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Abstract 

 
In unconstrained optimization, the original quasi-Newton condition kkk vyH 1  

where ky  is the difference of the gradients at two successive iterations. Li and 

Fukushima proposed a modified BFGS methods based on a new Quasi –Newton 

equation kkk vyH 

*

1  where  kkkk vmyy * , where km  is a small positive constant .In 

this paper, we first propose the modified version of self-scaling VM-algorithm which 

was based on Li and Fukushima Quasi–Newton equation, i.e kkkk vyH **

1  where 

*

**
*

k

T

k

kk

T

k
k

yv

yHy
 . The corresponding AL-Bayati type algorithm is proved to possess the 

global convergence property in both convex and non-convex optimization problems. 

Experimental results indicate that the new proposed algorithm was more efficient than 

the standard BFGS- algorithm. 

 

   Introduction 
 Consider the unconstrained optimization problem: 

                   nRxxf )(min                                )1...(  

Where f  is a continuously differentiable function of n  variables .Quasi-

Newton methods for solving )1(  often needs the new search direction 1kd  

at each iteration given by: 
                   kkk gHd                                 )2...(  

Where )( 11   kk xfg the gradient of is f  evaluated at the current iteration 

1kx (Storey & HU., 1993). One then computes the next iteration by the 

formula 
                  kkkk dxx 1                                )3...(  

Where the step size k  satisfies the Wolfe – conditions 

                  k

T

kkkkkk gdxfdxf  1)()(                                 )4...(  

                  k

T

kk

T

kkk gdddxg 2)(                                  )5...(  
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Where 2/10 1   and 121   , and 1kH  is an approximation to 

  12 )(


 kxf  . The matrix 1kH  satisfies the actual quasi-Newton condition 

                  kkk vyH 1                                )6...(  

Where kkkkkk xxvggy   11 , , and 1 kk HB  see (Al-Bayati & Al-Salih, 

2008). 

The standard Broyden - Fletcher-Goldfarb - Shanno (BFGS) update 

can be separated into two components, )2()1( HandH  so that: 

                  )2()1( HHHBFSG                                 )7...(  

Where 
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AL-Bayati in (Al-Bayati, 1991) modified the BFGS formula by writing: 

             
k

T

k

kk

T

k
kkBayatiAL

yv

yHy
HHH   ,)2()1(                                                  )8...(  

Which will satisfy the quasi-Newton like condition   
                  kkkk vyH 1                                )9...(  

This relaxation of the Quasi-Newton (QN)-condition is of particular interest 

in deriving algorithms for non – quadratic objective functions. 

Li and Fukushima proposed another Quasi–Newton (QN) like 

condition (Li. & Fukushima, 2001) defined by: 

                  kkk vyH 

*

1                              )10...(  

By using )10( , so the modified BFGS update can be writhen as: 
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Where   

                  kkkk vmyy *                              )12...(  

And km is a small positive constant .We chooses km to be a very small 

number, for example 610m . In (Kinsella, 2006) the BFGS update which 

can be written in the product form: 

               T
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A modified self-scaling VM-algorithm  

           In this section, we will deal with an algorithm which generates the 

sequence of 1kH  matrices that converge to the   112 )( 
 Gxf k  and satisfy 

the following modified Quasi –Newton equation: 

                  kkkk vyH **

1                               )15...(  

The latter possibility can be eliminated by Newton's method with line 

search in which the Newton correction is used to generate a direction by: 

                  kk gGd 1                              )16...(  

In large group of methods, 1G  is to be approximated from information 

collected in the ( 1k ) th stage, or  

                  1

*1



  kk HG                              )17...(  

                   kkk HHG  *1                             )18...(  

Where 
   kkk HHH 1  kkk HHH  1                             )19...(  
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Where 21 zandz are arbitrary 1*n  vectors. Choose the following values: 

                  kvzz  21                           )23...(  

To get: 
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Where   
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 , *

ky  is a vector defined in )12( . 

The modified AL-Bayati self-scaling VM-update can be expressed in the 

following product form:  
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Global convergence property of the new algorithm  

The important property of the line-search method is the global 

convergence defined by the relation: 

                  0inflim 


k
k

g                                                                                         )28...(  

1. Convex case: 

To prove that the new updates )25(  generate identical conjugate 

gradient search directions if the function is quadratic and the exact line 

searches are used, let us consider the following property: 

Property (3.1.1): Let f  be given by 

               xbGxxxf TT 
2

1
)(                             )29...(  

Where G  is a symmetric positive definite matrix. Choose an initial 

approximation HH 1  where H  is any symmetric positive definite matrix. 

Obtain newH  from H  where Hgd   is the search direction and assuming 

exact lime searches then 

                   **

1 HggHk                                             )30...(  

Proof: see (Al-Bayati, 1991). 

Powell (1983) showed that if the level set  )()(: *xfxfx   is 

bounded when k  is defined so that   1,01  kdg k

T

k  holds for all k  and if 

)(xf  is twice continuously differentiable than conjugate gradient-method 

achieves the limit: 

                   0inflim 


k
k

g                 )31...(  

The following lemma (3.1.1) is given in (Li. & Fukushima, 2001) 

Lemma (3.1.1) 

Suppose that ),,,( 111  kkkk dyx  generated by the MBFGS algorithm 

and that G  is continuous at *x .Then we have 

                     0lim 
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k

vm                                          )32...(  

Theorem (3.1.1) 

         Assume that )(xf  be a quadratic function defined in )29(  and that the 

line searches are exact: if H  is any symmetric positive definite matrix and 

for the new updating formula, 
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                   1 knewnew gHd                             )34...(  

is identical to the conjugate gradient (CG) direction  [H/S  direction ]; CGd  

defined by 
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Using the property 01k

T

k gv , quoted earlier which holds for line searches. 

The vector 1kg  can be substituted for  1kk gH  by using property (3.1.1). 

Therefore: 
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New by using lemma (3.1.1) we have  

                   
newk

knew

T

k

k

T

k
knew v

yv

gy
gd 1

1


                           )39...(  

It is also known that BFGSd  and CGd  are identical (Nazareth, 1979), and newd  

is identical to BFGSd  with exact line searches, hence equation )38( becomes 

                   kCG

k

T

kCG

k

T

k
knew d

yd

gy
gd 1

1


                            )40...(  

In the following section we will list outline of the new proposed self-

scaling VM algorithm. 

2. New Algorithm:  

The outline of the modified algorithm is: 

Step 0: Choose an initial point nRx 1 , set .1k  

Step 1: If the hybrid stopping criterion is satisfied stop: 

              ITERM=1- if kk xx 1  was less than or equal to 160.1 D ,  

              ITERM=2- if kk ff 1  was less than or equal to 140.1 D , 

              ITERM=3- if 1kf  is less than or equal to 160.1 D , 

              ITERM= 4- if  kg   is less than or equal to 60.1 D , 

              ITERM= 6 if termination criterion was not satisfied, but  
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               Solution is probably acceptable, 

              ITERM=12- if NOF exceeded 1000, 

              ITERM 0 - if the method failed. 

Step 2: Compute the search direction kkk gHd  .   

Step 3: Find a step size  k  which satisfy the rule )4(  and )5( . 

Step 4: Generate a new iteration point by kkkk dxx 1 and calculate 

The new updating formula )26(  and )27( . 

Step 5: Set 1 kk  and go to Step 1. 

3. Non-convex case: 

To guarantee the global convergence property of the line-search 

method consists in turning the search direction towards the negative 

gradient when necessary, i.e. when 0


kk

k

T

k

dg

dg
 is not satisfied. This idea is 

realized if )2(  is replaced by the formula 


 gHd kk  with IgHHH kkk 


, 

where 0  is a small number (Luksan & Spedicato, 2000)   

Theorem (3.3.1): Let the objective function )(xf  be bounded from below 

and has bounded up to at least second-order derivatives .Consider the line-

search method satisfying )4(  and )5( .If 
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T

k dg                              )41...(  

Then )28(  holds (Luksan & Vlcek, 2005). 

Theorem (3.3.2) 

 Let the objective function RRf n :  be bounded from below and 

has bounded up to at least second-order derivatives .Consider the line-

search method satisfying )4(  and )5(  with 

                  kkkkkk ggHgHd                               )42...(  

Where kH  is symmetric positive and 0k . If 0  then )28(  holds. 

Proof: Assume, for contradiction purposes, that )31(  does not hold. Then 

we can suppose 

                                     *kg  

For some 0*   and 0kkHgg  , 1k , by positive definiteness of kH  . 

We have from  )42(  by the Schwarz inequality 
2222222

)1(2 HgggHggHgHgddT                          )43...(  
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                  0
)1(

2


 kgHgg

gHg




                       )46...(  

Using Theorem (3.3.1), we get a contradiction. 

4. Numerical Results: 

In this section, we reported the numerical results for the new 

algorithm (3.2). We tested, using the collection of problems, for general 

sparse and separable unconstrained optimization test problems from 

Luksan & Vlcek, 1999). The following values for the dimension N of the 

problem have been    used: N=10, 100, 500, 1000. For each problem, we 

choose the initial matrix
k

T

k

T

kk
kk

yv

vv
H 1 . This algorithms use a hybrid line 

search technique  which satisfy Wolfe- conditions see (Luksan & 

Spedicato, 2000) The following two VM-methods hare been tested. 

 BFGS: BFGS method with the Wolfe- conditions as  

In which 2.0,0001.0 21    

New algorithm (3.2): The Algorithm with the Wolfe- conditions as  

In which 2.0,0001.0 21   . 

Tables of numerical results shows the computational results, where 

the columns have the following meanings: 

Problem   : the name of the test problem. 

NIT         : number of iterations. 

NFV        : number of function evaluations. 

f              : value of the objective function at the point x . 

g              : gradient of the objective function at the point x . 

ITERM    :  hybrid stopping criterion 

From Table (1), we observed that the average performances of the modified 

AL-Bayati algorithm are more efficient and better than the standard BFGS 

for unconstrained minimization problems. 
 

Table (1): Comparison results of all algorithms as a total of )15( test 

functions. 
 Standard  BFGS New algorithm (3.2) 

N NOI NOF TIME NOI NOF TIME 

10 3885 7703 0:00:00.08 3340 7709 0:00:00.06 

100 5463 10332 0:00:00.67 4407 10043 0:00:00.57 

500 4091 9164 0:00:02.20 3565 9276 0:00:02.22 

1000 4065 9003 0:00:04.63 3375 9102 0:00:04.84 

Total 17504 36202 0:00:07.58 14684 36130 0:00:07.69 
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The details of these results are fully described in the subsequent tables. 

Table (2) 
Algorithm Standard  BFGS with   N=10 

Problem NOI NOF F g ITERM 

1 398 1001 22.3407562 0.163E+01 12 

2 654 1001 0.121328883E-03 0.125E-01 12 

3 656 1000 0.921077850 0.620E-02 12 

4 106 153 0.799804276E-10 0.702E-05 2 

5 139 179 0.160886197E-09 0.788E-05 2 

6 69 112 3.01929454 0.965E-06 4 

7 423 1000 11.4354732 0.217E+01 12 

8 57 92 -133.510600 0.233E-05 2 

9 374 1002 1.05358706 0.316E-01 12 

10 13 23 0.944550269E-13 0.428E-06 4 

11 500 1001 0.105143334E-03 0.167E-02 12 

12 262 698 1.92460901 0.698E-04 2 

13 74 123 -8.05139211 0.877E-06 4 

14 74 145 -0.385263183E-01 0.836E-06 4 

15 86 173 -0.251419625E-01 0.968E-06 4 

Total 3885 7703    

TIME= 0:00:00.08 

 

Table (3) 
Algorithm Standard  BFGS with   N=100 

Problem NOI NOF F g ITERM 

1 357 1000 375.772751 0.416E+01 12 

2 675 1000 0.417037296E-03 0.229E-01 12 

3 642 1000 25.2065330 0.110E-01 12 

4 94 126 0.736274182E-10 0.347E-05 2 

5 195 259 0.353606890E-08 0.233E-04 2 

6 84 145 33.3754297 0.800E-06 4 

7 490 725 1039.41617 0.274E-04 2 

8 56 57 -98.8560279 0.562E-06 4 

9 350 1001 18.9030005 0.500E+00 12 

10 7 14 0.512511155E-13 0.667E-07 4 

11 500 1001 0.110666145E-05 0.118E-04 12 

12 334 1002 2.39784602 0.109E+00 12 

13 578 1000 -49.9997833 0.285E-04 12 

14 501 1001 -0.133766122E-02 0.207E-01 12 

15 600 1001 0.908528629E-02 0.334E-01 12 

Total 5463 10332    

TIME= 0:00:00.67 
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Table (4) 
Algorithm Standard  BFGS with   N=500 

Problem NOI NOF F g ITERM 

1 313 1000 1950.53768 0.506E+01 12 

2 654 1000 0.190687684E-03 0.178E-01 12 

3 615 1000 133.781367 0.107E-01 12 

4 143 179 0.407524183E-10 0.174E-05 2 

5 224 298 0.116517131E-08 0.108E-04 2 

6 88 151 168.291764 0.134E-05 2 

7 83 196 163899.853 0.740E-03 2 

8 34 54 90.9672145 0.713E-06 4 

9 406 1002 97.5181572 0.102E+01 12 

10 6 12 0.315195199E-13 0.251E-06 4 

11 132 265 0.101551041E-07 0.100E-05 4 

12 334 1002 2.66906251 0.436E-01 12 

13 390 1001 -218.394928 0.162E+01 12 

14 335 1002 0.311487476 0.209E-01 12 

15 334 1002 0.120585472 0.261E-01 12 

Total 4091 9164    

TIME= 0:00:02.20 

 

 

Table (5) 
Algorithm Standard  BFGS with   N=1000 

Problem NOI NOF f g ITERM 

1 318 1002 3920.15325 0.250E+01 12 

2 645 1000 0.134675134E-03 0.171E-01 12 

3 592 1001 269.500609 0.302E-01 12 

4 151 190 0.658806352E-10 0.233E-05 2 

5 229 300 0.142991691E-08 0.119E-04 2 

6 90 151 336.937181 0.225E-05 2 

7 106 265 761774.954 0.242E-02 2 

8 34 55 316.436141 0.433E-06 4 

9 468 1002 196.256249 0.228E+01 12 

10 5 10 0.783883858E-11 0.252E-06 4 

11 10 21 0.129032045E-08 0.992E-06 4 

12 334 1002 2.68842398 0.300E-01 12 

13 414 1000 -423.279033 0.514E+01 12 

14 335 1002 0.336253881 0.155E-01 12 

15 334 1002 0.128686577 0.194E-01 12 

Total 4065 9003    

TIME= 0:00:04.63 
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Table (6) 
Algorithm New algorithm (3.2) with N=10 

Problem NOI NOF f g ITER

M 

1 319 1001 22.3509232 0.128E+01 12 

2 500 1001 0.204896592E-03 0.183E-01 12 

3 448 1000 0.921150040 0.787E-02 12 

4 105 204 0.162854447E-11 0.902E-06 4 

5 141 269 0.351765178E-11 0.740E-06 4 

6 64 129 3.01929454 0.965E-06 4 

7 373 1002 11.5380087 0.240E+01 12 

8 55 117 -133.510600 0.233E-05 2 

9 353 1000 1.05358886 0.138E-01 12 

10 13 26 0.944262632E-13 0.428E-06 4 

11 500 1001 0.105143334E-03 0.167E-02 12 

12 243 500 1.92460901 0.106E-04 2 

13 67 140 -8.05139211 0.877E-06 4 

14 73 146 -0.385263183E-01 0.836E-06 4 

15 86 173 -0.251419625E-01 0.968E-06 4 

Total 3340 7709    

TIME= 0:00:00.06 

 

Table (7) 
Algorithm New algorithm (3.2) with N=100 

Problem NOI NOF f g ITERM 

1 276 1002 375.891261 0.440E+01 12 

2 500 1001 0.744415616E-03 0.352E-01 12 

3 454 1000 25.2068266 0.153E-01 12 

4 77 148 0.740969869E-11 0.770E-06 4 

5 222 433 0.284088442E-10 0.989E-06 4 

6 80 167 33.3754297 0.799E-06 4 

7 248 518 1039.41624 0.324E-01 2 

8 37 63 -98.8560279 0.234E-03 2 

9 340 1002 18.9030390 0.500E+00 12 

10 7 14 0.512705437E-13 0.667E-07 4 

11 500 1001 0.110666145E-05 0.118E-04 12 

12 334 1002 2.39784602 0.109E+00 12 

13 332 691 -49.9993495 0.429E-01 2 

14 500 1000 -0.118051218E-02 0.223E-01 12 

15 500 1001 0.179335699E-01 0.375E-01 12 

Total 4407 10043    

TIME= 0:00:00.57 
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Table (8) 
Algorithm New algorithm (3.2) with N=500 

Problem NOI NOF F g ITERM 

1 319 1001 1950.79424 0.553E+01 12 

2 500 1001 0.367590874E-03 0.872E-02 12 

3 438 1000 133.782356 0.340E-01 12 

4 87 167 0.101233922E-10 0.794E-06 4 

5 232 452 0.232191798E-10 0.982E-06 4 

6 43 107 168.291793 0.105E-01 2 

7 69 191 163899.853 0.379E-02 2 

8 27 74 90.9672145 0.752E-06 4 

9 364 1002 97.6385394 0.943E+00 12 

10 6 12 0.315201668E-13 0.251E-06 4 

11 132 265 0.101551041E-07 0.100E-05 4 

12 334 1002 2.66906251 0.436E-01 12 

13 346 1000 -218.195126 0.172E+01 12 

14 334 1000 0.311551615 0.240E-01 12 

15 334 1002 0.120585472 0.261E-01 12 

Total 3565 9276    

TIME= 0:00:02.22 

 

Table (9) 
Algorithm New algorithm (3.2) with N=1000 

Problem NOI NOF f g ITERM 

1 269 1001 3920.24240 0.474E+01 12 

2 500 1001 0.244925354E-03 0.240E-01 12 

3 358 910 269.504891 0.851E-01 2 

4 95 182 0.986567524E-11 0.619E-06 4 

5 237 460 0.209417316E-10 0.958E-06 4 

6 44 109 336.937199 0.705E-02 2 

7 106 316 761774.954 0.214E-02 2 

8 31 85 316.436141 0.523E-06 4 

9 374 1002 196.410872 0.191E+01 12 

10 5 10 0.783887445E-11 0.252E-06 4 

11 10 21 0.129032045E-08 0.992E-06 4 

12 334 1002 2.68842398 0.300E-01 12 

13 344 1001 -421.874354 0.623E+01 12 

14 334 1000 0.336271755 0.177E-01 12 

15 334 1002 0.128686577 0.194E-01 12 

Total 3375 9102    

TIME= 0:00:04.84 
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Conclusions and Discussions  
 In this paper, we have proposed a new self-scaling VM-type for 

unconstrained minimization based on a modified Quasi-Newton condition. 

The convergence property and the computational experiments show that the 

new approach given in this paper is very successful. We claim that the 

formula )26( - )27(  will be more efficient and better than the standard BFGS 

formula. Namely, there are about %17 improvement in NOI, %1   

improvement in NOF, taking overall the calculations and for different 

dimensions ( 100010  n ).  
 Methods NOI NOF TIME 

Standard  BFGS 100 100 100 

New algorithm (3.2) 83.88 99.80 101.4 

 

 Test problems for general sparse and partially separable     

 nconstrained optimization 

We seek a minimum of either a general objective function )(xf  or a 

partially separable objective function  

                           n
n

k

k Rxxfxf
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 خوارزمية جديدة للمتري المتغير ذاتي القياسي ذات التقارب الشامل
 في الامثلية المحدبة وغير المحدبة

 
 عباس حسن سمعباس يونس البياتي                  با

 قسم الرياضيات
 جامعة الموصل ـ الحاسبات والرياضياتكلية علوم 

  00/5/9000تاريخ القبول: ،4/3/9002 تاريخ الاستلام:
 

 لخلاصةا
 

kkkإن الشرط الأساسي لخوارزمية شبيه نيوتن هو      vyH 1 في الامثلية غير المقيدة، عندماky    تعرر
kkkمن تطوير هذا الشرط  وبالشكل   Fukushima  و Li بأنها فرق المشتقات المتعاقبة . استطاع  vyH 

*

1 
kkkkعندما  vmyy * ،km  عدد موجب صغير. في هذا البحث سو  تتطرق للتقصي عن خوارزمية جديدة

kkkkللمتري المتغير ذاتي القياسي عندما تستخدم الشرط التالي  vyH **

1  بان  "علما
*

**
*

k

T

k

kk

T

k
k

yv

yHy
 لقد .

ببرهان صفة  التقارب الشامل في حالتي الامثلية المحدبة وغير المحدبرة.   تم دراسة الخوارزمية المقترحة وذلك
 القياسية .  BFGSالنتائج العددية أشارت إلى ان الخوارزمية الجديدة أكثر كفاءة من خوارزمية  


