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Abstract

This paper presents the symbolic analysis of the dynamic model of flexible robot arm. A
planar single flexible link is considered. The finite element method is used for dynamic modeling of
the system; the link is modeled as single finite element to simplify the problem. A symbolic
algorithm is developed using MatlLab program, general symbolic solution describing the dynamic
behavior of single link flexible manipulator is obtained; including two types of boundary
conditions, payload and frictional terms. The effect of physical parameters of the manipulator on the
characteristics of the system and the impact of their variation on the transfer function features of the
system are clearly shown by the symbolic algorithm presented in this paper.
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Nomenclatures

¢ : the shape function.

6, : the slope at the base end of the link.

v, : the vertical deflection at the end of the link.
0, :the slope at the free end of the link.

7 :the generalized forces vector.
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K : the generalized stiffness matrix.
M, :The generalized mass matrix.

N : gear ratio.

x : the distance along the beam.
t: time.

FEM: Finite Element Method.
RHP: Right half Plane (S-plane).

Introduction

Lightweight mechanical structures are expected to improve performance of robot
manipulators with typically low payload-to-arm weight ratio. The ultimate goal of such robotic
designs is to achieve fast and dexterous motion as opposed to slow and bulky motion of
conventional industrial robots. Although the transfer to applications of advanced research findings
in this field is still in its infancy, we believe that the realization of effective lightweight robots may
prove very promising in a number of innovative areas including manipulation with very long arms,
teleoperation, and space robotics (Alessandro De Luca 1991).

In order to fully exploit the potential advantages offered by lightweight robot arms, one
must explicitly consider the effects of structural link flexibility and properly deal with (active and/or
passive) control of vibrational behavior. In this context, it is highly desirable to have an explicit,
complete, accurate dynamic model at disposal. The model should be explicit to provide a clear
understanding of dynamic interaction and coupling effects, to be useful for control design, and to
guide reduction and/or simplification based on terms relevance.

First the symbolic forms of the equations similar to rigid manipulator equations would be
very useful in control studies since researchers are already familiar in dealing with rigid
manipulator control problems second even when the general form of the equations is available in
symbolic form , customized expansion of these equations is needed for dynamic-model-based real-
time control implementations so that the cancellations are already taken care of and the
computational requirements in real time is minimized. Expansion of the symbolic equations by hand
for a given manipulator my be very tedious and error prone. Therefore, it is desirable to also
automate the symbolic expansion using one of the symbolic manipulation programs (SMP,
MACSYMA, and MATHMATICA). These capabilities are available for rigid manipulators as a
result of studies reported in (Sabri 1992).

Several techniques have previously been developed for modeling of flexible robot
manipulators. These include solving the partial differential equation (PDE) characterizing the
dynamic behavior of a flexible robot manipulator using approximate modes (Park and Asada 1990)
and numerical analyses. The modeling results show that flexible manipulators have zeros in the
right half s plane (RHP), thus characterizing a non-minimum phase system (Tokhi et. al. 1999).
This further makes the control of a flexible manipulator complicated and imposes limitations on the
performance of the system. Therefore, this aspect needs to be further studied, as it will help with the
process of controller design.

The aim of the work presented in this paper is to investigate and analyze non-minimum
phase characteristic of single link flexible robot using a symbolic manipulation in matlab program.
In this work, the finite element (FE) method is used for dynamic modeling of the system. Using the
proposed symbolic manipulation approach, a general solution describing the dynamic behavior of
the manipulator can be obtained using the matlab program; the transfer function of the system
which SIMO (single input multi output) system was obtained by using the same symbolic
manipulation.
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Problem formulation

The flexible body dynamics of the system refer to the deflection of the beam from the
expected rigid body position. The equations for this motion can be determined using the Lagrange
equations and the assumed modes method (Mustafa et. al. 2009). If the deflection is assumed to be
the sum of the generalized coordinates multiplied by shape functions, the equations can be
determined by computing the generalized mass, generalized stiffness, generalized force, and
generalized moment. The generalized coordinates and shape functions can be determined using the
finite-element method FEM. This is less labor intensive than solving the Euler-Bernoulli beam
equation, which is a fourth order partial differential equation (Hastings and Book 1986).

The dynamic equation of motion of the system are derived using computer program new
functions which is derived symbolic or numeric form of mass, stiffness, and load matrices. two
different beam models was used in the matlab functions for modeling the flexible arm portion of
the system a clamped-free model, and a pinned-free model.

Figure 1-a shows single link flexible with pinned free boundary conditions, b shows single
link flexible with clammped free boundary conditions. For simplicity, the beam is modeled as a
single finite element. This is adequate since the system behavior is dominated by the first mode,
which is a relative simple shape function (Thomson 1998).

If a pinned-beam is modeled as a single finite element, there are three generalized
(independent) coordinates: slope of the beam at the hub, 8, the tip deflection, v, and the tip slope 6, .

The deflection of the beam at any point along its length is then:
Y1) = 6,(0)y (x) + v, (1), (x) + 6, (1), (x) (1)

Where ¢, , ¢, and ¢, are the shape functions and x is the distance along the beam. 6, ,v,
and 6, are coordinates of time only, and ¢, , @, and ¢, are functions of space only (distance, x).

For the clamped-free beam shown in Figure 1-b (modeled as a single finite element, there
are only two generalized (independent) coordinates: the tip deflection, v, and the tip slope&,. The
deflection of the beam at any point along its length is that:

Y1) =v,(0)g(x) + 6, (1) (x) 2)

Where ¢ and ¢, are the shape functions and x is the distance along the beam. Note that v,
and 6, are functions of time only, ¢, and ¢, are functions of space only.
The generalized mass, M, and generalized stiffness, K, are determined from these shape

functions. Knowing these values as well as the generalized forces 7 the equation for the flexible
body system is:

M, |, |[+B,|v, |[+K,|v, |=Q7 3)
6, 6, 6,

Where 6, =6,/ N , the form of this equation is depending on the type of boundary conditions
pinned or clammped (Mustafa et. al. 2009).

Symbolic algorithm

In this section, the procedure for the development of the symbolic algorithm is presented. To
study the relation between system parameters and non-minimum phase features, a system transfer
function based on a single element FE simulation of the system should be obtained and studied.
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Moreover, the effect of hub, payload, and friction forces are taken into accounts to show the effect
of nonlinear parameters on the dynamic equations and transfer function of the system.

As stated earlier using the FE method to solve dynamic problems of the flexible manipulator
gives elemental mass matrices for the n elements, which are assembled to obtain system mass and
stiffness matrices, M and K, and used in the Lagrange equation to obtain the dynamic equation of
the flexible manipulator as:

M|V, [+B;|v, [+K;|v, [=Q7 4)
6, 0, o,

The matrix differential equation in equation (4) can be represented in a state-space form
as(Mustafa et. al. 2009).:

x = Ax+ Bu
)
y=Cx
Where
_em_ _91 _
V) V)
62 62
X=|. 1|, y=|. |, and u=t=NT,
er m
‘}2 ‘.}2
_92 i 6, |
0., | 0 I/N 0,
A= . . ,B= » ,and C= (6)
MT KT MT BT MT Q 05><1 I

Where x,y,u,A,B,and C are the state vector, output variable, input variable, state matrix, input

matrix, and the output matrix; the equations above are for the pinned boundary conditions, the
vectors and matrices are derived in detailed in (Mustafa et. al. 2009). Solving the state-space
representation gives the system transfer function, these state space equations are also depends on
the types of boundary conditions whether it clammped or pinned, and may or may not the existence
of payload or frictional terms.

So in the MatLab program new functions are build to generate the dynamic equations of
motion and the state space form of single link flexible robot arm; these functions works depends on
the FEM procedure to find the mathematical model, by calculating the mass, stiffness, and
nonlinear terms matrices. These functions are works in group which all function should be in the
same path in the program to use it; the functions are summarized in the table No. 1.

Analysis Of The System Ccharacteristics

In this section, the system transfer function obtained from the state space form of the dynamic
model which is derived in the previous section. This transfer function is assessed to investigate the
non-minimum phase nature of the flexible manipulator system. This involves investigating
numerator of the transfer function and locations of system zeros. A system is a non-minimum phase
if one or more zeros lie on the (RHP).

The state space symbolic form of the dynamic model presented depends on the four above
program functions and from this symbolic form can easily find the transfer function of the system :
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Y(S) —1

G(s) 06) C(si-A)'B (7
where s is the Laplace variable and I is the identity matrix. Substituting for the matrices A , B, and
C from equation (6) into equation (7) and simplifying yields system transfer function with the FE
simulation incorporating a single element. The MatLab functions(mass, stiffness, mode_shape) is
used by the function (dyn_m) to create the dynamic model of single link flexible robot arm, the
introduction of this function is shown in Figure 2.

Figure 2 present the command window of the matlab program, where the help of the
function is showed, and the Figure 3 below shown the symbolic form dynamic model of the
clamped-payload B.C.'s of flexible robot arm.

From these matrices the state space form of the dynamic model can be obtained using the
code below :
>>syms L. m EI mp
[mt.kt,bt]=dyn_m1(0);
im=inv(mt);Q=[1 0 0];

A_21=im*kt;A_22=im*bt;
A=[zeros(3),eye(3);A_21,A_22];b_2=im*Q";
B=[000b_27}
C(1,1)=1/N;C(1,2:6)=0;C(2:6,1)=0;C(2:6,2:6)=eye(5);

This code using dyn-m1 function which is neglect the gear ratio, inertia of motor and shaft
gear, and the viscous friction; to derived the state apace form of the dynamic model (A, B, C)
matrices as shown in the Figure 4.

And now by use the equation (7) the transfer function of the system can be derived using the
matrices above. The transfer function of this system which is SIMO system is fairly complicated
due to the number of output from the system of single input, the transfer function in this example is
chosen between input torque (z) , and the output ().

6(s) 300(mL +12m,)
G( ): =712 3
t(s)  (s’m—EI)* L *(mL+15m,) .
900EI *m, ®

- (ssz+1552mp —EI >"L)>"(s2171—EI)”‘L2 >X<(mL+15mp)

The system transfer function obtained above is assessed to investigate the non_minimum
phase nature of the flexible manipulator system. This involves investigating numerator and
denominator of the transfer function and locations of system poles and zeros. A system is a non-
minimum phase if one or more zeros lie on the RHP; the pole-zero map is shown in Figure 5 below
for the different value of system parameters, the location of the poles and zeros of the system was
changed with decreasing the values of the mass per unit length, length of the link, and payload with
the same cross section area.

Conclusion

A symbolic manipulation for investigation of non-minimum phase characteristic of a flexible robot
manipulator has been developed using the matlab program. It has been demonstrated that the
algorithm gives a symbolic or numeric general solution of the system dynamic model. The way
using of program is presented through the symbolic example. The transfer function of the system
was derived symbolically to explain the effect the system parameters. Furthermore, relation
between physical parameters, location of system zeros and non-minimum phase characteristics of
the system has been obtained and discussed.
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Table 1. Matlab Functions

No. Function Description
1. dyn_m this function create dynamic model for single link flexible robot arm.
2. dyn_m1 this function create dynamic model for single link flexible robot arm

without including and inertial terms of shaft and arm.

3. mass function mass generate mass matrix of flexible robot arm.
4. stiffness function stiffness generate stiffness matrix of flexible robot arm
5. | mode_shape This function generates the mode shape of the flexible link.
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Figure 1-b clamped free beam deflection in the x-y plane.

== help Dyn_m

This function create dyvnamic model for single link flexible robot arm.

The mass, stiffness,and damping matrices of model was created.

The modeling is based on the finite element method (FEM).

The value of ¢ must be '0’ for pinned or '1" for clamped B.C.'s.

The values of ¢,L.m.EI are type of boundary conditions, Jength of the link,
mass of the link,and Modulus of elasticity multiplied by moment of inertia.
The values of N,Jm,Jg2.bm,bs are the gear ratio,the moment of inertia of
the motor, the moment of inertia of arm gear, the viscous friction of the motor
the viscous friction of the gear arm.

Ex.

[m.k.b]=dyn_m(0);

this example present the symbolic form dynamic model of pinned B.C.'s

Figure 2. Matlab Command window dyn_m function help

Y.
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== [m,k,b]=dyn_m(0)

m =

[ 1/105*m*L"3+Jm*N+Jg2/N, 13/420*m*L"2, 1/140*m*L"3]
[ 13/420*m*L"2, 13/35*m*L+mp, “11/210*m*L"2]

[ 1/140*m*L"3, 11/210*m*L"2, 1/105*m*L"3]

k=

[ 1/105EIL"3, 13/420°EI*L"2, -1/140°EI*L"3]
[ 13/420°EI*L"2, 13/35°EI°L,-11/210"EI*L"2]
[ -1/140°EI*L"3, -11/210°EI"L"2, 1/105"EI*L"3]

b=

[N*bm+bsN, 0, 0]
[ 0, 0, 0]

[ 0, 0, 0]

Figure 3. Matlab Command window dynamic equation matrices

AR
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== pretty(B)

[

[

[

[

[

[

[ mL+12mp ]
[300 1
[ 3 ]

[ mL (mL+15mp)]
[

[

[

[

[

[

[

[

[

]

30 ]
——— ]
L(mL+15mp) ]

]
I3mL+9 mp ]
30 1
3 |
mL (imL+15mp)]

(=R R —
=T R ]
coo oo
== — N — i —]
[ e R e e Y e
- o o oo

Yy
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== pretty(A)

[0,0,0,1,0,0]

[0,0,0,0,1,0]

[0,0,0,0,0,1]

[ (mL+12mp)EI 13 LEI (13 m L + 90 mp) EI

[20/7 + - -3/14 \

[ m(mL+15mp) l4dmL+15mp m (m L + 15 mp)
(mL + 12 mp) EI El (13m L + 90 mp) EI

65/7 + 78/7 ————— - 1177 R
mL(mL+15mp) mL + 15 mp mL (m L + 15 mp)

(mL + 12 mp) EI LEI (13 m L + 90 mp) EI
-1 — -117 +2/7

m (m L + 15 mp) mL+15mp m (m L + 15 mp)

]

0,0,0]
]
[ LEI ]
[l] _______ :-[I:[I:[I:{I]
[ mL+15mp ]

[ (13mL+90 mp) EI LEI 15(13 mL + 48 mp) EI

[2/7 +13/4 -

[ m(mL+ 15 mp) mL+15mp 28 m(mL+15mp)

13 (13 m L + 90 mp) EI EI  55(13mL+48 mp) EI

+39 -

14 mL(mL +15 mp) mL+15mp 14 mL(mL+15mp)

(13mL + 90 mp) EI LEI
-3/14 -11/2 ——— -
m (m L + 15 mp) mL+15mp

(133mL + 48 mp) EI ]
+ 5/7 ,0,0.0]
m (m L + 15 mp) ]

Figure 4. Matlab command windogwy State-Space matrices.
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Pole-Zero Map
1 \ \ \ \
I
System: g System: g i System: g
051 Pole : -0.4 Zero : 0.257 Pole : 1
’ Damping: 1 Damping: -1 Damping: -1
@ Overshoot (%): 0 Overshoot (%): 0 Overshoot (%): 0
z Frequency (rad/sec): 0.4 Frequency:(rad/sec): 0.257 Frequency (rad/sec): 1
e ——— X-==-0------- e O X
% System: g System: g ! System: g
£ Pole : -1 Zero:-0.257 Pole : 0.4
050 Damping: 1 Damping: 1 | Damping: -1 i
| Overshoot (%): 0 Overshoot (%): 0 Overshoot (%): 0
Frequency (rad/sec): 1 Frequency (rad/sec): 0.257 Frequency (rad/sec): 0.4
t
4 \ \ \ \ | \ \ \ \
-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1
Real Axis
m=1;mp=0.35;L=1;El=1;
Pole-Zero Map
1 \ \ \
I
System: g2 System: g2 i System: g2
051 Pole : -0.385 Zero:0.276 | Pole : 1.15 |
’ Damping: 1 Damping: -1 1 Damping: -1
@ Overshoot (%): 0 Overshoot (%): D Overshoot (%): 0
z Frequency (rad/sec): 0.385  Frequency (rad/§ec): 0.276 Frequency (rad/sec): 1.15
FuN (| S Xomm e X -0--- -~ e O X - X === —
% System: g2 System: g2! System: g2
£ Pole :-1.15 Zero:-0.276 Pole : 0.385
05 Damping: 1 Damping: 1| Damping: -1 i
’ Overshoot (%): 0 Overshoot (%): 0 Overshoot (%): 0
Frequency (rad/sec): 1.15 Frequency (rad/sec): 0.276  Frequency (rad/sec): 0.385
t
4 \ \ | \ \
-15 -1 -0.5 0 0.5 1 1.5
Real Axis

Figure 5. pole-zero-map for the system
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m=0.75;mp=0.3;L=0.75;El=1;




