12] : 

     Let X be a fuzzy ring of R and A be a fuzzy ideal of R . 

     Define X∕ A*: R ∕ A* → [0,1] such that : 










**

*

*
,)}(sup{

1
)(/

AbAaifbaX

Aaif
AaAX  

For all a+ A*  R / A*, X / A is called a quotient fuzzy ring of X by A. 

 

    We will state the following properties and theorems as the following  . 

Lemma  2.26 [ 12 ] : 

     Let X be a fuzzy ring of R and A is a fuzzy ideal in X, then X / A is a fuzzy ring of R / A*. 

Lemma   2.27 [ 12 ] : 

    Let X be a fuzzy ring of R and A is a fuzzy ideal in X,  then X / A (0 + A*) = 1, [0 + A* = A*]. 
 

Theorem  2.28 : 

     Let X be a fuzzy ring of R and let A be a fuzzy ideal of X .Then X is Artinian if and only if  X ∕ A  is 

an Artinian fuzzy ring and for every fuzzy ideal B of R ,    Im(B ∕ A*)={B(x) | x A*} is a finite subset 

of [0,1] . 

Proof : 
     Suppose that X is an Artinian which means that R is an Artinian by definition (2.4) .  

     Then by [9] , R ∕ A* is Artinian and Im(B ∕ A*) is a finite subset of [0,1] for a fuzzy ideal A of R . 
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     To prove the converse ,  if X ∕ A* is an  Artinian fuzzy ring and for every fuzzy ideal B of R ,Im(B ∕ 

A*)={B(x)|x A*} is a finite subset of [0,1] . 

     Now, the fuzzy subset C of  R ∕ A*   defined by C (a+A*)=sup {B(a + x) | x A*} is a fuzzy ideal of  

R ∕ A* .  

     Let a R, suppose B(a) ≠ B(x) for any x A* . Then either B(a) > B(x) or     B(a) < B(x) ,  0≠ x  A* 

. If  B(a) > B(x) ,B(a + x) ≥ min {B(a) , B(x)} = B(x) and B(x) =B(a + x - a) ≥ min {B(a + x), B(a)} = 

B(a + x) . Hence B(a + x) = B(x) . 

      If  B(a) < B(x) , then we can show that B(a + x) = B(a). 

      Hence C(a+ A*) = sup {B(a + x) | x A*} = sup {B(a) , B(a + x) | x A*\ {0}}  

                                = sup{B(a), B(a)|x A*\ {0}} =B(a) . 

     Thus we find that B(a)= B(x)  for some x A*  or B(a) =C(a +A* ) . 

     Since B(A* ) and C(R ∕ A*) are finite subsets of [0,1] ,it follows that Im B is a finite subset of [0,1] . 

By( [9] , [13] ), R is an Artinian ring . 

     Hence X is an Artinian fuzzy ring of R by definition (2.4). 

Proposition  2.29 : 

     Let X be a fuzzy ring of R and let A be a fuzzy ideal of X . The quotient fuzzy ring of X by A is X ∕ 

A  . Then X is a Noetherian (Artinian) fuzzy ring if and only if X ∕ A and  A* are Noetherian (Artinian) .  

Proof : 
     If X is a Noetherian (Artinian) fuzzy ring of R ,then R is a Noetherian (Artinian) ring by definition 

(2.4) which implies that A* and R ∕ A*    are Noetherian (Artinian) ring by [14] . 

     Hence X / A is a Noetherian (Artinian)  fuzzy ring of R / A* by definition (2.4). 

     Conversely , X / A is a Noetherian (Artinian)  fuzzy ring of R / A* , then R / A*  is a Noetherian 

(Artinian) ring and since A*  is a Noetherian (Artinian)  ideal implies that R is a Noetherian (Artinian)  

ring by [14] . 

     Thus X is a Noetherian (Artinian)  fuzzy ring of R by definition (2.4) . 

Definition  2.30 [12] : 

     Let X be a fuzzy ring of R1 and Y be a fuzzy ring of R2 . Let f: R1  R2 → [0,1] definite by T(a,b) = 

min {X(a),Y(b)}  for all (a,b)  R1  R2 .T is called a  fuzzy external direct sum of  denoted by 

XY . 

     We give some result about the fuzzy direct sum of X and Y. 

Lemma 2.31 [13] : 

     If X and Y are fuzzy rings of R1 and R2 respectively ,then T = XY is a fuzzy ring of R1  R2. 

Theorem  2.32  : 

    Let X be a fuzzy ring of R1 and Y be a fuzzy ring of R2.Then T = XY is a Noetherian (Artinian) 

fuzzy ring of R1  R2 if and only if X and Y are Noetherian (Artinian) fuzzy ring of R1and R2 

respectively. 
 

Proof : 
    Firstly ,if T = XY is a Noetherian (Artinian)  fuzzy ring of R1  R2.To prove that X and Y are 

Noetherian (Artinian) fuzzy rings of R1and R2 respectively . 

    T = XY is a Noetherian (Artinian)  fuzzy ring of R1  R2 ,then Xt =( XY) t is a 

Noetherian(Artinian) ring where t is minimal element of Im T =Im(XY), by corollary (2.11) . 

    Let t1 is  minimal element of ImX and t2 is  minimal element of ImY  , then   t=min { t1, t2} where t, 

t1, t2[0,1] . 

 Tt =( XY) t =Xt Yt , by[12,Lemma (2.4.1.10)]. 
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    Since Tt = R1  R2 =Xt Yt, then R1 =Xt , R2 =Yt .Thus R1  R2 a  Noetherian (Artinian) ring .By 

[14] ,  R1 and R2 are Noetherian (Artinian) rings ,implies that Xt and Yt are Noetherian (Artinian) rings     

Hence X and Y are Noetherian (Artinian) fuzzy rings of R1and R2 respectively by corollary (2.11).    

Conversely ,if X and Y are Noetherian (Artinian) fuzzy rings of R1and R2 respectively ,then Xt1 and Yt2 

are Noetherian (Artinian) rings where t1 is  minimal element of ImX and t2 is  minimal element of ImY 

by corollary (2.11) . 

    But Xt1= R1and Yt2 = R2 ,then Xt = R1 and Yt = R2 where t=min { t1, t2}   t, t1, t2[0,1] . 

    By [14] , Xt Yt =R1  R2 is a Noetherian (Artinian) ring . But Tt =( XY) t =Xt Yt is a 

Noetherian (Artinian)  ring of R1R2 by [12,Lamme (2.4.1.10)]. 

    Hence T is a Noetherian (Artinian )fuzzy ring of R1  R2 by corollary (2.11)  . 
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