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Abstract

The two-point boundary value problems for the 4th order ordinary
differential equations with a positive coefficient multiplying a least one of
derivative terms are solved with two numerical methods. These numerical
methods are the (Rung- Kutta of 4th Order) and (Rung—Kutta Butcher of 6th
Order). The 4th order ordinary differential Equations problem had been
transformed to pair of second Order differential equations, which were solved
together by the suggested methods. An initial value of the dependent variable
had been predicted and corrected to some error. The two studied methods were
tested on a physica model problem from the literature for comparing results.
Solutions were presented in Tables and figures. good agreements were appeared
in applying the studied methods.

Keywords: Boundary Value Problems, Ordinary Differential Equation, RK4,
RK-Butcher
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Solving the Boundary Value Problems of

Ordinary Differential Equation 4th order
Using RK4 and RK-Butcher Techniques

1 Introduction

Several models of
mathematical physics and applied
mathematics contain Boundary Vaue
Problems BVPs in the 4th order
ordinary differential equations
(ODEs) [1].
Let consider the 4th order (ODEs) is
of the following equation:

y(@ =z (5)

where a,b.,g and Xy .z

constants and fF(xy) continuous and
ﬂ ﬁs 0
Y exists and continuous and T
Different analyticd and numerical
methods are used to solve the 4th
order (ODEs) this can be concerned
by Kapur [1]. Some of the numerical
methods applied by Ortner [2] which
gave approximate solutions. Okey [3]

are

dY 9y, -
A P Y oY)
1)
y(0)=0 )
y (0) =x €)
y@ =y 4

Butcher)[5] to solve BVPs with
there conditions as solving Egs.(1)
under the conditions (2)-(5).
Special program is designed to
apply the proposa methods. Some
physica problems were studied
before from [1],[2],[3], and [6] are
solved by RK4 and RK-Butcher
methods. Results are presented by
tables and figures to compare the
error with another solution which
show good agreements.

The Proposal Solution:

To solve Egs.(1) under the condition
in (2)-(5) , it will be transform to
two par of 2nd (ODEs) by

assuming:

d’y _

dx? (6)
Then Egs.(1) becomes:

d’M b

o +—M=(f(xy)-0.y)/a

X a
()

Where:

y(0)=0 )
M (0) =x

)

used the
Method) to solve these problems.

In this paper we proposed to apply
(RK-

Rung-Kutta (RK4)[4] and
y@ =y (10)
M@ =z (11)

The solution y(x) for this problem
from % =0 to X, =1
assuming N and N where
h= X~ %o

n (12)
The proposal methods are:

after

2.1 ( Rung - Kutta of 4" Order ):
The BV Ps of 4th order (ODES)
is solved by Rung — Kutta of 4th
Order (RK4) to solve Egs.(6) and
(7) after transforming them to two
pair of 1st order (ODEs) as the
following:

d
d_z =p, = fnf,(x,y,M, p,, p,)
(13)
d
% =M = fnp,(x, ¥, M, p,, p,)
X
(14)
dM
d_ =P = fnfz(X1 Y, M, Prs pZ)
X
(15)
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d
P2 — fnp,(x,v,M, p,, p,)

_.b M+(f(xy)-g.y)/a

3
(16)

The set of 1st order (ODEs) (13) to

(16) are solver together from the

following:
n+ w1
y t= y ' +6(k11 +2K,, + 2k, +K,,)
(17
n+; n 1
Py = P +E(L11 +2L, +2L, +Ly,)
(18)
MM =M +% (kyp + 2Ky, +2K5, +K,)
(19
n+; n 1
P, 1= P, +E(L12 +20L,,+2L;,+L,,)
(20)
Constants

kll’ k21’ k31’ k41’ Lll’ LZl’ LSl’ I_41’ in

k12’k22’k32’k42’ L12’ L22’ L32’ L42
Eqgs.(17) to (20) are cadculated from
the following :

ky =h.fnf (X, y,M, p;, p,)
(21)

L, =h.fip,(x,y,M, p;, p,)

(22)
k, =h.fnf,(X,y,M, p;, p,)

(23)
L, =h.fnp,(x,y,M, p;, p,)

(24)

k,, = h.fnf (x+h/2,y+k, /2,

M +ky/2,p Ly /2., + Ly, /2)

(25)
L, = h.fnp,(x+h/2,y+k, /2,

M +ky /2P Ly /2P, + Ly, /2)

(26)

K,, = h.ff,(x+h/2,y+k, /2,
M +ky /2,y + Ly /2, + L /2)

(27)
L, =h.fap,(x+h/ 2,y +k,/2,

M 4Ky /2P Ly /2., + Ly /2)

(29)
ks, = h.fnf,(x+h/2,y+ky, /2,
M +k22/2’ pl+L21/2’ p2+L22/2)

(29)
L, =h.fnp(x+h/2,y+k,, /2,
M +k22/2’ pl+L21/2’ p2+L22/2)

(30)
Ky, = h.ff,(x+ /2,y +Ky, /2,
M +k22/2’ pl+ L21/2’ p2+ L22/2)

(3D
L, =h.fnp,(x+h/2,y+Kk,, /2,
M +k22/2’ pl+ I-21/2’ p2+ L22/2)

(32)

k,, = h.fnf (x+h,y+k,,,

41 nl(X y 31 (33)
M 4Ky, P+ Ly, P2+ L)

L, =h.f +h,y+k,,

41 npl(x Y+Ky (34)
M +Ks, o+ Loy, P, + L)
k, =h.fnf,(x+h,y+k,,, (35)
M +Ks, o+ Loy, P, + L)

L, = h.fop,(x+hy+k;, 36)

M +Ky, P+ L, p, +1Ly,)

2.2 (Rung - Kutta Butcher Of 6"
Order ):

The BVPs of 4" order (ODEs) is
solved by Rung — Kutta Butcher
of 6" Order (RK-Butcher) to
solve Egs(6) and (7) after
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|
transforming them to two pair of k, = fnf.(X,,¥.,M., P> Por)
1% order (ODEs) as the (41)
fOIIOWIng: h L11 = 1:npl(xn’ynilvln’ pln’ pZn)
Y=y o (T 32K, + “2)
k, = fnf,(X,, ¥,»M,,, Puys Pon
12k, + 32Ky, + 7K,,) 12 (XY Pins Pan)
(37) 43
h L12: fnpz(xmyn’Mn’pln’pZn)
p1n+l = pln +9_0(7L11 +32L31 + (44)
121, +32L,, +7L,,) Koy = (X5, Yo My, iy Pn) + Lﬂ
(38) (45)
M= M7+ (7|<1 +32K,, + - h hky
2 2 Ly, = fnp (X, +— 1yn 2’
12k, + 32k, +7k62 M, |”lk12 Py + hL11 D, + hL12)
(39) (46)
Nl _ h
p2 = pl (7L12 +32L32 + k22: fnfz(xn1yn1Mn1mep2n)+ZL12(
12L,, +32 |_52 +7L,,) (47)
(40) h hk,,

Constants in Egs.(37) to (40) are
calculated

22 = fnpz(xn +— 1yn t—,

ISl’ kZl’ k\_"l’ k41’ Lil’ L21’ LSl’ L41’ KZ’ k22’ k&Z’ k42’ I‘12’ L22’ LSZ’ L42

from the following :
k31 = fnfl(xm yn’ Mn1 pln’ pZn) +

h h
§L11+§|—21
(49)
hk
—fn +_ k11+ 21
Ly = o (x, A
Mn+%+_22’pln+h+%’
8 8 8 8
hi, , hi,,
+—=+—=
pZn 8 8 )
(50)

4
h h h
k12 ’ pln Lil ’ pZn L12)
(48)
k32 = fan(Xn,yn,M n? pln’ pZn) +
h h
g I—12 +§ I—22
(51)
Lo = TRy, + 5y, h‘;ﬂ
Mn+hk12+h22’pln L11+
8 8 8

hL12 hLZZ
+—=+ —==
pZn 8 8 )

(52)
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|
Ky = (%00 Yo M Pros Pan) = f 3h 3hk,, , 9hk,,
= fn +—,y,t +—=
2 21 1 (53) ’ M ) + 3?-212 + 922 P + 32;11 + 9?-;41 ,
h hk. 3h
L, = fop(x, +§’yn - 221 +hkg,, on + 1:_312 42)
_ hky, _hi, (60)
Mn 2 +hk32,p1n > +h|-31’ ‘-I- fnfl(xn,ynaMnapln'DZn)'
hL =ih
Pzn - 722 +hi,) kel 47 (BLyi- 2Ly, - 121, +12L, - 8lgy)
(54) (61)
k42 = fnfz(xmyn’Mn’ pln’ pZn)- i
h h fnpl[xn + h Yo - (3k11 2k21 -
E I—22 + g L32
(55) I 12k31 + 12k41 8k51)
L = gy (x. + h V. - hk,, +hk, | M - —(3k12 2k, - 12k, +
2'°" 2 ’
_j12 8k52>,
Mn'%"'hksz’pln' hL21+hL31’ :
2 2 Pin - (3L11 - 2L, - 120, +
hL
Pan - 222 + thz) : 12L,, - 8'-51)1
(56) T - Na oo, 12
ks, = 0f (X5 Yos M s Py Pzn) : P 7( e A
3h 9h t+12L,, - 8Ly,)]
+ 16 L, + 16 Ly (62)
(57) 1 b (%, Yo, My, By, Por)
B 3h 3hk11 9hk,, f h
Lo = RO+ 0 Yo+ = 8 H 0 K, —|-—(3|-12 2,
M. 3?-212 1642 Py + 3?-;11 + 92:;41 ’ T 12,,+12,,- 8L,,)
3hL, 9hL42
4+ — =< 4
pZn 16 )
(58)
k52 = fan(Xn,yn,M n? pln’ p2n) +
3h 9h
E I—12 + E I-42
(59)
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(63)

i h

T fp,[x, +h,y, - 7(31(11 - 2Ky, -
:

i 12Ky, +12K,, - 8Ksy),

proposal methods. Results are
presented in tables and figures.

Example 1. To solvethe
nonlinear 4" order (ODEs)

i :
M - h (3K, - 2k, - 12k, + represented by:
P aYy gty 12

_ ’|[12k42 - 8Kyp), dx* (1+x)*

L=
! h
ip -3l 2oL - (70)
| pln 7 (3L11 2L21 12 LSl + Whae
1121, - 8Ly,), y(0) =0 (71)
i h y'(0)=-1.0 (72)
i, - 23, - 2L, - 121, +
: pZn 7( L12 22 L32 y(l) - In 2 (73)
f12L,, - 8Ly,)] y'() =-025 (74)

(64)

pl(o)and P2o) are predicted

from:

r
Pio)

:[Y(l) } Y(O)]/h
(65)

p;(O) :[M(l) - M(O)]/h

This problem was studied by
Okey [3] by applying the (Green
Element Method). The Exact solution
for this problem isy(X) = Ln(1+ X).
Results are presented in Table(d).
Figure(1) represent the comparison
between errors for using RK4 and RK-
Butcher for solving the problem. Figure
(2) present the solution of problem in

(66) example (1) by different methods.
Then and are modified
by - Pro P20 Example2. Consider the
yr-+1 r r following set of 1% order
Pio) = Puoy T (Y - Y) /D nonlinear (ODES) [6]:
1 (67) b~ 2ey2 (75)
r+ —_ r r
p2(0) - p2(0) + (M @ - M (1))/h d;
(68) d_)<2 =Y, - Y3 +COS(X) - e
Error is accepted as: (76)
Yo~ Yo £10” and d o
y o . =Y Yare - sn(y
|M(1) - M(1)|£10 (or any 77)
tolerance you need ) (69) dy, _ & y2
dx !
78
Numerical applications: 0) =1 ©0) =1 o( _ z)
Some of the physical i) =1 y2(0) =1 vs(0) =
» ¥4(0) =1

problems are solved to assign the
effecti veness and accuracy of the
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This problem was studied by
Biazar [6] by applying the
(Variational Iteration Method).
The Exact Solution was given
by:

y,(X) =e*, y,(X) =sin X + cos

Ys(x) =sinx, y,(x) =€’

Results of caculating

Y1(%), Y2 (%), Ya(X), Ya(X)
by using RK4 and RK-Butcher
were presented in Tables (2) to
(5). Figures (3), (4), (5), and (6)
show errors between different
methods.

4. Results & Discussion

The suggested methods
RK4 and RK-Butcher for solving
4" order (ODEs) gave good
agreements comparing results of
Example (1) with the Exact
solution as shown from Table(1)
and Figure(1).

Results of solving the
problem in Example (2) by the
three methods VIM, RK4, and
RK-Butcher were presented in
Tables (2) to (5) and Figures (3)
to (6). RK4 was very accurate in
the three methods for its least
error. The Vim method was
better than RK-Butcher dueto its
error. Finaly the two proposal
method RK4 and RK-Butcher
gave good agreements in solving
BVPs of 4" order (ODES) in the
required conditions.

X,
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Table(1) Results of solving the problem in Example (2).

X | Exact Solutior Rung- kutta Rung- kutta RK-Butcher RK-Butcher
Error Error
0.0 0 0 0 0 0
0.1 .0861786 .0861776 -9.0E-07 .0861776 -9.1E-07
0.2 1823224 1823215 -8.4E-07 1823215 -8.6E-07
0.3 .262365 .2623643 -7.7E-07 .2623642 -8.0E-07
0.4 .3364729 .3364722 -6.5E-07 .3364722 -6.8E-07
0.5 4054657 4054652 -4.7E-07 4054652 -5.0E-07
0.6 4700041 4700038 -2.9E-07 4700038 -3.2E-07
0.7 .5306286 5306286 -5.9E-08 5306285 -1.1E-07
0.8 587787 5877872 2.3E-07 5877872 1.7E-07
0.9 .6418541 .6418547 5.9E-07 6418546 5.3E-07
1.0 6931474 6931484 1.0E-06 .6931483 9.5E-07
Table(2) Solutions of problem in Example(2) of y, (x) :
X Exact Runc- Rung- RK- RK- VIM VIM
Solution Kutta Kutta Butcher Butcher solution Error
Solution Error solution Error
0.0 1 1 0 1 0 1 0
0.1 | 1.221405 | 1.221404 1.3E-06 | 1.21966 | 1.7E-03 1.221403 | 2.1E-6
0.2 | 1491828 | 1.491827 5.9E-07 | 1.488053 | 3.7E-03 1.491824 | 4.3E-6
0.3 | 1.822122 | 1.822123 7.1E-07 | 1.816108 | 6.0E-03 1.822113 | 9.5E-6
0.4 | 2.225545 | 2.225547 2.3E-06 | 2.217288 | 8.2E-03 2.225473 | 6.7E-5
0.5 | 2718286 | 2.718291 4.7E-06 | 2.708086 | 1.0E-02 2.717802 | 4.9E-4
0.6 | 3.320122 | 3.320129 6.9E-06 | 3.308678 | 1.1E-02 3.317646 | 2.5E-3
0.7 | 4.055205 | 4.055214 8.5E-06 | 4.043724 | 1.1E-02 4.045049 | 1.0E-2
0.8 | 4.953038 | 4.953048 1.0E-05 | 4.943336 | 9.7E-03 4917836 | 3.5E-2
0.9 | 6.049653 | 6.049664 1.0E-05 | 6.044241 | 5.4E-03 5.943003 | 1.1E-1
1.0 | 7.389061 | 7.389072 1.0E-05 | 7.391204 | 2.1E-03 7.101202 | 2.8E-1
Table(3) Solutions of problem in Example(2) of y, (x):
X Exact Runc- Rung- RK- RK- VIM VIM
Solution Kutta Kutta Butcher Butcher solution Error
Solution Error solution Error
0.0 1 1 0 1 0 1 0
0.1 | 1.094839 | 1.094837 1.1E-06 | 1.084316 | 1.0E-02 1.094837 | 2.0E-6
0.2 | 1178737 | 1.178736 9.5E-07 | 1.167627 | 1.1E-02 1.178736 | 1.1E-6
0.3 | 1.250857 | 1.250857 7.1E-07 | 1.239046 | 1.1E-02 1.250859 | 2.9E-6
0.4 | 1.31048 1.310479 3.5E-07 | 1.297827 | 1.2E-02 1.310511 | 3.2E-5
0.5 | 1.357008 | 1.357009 1.1E-07 | 1.343378 | 1.3E-02 1.357220 | 2.1E-4
0.6 | 1.389978 | 1.389979 1.0E-06 | 1.375277 | 1.4E-02 1.390995 | 1.0E-3
0.7 | 1.40906 1.409062 2.0E-06 | 1.393286 | 1.5E-02 1.412974 | 3.9E-3
0.8 | 1.414063 | 1.414066 3.2E-06 | 1.397362 | 1.6E-02 1.426865 | 1.3E-2
0.9 | 1404937 | 1.404941 4.4E-06 | 1.387668 | 1.7E-02 1.441809 | 3.6E-2
1.0 | 1.381773 | 1.381779 5.3E-06 | 1.364579 | 1.7E-02 1.477347 | 9.5E-2
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Table(4) Solutions of problem in Example(2) of y, (x) :

Error * 1E-7

I I I
02 03 04

I I
05 0.6

0.7 0.8 0.9

!
1.0

Figure(1) Comparison of Error of Example(l).
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X Exact Runc- Rung- RK- RK- VIM VIM
Solution Kutta Kutta Butcher Butcher | solution Error
Solution Error solution Error
0.0 0 0 0 0 0 0 0
0.1 | .0998344 | .0998331 1.2E-06 | 1.085171 | .9853365 | .0998334 | 1.0E-6
0.2 | .1986703 | .1986688 14E-06 | 1.169481 | .9708109 | .1986693 | 1.0E-6
0.3 | .2955212 | .2955194 1.7E-06 | 1.241883 | .9463617 | .2955216 | 4.0E-6
0.4 | .3894192 | .3894174 1.8E-06 | 1.301617 | .9121975 | .3894332 | 1.5E-5
0.5 | 4794263 | .4794244 1.8E-06 | 1.348079 | .8686529 | .4795191 | 9.4E-5
0.6 | .5646431 | .5646412 1.8E-06 | 1.380836 | .8161924 | .5650703 | 4.3E-4
0.7 | 6442182 | .6442165 1.6E-06 | 1.399635 | .7554169 | .6457932 | 1.6 E-3
0.8 | .7173564 | .7173551 1.3E-06 | 1.404422 | .6870655 | .7222996 | 9.4 E-3
0.9 | .7833272 | .7833264 7.7E-07 | 1.395347 | .6120194 | .7969926 | 1.3E-2
1.0 | .8414712 .841471 1.7E-07 | 1.372773 | .5313019 | .8753804 | 3.3E-2
Table(5) Solutions of problem in Example(2) of y, (x) :
Exact Rung- Rung- RK- RK- VIM VIM
X Solution Kutta Kutta Butcher Butcher | solution Error
Solution Error solution Error
0.0 1 1 0 1 0 1 0
0.1 | .9048365 | .9048377 1.1E-06 | .9049744 | 1.3E-04 | .9048374 | 9.0E-7
0.2 | .8187299 | .8187312 1.3E-06 | .8192065 | 4.7E-04 | .8187306 | 7.0E-7
0.3 | .7408175 | .7408189 1.3E-06 | .7417469 | 9.2E-04 | .7408161 | 1.4E-6
0.4 | .6703194 | .6703207 1.2E-06 | .6717419 | 1.4E-03 | .6703200 | 1.8E-5
0.5 | .6065301 | .6065311 1.0E-06 | .6084277 | 1.8E-03 | .6064379 | 9.3E-5
0.6 | .5488113 | .5488119 5.9E-07 | .5511234 | 2.3E-03 | .5486428 | 3.4E-4
0.7 | .496585 4965853 3.5E-07 | .4992241 | 2.6E-03 | .4955431 | 1.0E-3
0.8 | 4493287 | .4493288 2.9E-08 | .4521933 | 2.8E-03 | .4466719 | 2.7E-3
0.9 | 4065695 | .4065693 14E-07 | .409555 | 2.9E-03 | .4005911 | 5.9E-3
1.0 | .3678793 .367879 2.9E-07 .370887 | 3.0E-03 | .3557110 | 1.2E-2
10.0 — o
Error Comparison
A RK4 /
—&—  RK-Butcher
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Figure (2) Solving the problem in Example (1) by different methods
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Figure (3) error between methodsto calculate y1(x)
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Figure (4) error between methodsto calculate y2(x)
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Figure (5) error between methodsto calculate y3(x)
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Figure (6) error between methodsto calculate y4(x)
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