Journal of Kirkuk University — Scientific Studies, vol.6, No.1, 2011

Some results On Fuzzy Symmetric Sets and Fuzzy
subgroups

Munir A. Al-khafagi * Haval M. Mahamad **
*Department of Mathematics, College of Science - University of koya
**Department of Mathematics, College of Science-University of Sulaimani

Received: 4/3/2008, Accepted: 9/11/2008

Abstract

The aim of this paper is to introduce the concepts of fuzzy subgroups, fuzzy cosets,
normal fuzzy subgroups and we define a new notion for fuzzy symmetric sets, in particular,
we prove some results on them.

Introduction

The concept of fuzzy sets and fuzzy set operations was first introduced by
(zadeh, 1965). (Rosonfeld, 1971) formulated the concept of a fuzzy subgroup
and showed how some basic notions of group theory should be extended in the
elementary manner to develop the theory of fuzzy subgroups. Subsequently
others, (Malik, 1991) and (Akgul, 1988) defined normal fuzzy subgroups,
fuzzy cosets and obtained some group theoretic analogs. The purpose of this
paper is to study some result on fuzzy symmetric sets, fuzzy subgroups and
normal fuzzy subgroups.

Definitions and Preliminaries
Let G be a group with multiplication. The set of all fuzzy subset of G is
denoted by FP (G) andR, Z denote the set of real number and integer

respectively
Definition 1: (Zadeh, 1965)

Let X be a set and I the unit interval [0.1].A fuzzy set Ain X is characterized
by a membership function M which is associate with each point x e X its

“grade of membership” M (x) el .
Definition 2: (Zadeh, 1965)

Let Aand B be fuzzy setsin X then
A=B < M, (x) =M (x)Forall xe X

156



Journal of Kirkuk University — Scientific Studies, vol.6, No.1, 2011

-

Vel

< M (X) <M (X)Forall xe X
AUB < M_(x) =max{M , (x),M (x)} For all x e X

D=ANB < M (x) =min{M, (x),M, (x)} Forall x € X

Definition 3: (Kim, 1997)
We define the binary operation """ on FP (G) and unary operation on FP (G)

as follows: for all A,B e FP(G)and forallx € G.
M, . (X) =supiminiM; (y),M, (2)}/ y,z2€G, yz = x|
And, we call Ao B the product of Aand B for short denoted by AB and A™
the inverse of A |
Definition 4 :( Rosenfeld, 1971)
Let G be agroup and let Aand B be fuzzy subsets of G .A fuzzy subset A is
called a fuzzy subgroup of G if
M. (xy) >min{M _ (x),M,(x)} forallx,yeG
M .(x")>M,(x) forallxeG

A fuzzy set B is called a fuzzy semi subgroup in G if

M. (xy) >min{M_ (x),M_(x); forall x,yeG.
Definition 5: (Mishref, 1995)
Let A be a fuzzy subgroup of G, x € G Then the fuzzy subset x,z\(,&x) IS
called a left (resp. right) fuzzy coset of AinG st M. (9)=M;(x"g)
(resp.M; (9) =M, (gx™"))Forall geG
Theorem 1: (Kim, 1997)

LetA e FP(G), then the following are equivalent:

1. M (xy) =M (yx) Forallx,yeG in this case Ais called an abelian fuzzy

subset of G.

2. M (xyx")=M;(y)Forall x,yeG.

3. M. (xyx")>M,(y) Forall x,yeG.

4. M;(xyx™")<M;(y) forall x,yeG.
Definition 6: (Kim, 1997)

Let A be fuzzy subgroup of G then A is called a normal fuzzy subgroup
of G, if it is abelian fuzzy subset of G .

1 O >
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Theorem 2: (Rosenfeld, 1971)

Let Abea fuzzy subgroup of GthenM;(x) =M;(x™) and M (e) >M . (x)
for all x e G where e is the identity element of G.

Theorem 3: (Foster, 1979)

Let G,H be two groups and f a homomorphism of G intoH . Let A be a
Fuzzy subgroup inH then f ‘1(,3\) Is fuzzy subgroup inG..

Theorem 4: (Foster, 1979)

Let G,H be groups and f a homomorphism of G intoH. Let A be a
fuzzy subgroup in Gthen f (,3\) is a fuzzy subgroup inH .

Theorem 5: (Foster, 1979)

Let G,H be two groups and V' be a normal fuzzy subgroup of H If f isa
homomorphism from G into H then f 4(\7) is a normal fuzzy subgroup of G
Theorem 6: (Foster, 1979)

Let A be normal fuzzy subgroup of G and G, H be two groups. Suppose f

is an empimorphism of G onto H then f (,K\) Is a normal fuzzy subgroup ofH .

Product and unary of fuzzy subset of G, and fuzzy subqgroup
Theorem 1:

Let A,B,A e FP(G),ie then the following holds.
- (;&—1)—1 — Z\
-

6-AB = ¢ iff A=gand B = ¢

7-At 24 iff A= g

S-Kg B and C c I5implies,5\5 - BD

Proof:

1M ;.. () =M, X)) =M;((x) ) =M (x)for allxeG we get

(A=A
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2-M () =M, (x*)<M_(x*)=M_,(x) forallxeG hence A* cB™
Conversely
M) =M. () =M (x) <M. (xX) =M, .(x) =M;(x) by(1) For

all xe G we get Ag B
3- M(U;\),l (x)= M(.UZ“ (x1) :sup{M i (xfl)} sup{M (X)}: Uk (x)

Hence (JA)* =A™

iel iel

4- Proof similarly as 3

5.
M gy (X) = Mz (x° )_Sup{mln{M (Y M;(z )} ZfleG,X’lzyflzfl}
=supimin{M _, (y),M (2){/ y,z € G,x =12y |
=M._ .. L(X)ForallxeG
Theorem 2:

If Aisa fuzzy subset on a groupG . Then for every x,y,9 €G :
1- Mx,x(g):M,x(X_lg)-
2- M ;\X(g) =M ;(gxil)-
3- ()A=X(YA).

4 A(y) = (AX)y.
Proof:
1. M (g)=sup,_,, imin{M (p,), M. (p,)}}

= sup{mln {M (x),M; (x” g)}}: M (x™g)
2. M_ (g)=sup,_,, imin{M(p,).M(p,)}}
= sup{min {M LX), M+ (gx*l)}}: M. (gx™).
3. M, ;(9) =sup,_,, {min{M, (p,),M;(p,)jj
=supimin{M, (xy), M (y "X '0) [j=M (y'x*g) =M . (x*g) =M ; (9)
Hence(xy)ﬂ = x(yﬂ).
4. Similarly as 3

Lemma 1:
Let G and H be two groups and f a homomorphism of G into H then

1- For any fuzzy subsets A and BofH , f *(A)f *(B) < f *(AB).
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2- For any fuzzy subsets A and B ofH , f (A)f(B) = f (AB).
Proof:
- M f1(A)f1(B) (X) - Sup><=x1xz {min iM f1(A) (Xl)’ M f1(B) (XZ)}}
=SUP,_,,,, MM (F (x,)). M (f ()
=sup,_,. imin{M ., (f (x)j Forallxe G
<M _, .. (x) ForallxeG

f1(AB)
f(A)f *(B)c f *(AB)
2- let Aand B be subsets of G and y € f(G) then
M f (AB) (y) - Supy:f(x) {Supx:st {min {M A (S)’ M B (t)}}} . (a)
And

M f(A)f(B) (y) = Supy=uv {Supvﬂ(p) {SUDV=f(q) {min {M A ( p)' M B (Q)}}}} e (b)
Equality of (a) and (b) follows by puttingp=s and g=t .

Example 1:

G= {—1,1} Is a group with multiplication, define A= {(1,0.3), (—1,0.4)},
B ={(1,0.2),(-10.7)}. A, B Are fuzzy subsets ofG . To find AB.

Mz (X) = SUP,_y, {min {M (X)), M, (Xz)}} Forall xeG

M @) =sup,,, {min{M (F1),M (FD)}

=11
=1.-1

=sup{0.2,0.4}=0.4
M. (1) =sup ., , {min{M, (1), M. (+1)j}

-1=-1.1

=sup{0.3,0.2}=0.3

AB = {(1,0.4),(-1,0.3)}
Example 2:
G=1{-11} Is group with multiplication. Define A={(1,0.3),(~1,0.4)},
B ={(1,0.2),(-10.7)}.A,B Is fuzzy subset of G.To find AB see example
3.1Now f (x) = x*which implies that f (xy) = (xy)* = x*y* = f(x)f(y). fls
homomorphism.
M s =M (F(X)=M4z(X*). M 5 (F)=M;1)=04

f1(AB)

f7(A) = {(F103)}, f*(B)={(*¥L10.2)}
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f1(A)f*(B)={(F1,0.2)}, f *(A)f*(B) = f *(AB)
This means that equality of lemma 3.1 part 1 is not true.
Example 3:
G={-11} Is group with multiplication. Define A ={(1,0.3),(~10.4)},
B ={(1,0.2),(-1,0.7)}. A,B Are fuzzy subsets of G to find AB.
M (x) =sup,_,, {min{M; (x,),M; (X,)}} Vx € G
M. (1) =sup,,, {mini{M,(F1),M,(FD}

1=-1-1

=sup{0.2,0.4}=0.4
M. (1) =sup ., , imin{M, (F1),M, (x1)}f

=sup{0.3,0.2}=0.3
AB ={(1,0.4),(-1,0.3)}
Now f (x) = x* which implies that f (xy) = (xy)* = x?y? = f (x) f (y)
Hence f is homomorphism.
M, s (¥) =supiM . (X),xeG f(x) =y} vy eG

M ) =sup{0.4,0.3} f(AB)={(L0.4)}

f(A) = {(L0.4)}, f(B) = {10.7)}.
M, i s @ =supiminiM , o (F1),M

Hence f (A) f (B) = f (AB).
Theorem 3:

Every fuzzy subgroup is a fuzzy semisubgroup
Proof: Obvious

Remark 1:
The converse of theorem (3.3) is not true in general, and the following

example shows this fact.
Example: (R-{0},.) is a group , define A: R-{0}—[0/]] as
M () = 1 _|f x e Z—1{0}
A o if xgZ—{0}
Clearly Aisa fuzzy semi subgroup of R- {0}, but not fuzzy subgroup

(R & (FD)f=5sup{0.4,0}=0.4

Of R- {0} if we take X =2 x-lzé M. (X =M (X)

We get 0>1 which is a contradiction.
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Proposition 1:

Let A bea fuzzy subgroup of G. if there exists a sequence {x_} in G such
that lim M ;(x,) =1asn —co then M;(e) =1
Proof: by theorem 2.2, we have M, (e)=M (x)for all xeG . Thus, we

getM;(e) =M (X,) for every positive integer. Consider
1M (e)2limM (x,)=1 as n—>o we getl>M;(e)=1.Therefore
M (e)=1.

Proposition 2:

If Aisa fuzzy subgroup then for all @ € Im(,&) ,Ka = {x eG/M (x) = a} IS
a subgroup of G.
Proof: Let x,ye ﬂa to show that xy™ Z\a
M. (xy ™) = min{M; (x), M, (y)}=min{a,a}=a, we getxy ™" € A,.
Proposition 3:

If A isa fuzzy subgroup, then for allx €[01] , ﬂa = {x eG/M;(x) > a} isa

subgroup of G.
Proof: Obvious
Proposition 4:

If A isa fuzzy subgroup of G then ker,&:{XGG:MZ\(x)zl} is a
subgroup.

Proof: Leta,b e ker A to prove ab™ eker A
Mz\(ab*l)Zmin{MA(a),MA(b)}:l. Since A is a fuzzy subgroup we

getab™ e ker A, hence ker A isa subgroup.
Proposition 5:
Each subgroup of G is a level subgroup of a fuzzy subgroup of G

Proof: Let Y be a subgroup of G and let Abe an fuzzy set on G define by
a ifxeY
M) =1, .
A 0 if xgY
Where o €[01] 1t is clear that {x e G/M ,(x) > 0}=Y
Letx,y € G. We have the following cases
1-1f xeYandygY then M, (x)=aand M, (y) =0thus

M. (xy*)>0=min{e,0}=min{M, (x),M (y)}
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2-1f xegYandyeY thenM;(y)=aand M, (x)=0 thus
M (xy™) >0 =min{e,0} = min {M (.M A(Y)}
3-if xgY andyeY then M;(x) =0and M (y) =0 thus
M. (xy™) >0=min{M(x),M(y)}
4-1f if xeY andyeY then M;(x)=aand M, (y) = athus
M. (xy ) = =min{a,a}=min{M (x),M_ (y)}.
Proposition 6: _
LetY be asubset of G and A be a fuzzy subset on G which was defined in

proposition (3.5). If A is a fuzzy subgroup of G then Y is also a subgroup
ofG.

Proof: Let A be a fuzzy subgroup of G and x,yeY
thenM . (x) =a =M. (y),M,(xy™*) > min{M . (x),M . (y)}=min{a,a} = a
XyteY .

Proposition 7:

Let N be a fuzzy subset of G defined as
a if xeN

M (X) = _
N o if xg N
For all a,0 €[0,1] with @ > 0o , then N isa fuzzy subgroup of G if and only if
N is a subgroup of G, moreover, in this case A =N
Proof: Let N bea fuzzy subgroup and x,y € G be such that x, y e N then
M_(xy™)=>min{M_(x),M_(y)}=min{e,a}=a , Hence xy* e N
Conversely,

Suppose N is a subgroup of G. Let X, yeG

IfXx,ye N then xyteN, M. (xy")=a= min{MN(x),MN(y)}
If x¢ NoryeNthen M_(xy?)>o =min{M_(x),M_(y)}
Hence N isa fuzzy subgroup. Moreover, we have
A={eG/IM_(x)=M_(e)}={xeG/M_(X)=a}=N .
Proposition 8:
Let G be a group. Then two level subgroup ﬂal : E\az where (¢, < az)of,&are

equal if and only if there is no xeG such that o, <M (X)<a,where
A, ={xeGIM (X)>a}
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Proof:  Let ,&al = ,&az where(«, <,) and there existxeGs.t
a, <M (X) <a,.Then A, is proper subset of Kal which is a contradiction
Conversely, assume that there isno xeG s.t a, <M (X) <q, since ¢, <q,
Then f& - f& If xe f& _then M (x) = e, by hypotheses we get

M (x) = az,therefore X e A _then A - A

HenceA Az .

Theorem 4:
Let H H be two fuzzy subgroups of G then H U H Is a fuzzy subgroup

if and only if H cH or H cH

Proof: M, . (xy~ )_sup{M (Y ), M. (W*l)}

= M,ql (Xy_l) Or M,qz (Xy_l)

HenceH,UH, =H, orH,UH,=H, .

Conversely, toprove H, cH,or H, cH,.Let H, ¢ H,or H, ¢ H, .

M. (X)>M; (X) &M, (X) > M (X)

We get M (x)>M (x)>M (x)>M; (x) M. (X) > M (x). Which

contradiction because H = H

Fuzzy Symmetric, Fuzzy Coset and Normal Fuzzy Subgroup
Definition 1:

A fuzzy subset Aof a group G is called symmetric if (,’5\)*l =
Example 1:
G ={L-1} Is group with multiplication. Define A = {(1,0.3),(~1,0.4)}, then
A=A HenceA issymmetric.
Theorem 1:

Every fuzzy subgroup A of G is fuzzy symmetric set.

Proof: To prove(f&)*l = Awe have to prove M ; (x) =
XeG.M (X)=M_ (x")=M

. (x) for all

(x) For allxeG (since A s fuzzy

(A)
A
subgroup). Hence (A)™ =

Remark 1:
The converse of theorem (4.1) is not true in general see example 4.1
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Lemma 1:

Every symmetric fuzzy semi subgroup is a fuzzy subgroup.

Proof: Obvious

Lemma 2:

Let G and H be two groups and f a homomorphism of G into H then

1- For any fuzzy symmetric subset AofG, f(,&) Is fuzzy symmetric in H .
2- For any fuzzy symmetric subset BofH, f ‘1(I§) Is fuzzy symmetric in G.
Proof:
1- M, (0)=M ; (y")=supiM;(2),2€G, f(z) =y
= sup{M ::(2),2€G, f(2) = y*l} Since A=A
:sup{M;\(z‘l), 27t eG, f(z7)= y}: M. (y)VyeH
Therefore (f(A))* = f(A) .
2-
M g (0 =M o (X)) =M (F(x) =M, (F(x*) =M, (f(x")*
=M (f())=M ., ;(x) vxeG
Hence f *((B))* = f *(B).
Lemma 3:
Let A be a fuzzy subgroup of G Then XG; =G; foreveryxeG, te[0]]
whereG; = {y eG, M (y)= t}.
Proof: Now G; = {g €G, M ;(9) zt} by definition 2.5
G; = {g €G, M;(x"g)>t Vg eG}
Let b=x"g since Gisagroupxx*=e weget xo=g
G. ={xbeG, M, (b)>t}=xG: .
Example 2:
Let G={FL1Fi} be the group with respect to multiplication. Define

A:G —[0,1] as follows

1 .
= if x=-1
2

M (x)=41 if x=1
1 . .
~ if X=1,-
4

The coset i 4 is calculated as follows
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1

~ if x=1-1

4
M_(x)=<1 if x=i

1

— if  x=-i

2

It is clear that iA is not a fuzzy subgroup because
M, (-i.—i)=M_(i*) =M_ (1) > min{M_ (-i),M _ (-i)}this  implies  that
1 > l, this is contradiction .

4 2

Theorem 2:

Every fuzzy subgroup A of G and t € Im(ﬂ) then G; is a subgroup of G;
Proof: Let X,y G; we have to prove xy € G; .now

M. (xy*)>min{M (x),M (y)}=1, we get xy* eG: .

Hence xy " €G; issubgroup of G} .

Corollary 1:

If f:G— G is a mapping such that f(x)=axa™,aeG and Ais a fuzzy

subgroup of G then aAaisa fuzzy subgroup of G
Proof: Now f(x)=axais a homomorphism
f(xy)=axya =axa‘aya™ = f(x)f(y), f(A)is a fuzzy subgroup of G by

theorem 2.4 which implies that aha’isa fuzzy subgroup ofG .

Theorem 3:
Every fuzzy subgroup of an abelian group is a normal fuzzy subgroup.

Proof: Let A be a fuzzy subgroup of abelian groupG.
Now M (xyx™)=M;(xx"y)=M;(ey)=M;(y) by definition (2.6) we get

A is a normal fuzzy subgroup ofG .
Theorem 4:
If Ais a normal fuzzy subgroup of G then KerA={xeG:M(x)=1} is normal

fuzzy subgroup ofG.
Proof: Let acG andy e KerA. We have to proveaya™ e KerA.

M;(aya™)=M;(y)=1 Since A is a normal fuzzy subgroup.
We getaya ™ € KerA.
Hence KerA is a normal subgroup ofG.

166



Journal of Kirkuk University — Scientific Studies, vol.6, No.1, 2011

Theorem 5:
Each subgroup of an abelian group G is a level normal subgroup of a
normal fuzzy subgroup ofG. 3
Proof: Its clear that Y is normal subgroup of G and A be a fuzzy set on G
a If xeY
defined by M (x) = ... (1)
0 if xgY
Where a €[01] it is clear that {x:x € G,M,(x) > af=Y by (proposition 3.5)
A is a fuzzy subgroup of G . To prove A is a normal fuzzy subgroup ofG .
Let X,y € G .We have two cases
(1) If yeY then xyx™ €Y implies M; (xyx™)=M_(y) by (1)
(2) If yey then M;(y)=0 then M, (yxx")=M,(ye)=M(y)=0 we
getM ; (xyx ") =M (y). Hence A is a normal fuzzy subgroup of G .
Theorem 6:
If A isanormal fuzzy subgroup then
Ka ={XIX€G, MA(X)ZQ} Is normal subgroup of G for allx €[01].
Proof: Obvious
Corollary 2:
If A is a normal fuzzy subgroup then ,&a ={XZX€G,MA(X)ZO{} Is a

normal subgroup of G foralla e Im(ﬂ)

Proof: Obvious.
Corollary 3:

If f:G—G isa mapping such that f(x)=axa™ and Ais a normal fuzzy

subgroup, then aAatis a normal fuzzy subgroup of G .
Proof: Obvious
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