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Abstract

In this paper, we have changed the boundary conditions and the class of spline
functions which are given by (Varma, (1973) from first derivative to third derivative,
and show that the change of the boundary conditions and the class of spline functions
affecting in minimizing the error bounds for lacunary interpolation by spline function.

Introduction

Spline functions are used in many areas such as interpolation, data
fitting, numerical solution of ordinary, partial differential equations and
also numerical solution of integral equations. Spline functions are also used
in curve and surface designing (Siddiqi & Akarm, 2003)Lacunary
interpolation by spline appears whenever observation gives scattered or
irregular information about a function and it's derivatives. Also, the data in
the problem of lacunary interpolation are values of the functions and of it's
derivatives but without Hermite condition that only consecutive derivatives
be used at each nodes (Varma, 1973). Mathematically, in the problem of
interpolating a given data a, ; by a polynomial p , (x) of degree at most

n satisfying:
py(x))=wa,; Jdi=1,2.., n;j=0.71,2,., m..(1)
We have Hermite interpolation if for each i, the order j of derivatives in
(1) form unbroken sequence, if some of the sequences are broken, we have
lacunary interpolation Varma, obtained the error bounds for (0,2) lacunary
interpolation of certain function by deficient quantic spline (Varma, 1973).
In this paper we study the same lacunary interpolation, but the essential
difference here being in the boundary condition and the class of spline
function, in order to improve the state in which the change of the boundary
condition and the class of spline function affect on minimizing the error

bounds and this fact is the main object of this work. Similar idea used in
(Mishra&Muthur, 1980; Saeed & Jawmer, 2005) for (0,2,3), (0,2,4) and
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(0,1,4) cases. For more about applications of spline functions, see (Bokhari,
Dikshit& Sharma, 2000;Lenard, 1999; Siddiqi & Akarm, 2003)and for
description our problem, let a:0=x,<x,<..<x, =1 be a uniform partition of

the interval [0,1] with X = i 1=0, 2, ..., 2m and n=2m+1. We define the

>

2m
class of spline function S,(5,4,n) as follow :

Any element S,(x)e Sp(5.4,n) if the following two conditions are
satisfied:
(i) S, (x)e C*[0,1]
(ii) S, (x)isapolynomial of degree five --(1.0)
in each [x,,,Xx,,,]1,i=0,1,..., m -1
In the subsequent section, we prove the following:
Theoreml.1:
Given arbitrary numbers f(x,) ., () i=0,1,...,m-1; r=0, 2 and
f7(x,), f”(x,, ) there exits a unique spline S,(x)€ S,(5,4,n) such that
Sn(le.)=f(x2i),i=0,1 ..... m
SO, )=, )i=01.m—1r=0,2, (1.1
.87 (x,,) = 17 (x5,
Theorem 1.2:
Let rec’lo1] and S,(x)e S,(5.4,n) be a unique spline satisfying the
conditions of Theorem 1.1, then

s“’(x)—f(f)(x)H312.0368449931mf-sw(fs;i)+ 2mNEP ], r=0,1,234.
m

n

Where ws®.1) denotes the modulus of continuity of r© and

Hf(S)H = max {‘fg)(X)(;O <x<i}.

Technical Preliminaries
If P(x) is a polynomial of degree five on [0,1] {because we want to
construct a spline function of degree five}, then we have

P(x)=P(0)Ao(x)+P( % JAI(X)+P(1)Aox)+ p”(%) As(x)+ P” (0)Ay(x)+ P" (1)As(x). (2.0)

Where
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Ao(x):%(—54 x° +135 x* =70 x* =26 x +15),
Al(x)=%(54 x7 =135 x* +70 x? + 11 x),
A,(x) = %(—54 x° +135 x* =70 x? + 19 x),

| L(2.1)
A3(x)=ﬁ(54 x° =135 x* + 115 x? — 34 x),

A4(x)—1—(27 x> —108 x* +162 x° —100 x? + 19 x),
972

A(x) = ! (189 x° —270 x* + 110 x* — 29 x).
4860

In the subsequent section we need the following values: For fe C’[0,1]we
have the following expansions

, 2 ” 4 3 o 4 4 5 5
F6y2) = F G420 e )+ 2 e )+ () + %h I )(xz,a%h £ ).

Xy < 2’1,2:‘ < Xyipn

4 ” 4 ”
FCo2) = F o) = 24F o)+ 2000 = o)+ 20 ()= )

xz < ;‘2 2i <x2i

32 128
fltyy) = fla)— hf(xz,)+ hf(xz,)— hf(z,)+ 43h4f”)(x2/ 3645hf(5)(/1“‘)’

Ly </142i < Xy,

i—

ft)= f(xz,)+ hf(xz,)+ hzf (Xz,)"' h%fw(xz,)+ 7h4f(4)(xz,)+?45h§ JalV L

_<&2.<;. ..2.2)
£t = f o) += hf (6,) += hf(z,)+ h3f<“<x2,>+ SR ACINE Xy <My <ty

£7(t,) = f"(x2i)+§hf”'(x21)+§h2f(4’(x21)+ﬁh f<5>(/27,2i), Xy <Ao<t

<t

0, 21 2i

f”’(tZi)zf”'(XZi)+§h £ 9(x,,)+ ghzf‘s’(/l 0.2)s Xy <A

f(“(tZi):f(4)(X21)+%hfm(/lll’zi)’xzi <A <ty

£7(X,1,,) = £7(%, .)+ 2hf ¥ (x, A)+ 20D () Xy < Aya <ty

32

£7(t,,,) = £7(x,) — hf’”( )+ — 2f“”(xzi)—Th3f<5>(,16‘2i)’t2,-_2 < Ao <Xy

f (xz,'_z) = f (xz,') - th (le.) +2h @ (xz,') + 2h2f6) (2‘;_2,' )a 'x2i—2 < 29,21' < 'x2i

Proof of Theorem 1.1
The proof depends on the following representation of S,(x) for 2ih<x<
(2i+2)h, i=0,1,...,m-1,we have
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2’h>+f<t VA 2”’>+f<x2+2>A< 2’h>+

an 2’h)+8hs (o)A, 21h)+8hS(2+2)A§(x 2ih ...(3.0)

S, (x) = £ (x,) Ay (=

+4R* f7(1,) Ay(

On using (3.0) and condltlons

S0 =£"0), S;(H=f"(). ..(3.1)
We see that S,(x) as given by (3.0) satisfies(1.0)and is quantic in/x,;

X2isn], i=0,1,...,m-1. We also need to show that whether it is possible to

determine S7(x,,),i=1,2,..,m—1 uniquely. For this purpose we use the fact

that S¥(x,,,)=SY (x,.) ,i=1,2,..,m-1; with the help of (3.0) and (3.1)

reduce to (3'2)%#5:’@2[72)+3h3S:'(x2,.)+§h3S,:”(x2H2) -

2i+

81 81 27 81 27 2 -

— f) = f(t,) = () = f () +— [ () =K (1, ) =N f'(2,,) ...(3.2)
4 4 4 4 2

for ,i=12,....,m—1.

But (3.2) is a strictly tri diagonal dominant system which has a unique
solution (Kincaid&Cheney,2002) 177p. Thuss”(x,,),1=1, 2..., m-1 can be

obtained uniquely by the system (3.2) which establishes Theorem 1.1.

Estimates
In order to prove the Theorem 1.2 we needs the following

Lemma 4.0:
Let us write Ey=|s7(x,)~ f"(x,)|, then for fe C°[0,1], we have

(4.0) max g <oy o, Ly fori=12,...m-1.
30 m

Proof:
Form (3.2) we have

1 »” ” ” » 2 V. n
§h3(Sn(‘x2i—2)_f (x5,,)) + 303 (S (x,)— f (‘x2i))+§h3(sn(x2i+2)_f (x3:42)) =

1 1 27 1 27 , 5 Ko, -
%f(»@)—%f<t2[>+—f<xm>—S—f(tﬂ_z)+—f<xz;_z>—9h2f () =90 (1) =5 £ (5= )
—3h3f”(xz-+z>— hsf“)(ﬂm+ hsf‘mz) hsfm(& o hsf% )2 hsf“)(ﬂﬁ )- hsf“)% )

hf‘”(/% )- W”(ﬂg )——h‘oqw(f“) >, || <1

The result (4.0) follows on using the property of diagonal dominant
(Kincaid & Cheney, 2002).

Lemma 4.1 :
Let fe C°[0.1] then
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< 1()6h £, 1 1y,
15 m

31 —hw(f®; 1)
3 m

(1) 59 () = 19 (x| <

(i1) ‘S“’(le )~ £9(x,)|<

95 1

(111)‘8514)(t2i) < 7h (f(S);—),
m

1831

(iv) ‘S(”(t) £0(t,)| < 7112 931,
810 m

L 3589 1
£%5—),
S Tgags ™ WU
Proof:
Form (3.0) we have
27
h4Sr54>(x2i+) :7f(x2z f(t21)+ f(x2;+2) on’ f (tZI)_ih S ( 2;)_7}1 S, (x Xyi_9)
Hence

(8, (o) = ¥ () =~ h5f“)<ﬂg )+ h‘f% - h‘f“%z,) th“)(ﬂgz,) —h3<s (o0) =
” 2 3, o ” 5 ”, ”
S o)== (S, ()~ f ()(2,'+z))=*h‘azw(fm;*)_*hS(Sn(le')_f (€9))
3 45 m 3

2 5 ”
—gh (ST )= " (110)), || <1

By using (4.0),the Lemma4.1(i) follows, the proof of the Lemma 4.1(ii-
V) are similar ,we only mention that

» 1 ” 5 ”,
h4S(4)( Xy ) = _7][( 21)+ f(tZL )~ f(x2[_2)+9h2f (t2[—2)+§h38n(x2[—2)+§h38n(x2[) ’
” 7 ” 1 ”
h4S,(,4’(t2,)=Ef(xz,)—Tf(tz,)+Zf(x2,+2)—3h2f (t,, )—fh"S (xz,)+fh35 (%5;5)°

18, (1) =6 () =9f (1) +3f (x,,) =4’ f (1) hSS ,(6;) = *hSS" 2 (%),

and
ro oy 28 41 _n 26, 8 16 5
hS, (t,) = 15 f(xz,-)+20f(t2,-) f(x2+2)+ hf ) 43hS( ) +t— 1 IShS( 2ic2)-

Proof of Theorem 1.2.

For 0<z<1, we have
Ap(2)+A1(2)+Ax(2)=1 ...(5.0)
Let xp;<x<Xp:42. On using (5.0) and (3.1) , we have obtain (5.1)

SY) = FP ) =(SP ()= £ a4, 2’h>+(S“”<x2,+z)

x—2ih

f(‘“(x))A( )+(S‘4)(t21 f(4)(x)Al(x 2ih, L1+L2+L3

From (2. 1) it follows that:
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‘Ao(x)‘SI , <1 and ‘Az(x)‘Sl

Since [0 =) +x-x,) "),
X0 <ALX,
Therefore ; (s ¢,y - 5 cona, <20

= (5%, = 9 (x,) = (x = )P (DA, 20,

On using Lemmad4.1 (ii) and|x - x, | < 21 , We obtain

L|< 106h (£, )+ Zth(S)H ...(5.2)
Slrmlarly,

L, \<—h (f )+2hH ..(5.3)
and

L= 0= £ (A

= (5, (0) = )+ ) = O () = (=) f T (). ...(5.3)

Form (2.2) we obtain

)= OO0 = 2 H D ()

Use this result and Lemma4.1 (iii) in (5.3) and we obtain

L, |< %h (f(s>;rjl_). ...(5.4)
Putting (5.2) — (5.4) in (5.1) we obtain

St (x) = £ (x)]< 3103954 hw (f‘“;;—) + 4h[e. -+-(5:5)
This proves (1.2) for r=4. To prove (1.2) for r=3,

since S0 - £ () = I (SO~ fOydr s Se )= F O 0. ...(5.6)

On using Lemma 4.1 (i) and (5. 6) we obtain

S0 - 100002 233

Which prove (1.2) for r=3, The proof of (1.2) for r= 2,since
S7 (6= f7(0) = j(s<3>(,> Fowya+ Sa )= 7 ().

(f(m )+ 8h2Hf<s>H-

and S7 (¢,,)— f” (t,,) =0.Thus
” 38959
ST ()= 1700 =00

Which prove (1.2) for r=2.
The proof of (1.2) for r= 1, since

Wof ",m—)+16h e

Sy ()= fl(x) = J'(S,(f’(t)— FE@ydr +S] (1) - (1)
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On using the result of this theorem for r=2 and Lemma 4.1(iv) we obtain
_This proves (1.2) for r=1.To

3509944

. . 1 ;
8700 = £ € S h () 320

prove for r=0, 8inCe 5 ()~ r(x)= [(S/() = f/(nd +5, (1) = f (1)

And clearly S, (z,,)— f(t,,) =0then

7019888 .
18225

since 2mh=1 then h=(1/2m) put it in above result we get:

S, (x) - f(x)|<12.036844993m w3y om |- This completes the
m

$,(x) = f(x)|s w5 L)+ 6an® ).
m

proof of Theorem1.2.

Conclusion

In this paper we conclude that some times change of the boundary
conditions and the class of spline function affect on minimizing error
bounds in the subject of lacunary interpolation by spline functions.
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