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Abstract 

 
       In this paper, we have changed the boundary conditions and the class of spline 

functions which are given by (Varma, (1973) from first derivative to third derivative, 

and  show that the change of the boundary conditions and the class of spline functions 

affecting in minimizing the error bounds for lacunary interpolation by spline function.     

 

Introduction  

     Spline functions are used in many areas such as interpolation, data 

fitting, numerical solution of ordinary, partial differential equations and 

also numerical solution of integral equations. Spline functions are also used 

in curve and surface designing (Siddiqi & Akarm, 2003)Lacunary 

interpolation by spline appears whenever observation gives scattered or 

irregular information about a function and it's derivatives. Also, the data in 

the problem of lacunary interpolation are values of the functions and of it's 

derivatives but without Hermite condition that only consecutive derivatives 

be used at each nodes (Varma, 1973). Mathematically, in the problem of 

interpolating a given data jia , by a polynomial )( xp n of degree at most 

n satisfying: 

     We have Hermite interpolation if for each i, the order j of derivatives in 

(1) form unbroken sequence, if some of the sequences are broken, we have 

lacunary interpolation Varma, obtained the error bounds for (0,2) lacunary 

interpolation of certain function by deficient quantic spline (Varma, 1973). 

In this paper we study the same lacunary interpolation, but the essential 

difference here being in the boundary condition and the class of spline 

function, in order to improve the state in which the change of the boundary 

condition and the class of spline function affect on minimizing the error 

bounds and this fact is the main object of this work. Similar idea used in 

(Mishra&Muthur, 1980; Saeed & Jawmer, 2005)   for (0,2,3) , (0,2,4) and  

)1...(.,...,2,1,0;,...,2,1,)( ,

)( mjniaxp jii

j

n ===
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(0,1,4) cases. For more about applications of spline functions, see (Bokhari, 

Dikshit& Sharma, 2000;Lenard, 1999; Siddiqi & Akarm, 2003)and for 

description our problem, let 1...0: 220 =<<<=∆ mxxx  be a uniform partition of 

the interval [0,1] with ,
2 m

i
x i = i=0, 2, …, 2m and n=2m+1. We define the 

class of spline function Sp(5,4,n) as follow  :  

     Any element ( ) ( )nSpxS ,4,5∈∆  if the following two conditions are 

satisfied:  

       
( )

( )

4

2 i 2 i 2

i S x C 0 1

ii S x is a p o lyn om ial o f degree  five

     in  each  [x x i 0 1  m 1

( ) [ , ]

( )

, ] , , , ...,

∆

∆

+

 ∈




= −

                                   …(1.0)  

In the subsequent section, we prove the following: 

 Theorem1.1: 

     Given arbitrary numbers ( ) ,2ixf ( ) ( ),2i

r tf  i=0,1,…,m-1; r=0, 2  and 

( ) ( ),, 20 mxfxf ′′′′′′  there exits  a unique spline Sn(x)∈ Sp(5,4,n) such that  

           

( ) ( )
( ) ( ) ( ) ( )

( ) ( ) ( ) ( )







′′′=′′′′′′=′′′
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iin

xfxSxfxS

rmitftS

mixfxS

2200
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,

,2,0 ;1,...,1,0,

,...,1,0,

                                   …(1.1) 

Theorem 1.2:  

     Let [ ]1,0
5

Cf ∈  and ( )∈xS n  ( )nS p ,4,5  be a unique spline satisfying the 

conditions of Theorem 1.1, then   

( ) ( ) ( ) ( )r r r 5 5 r 5 5

n

1
S x f x 12 0368449931 m w f  2m f  ,  r 0,1,2,3,4.

m

( )
. ( ; ) || |

− −− ≤ + =  

Where w ( ) )
1

;( 5

m
f  denotes the modulus of continuity of ( )5

f  and 

( ) ( )( ){ }10;max 55 ≤≤= xxff . 

 

Technical Preliminaries  

     If P(x) is a polynomial of degree five on [0,1] {because we want to 

construct a spline function of degree five}, then we have  

 

P(x)=P(0)A0(x)+P(
3

1
)A1(x)+P(1)A2(x)+ )

3

1
(p ′′ A3(x)+ P ′′′ (0)A4(x)+ P ′′′ (1)A5(x). (2.0)   

 

Where 
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In the subsequent section we need the following values: For f∈C
5
[0,1]we 

have the following expansions  

         +′′′+′′+′+=+ )(
3

4
)(2 )(2)()( 2
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2

2222 iiiii xfhxfhxfhxfxf ),(
15

4
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2i 2i 2i 2i 7 2i

2 2 4
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3 9 81
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)4(

2222 iiiii fhxhfxfhxfxf λ++′′′−′′′=′′′
−
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Proof of Theorem 1.1  

     The proof depends on the following representation of Sn(x) for 2ih ≤ x ≤  

(2i+2)h, i=0,1,…,m-1,we have 
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On using (3.0) and conditions 

).1()1(,)0()0( fSfS nn
′′′=′′′′′′=′′′                                                                      …(3.1) 

     We see that Sn(x) as given by (3.0) satisfies(1.0)and is quantic in[x2i, 

x2i+2], i=0,1,…,m-1. We also need to show that whether it is possible to 

determine 1,...,2,1,)( 2 −=′′′ mixS in  uniquely. For this purpose we use the fact 

that 1-m ..., 2, 1,i,)(x S )(xS -2i

(4)

n2i

(4)

n ==+ ; with the help of (3.0) and (3.1) 

reduce to (3.2) =′′′+′′′+′′′
+− )(

3

2
)(3)(

3

1
22

3

2

3
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)(9)(9)(
2

27
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4
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2

2

22
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 .1 ..., ,2 ,1, −= mifor                                                   

     But (3.2) is a strictly tri diagonal dominant system which has a unique 

solution (Kincaid&Cheney,2002) 177p. Thus )( 2 in xS ′′′ , i=1, 2…, m-1 can be 

obtained uniquely by the system (3.2) which establishes Theorem 1.1. 

 

Estimates 
     In order to prove the Theorem 1.2 we needs the following  

Lemma 4.0: 

     Let us write E2i= ,)()( 22 iin xfxS ′′′−′′′  then for f∈C
5
[0,1], we have 

(4.0)   max 2 5

2i

91 1
E h w f

30 m

( )( ; )≤  ,for i=1,2,…,m-1 . 

Proof:  
     Form (3.2) we have  

=′′′−′′′+′′′−′′′+′′′−′′′
++−− ))()((

3

2
))()((3))()((

3

1
2222

3

22

3

2222

3

iiniiniin xfxShxfxShxfxSh  

1,)
1

;(
15

91
)(

3

4
)(

3

2

)(
9

4
)(

9

32
)(

5

9
)(

45

1
)(

45

32
)(

5

18
)(

3

2

)(3)(
3

)(9)(9)(
2

27
)(

4

81
)(

4

27
)(

4

81
)(

4

81

1

)5(

1

5

2,8

)5(5

2,9

)5(5

2,7

)5(5

2,6

)5(5

2,1

)5(5

2,3

)5(5

2,4

)5(5

2,2

)5(5

22

3

2

3

22

3

2

2

22

2

22222222

≤=−−

−++−+−=′′′−

′′′−′′′−′′−′′−+−+−

+

−−−−+

ααλλ

λλλλλλ

m
fwhfhfh

fhfhfhfhfhfhxfh

xfhxf
h

tfhtfhxftfxftfxf

ii

iiiiiii

iiiiiiiii

    

     The result (4.0) follows on using the property of diagonal dominant 

(Kincaid & Cheney, 2002).   

Lemma 4.1 : 

  Let f∈C
5
[0.1] then  
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     By using (4.0),the Lemma4.1(i) follows, the proof of the Lemma 4.1(ii-

v) are similar ,we only mention that  
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Proof of Theorem 1.2. 
     For 10 ≤≤ z , we have  

A0(z)+A1(z)+A2(z)=1                                                                             …(5.0) 

Let x2i ≤ x ≤ x2i+2. On using (5.0) and (3.1) , we have obtain (5.1) 
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From (2.1) it follows that: 
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On using the result of this theorem for r=2 and Lemma 4.1(iv) we obtain 
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since 2mh=1 then h=(1/2m) put it in above result we get: 
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− ≤ +  This completes the 

proof of Theorem1.2. 
  

Conclusion  
     In this paper we conclude that some times change of the boundary 

conditions and the class of spline function affect on minimizing error 

bounds in the subject of lacunary interpolation by spline functions. 
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