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A descent modified Hager-Zhang conjugate gradient method and
                               its global convergence
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Abstract
In this paper,  based on the memoryless BFGS quasi-Newton method,

we propose a new modified Hager-Zhang (HZ) type method. An
attractive property of the proposed method is that the direction generated
by the method is always a descent direction for the objective function.
Moreover, if the exact line search is used, the new method reduces to the
ordinary HS method. Under appropriate conditions, we show that the
modified HZ method is globally convergent for convex and general
functions. Numerical results are also reported.

وتقاربھا الشمولي(HZ)یقة التدرج المترافق المعتمدة على تحسین طر

الملخص
، اقترحـت طریقـة جدیـدة BFGSتقلـیص الـذاكرة لطریقـة هـذا البحـث علـى خاصـیةاعتمد 

إلــى بالنــسبةالطریقــة تحــتفظ بخاصــیة المتجــه الــسلبي . Hager-Zhang (HZ)لتحــسین طریقــة 

اســـتخدام خـــط البحـــث المـــضبوط فـــأن الطریقـــة الجدیـــدة تعـــود إلـــى طریقـــة فـــضلا عـــن دالـــة الهـــدف 

Hesttenes-Stiefel (HS)  القیاسـیة، وباسـتخدام بعـض الـشروط تـم إثبـات أن الطریقـة الجدیـدة

لطریقــة النتــائج العملیــة أثبتــت كفــاءة ا. تحقــق شــرط التقــارب الــشمولي لكــل الــدوال المحدبــة والعامــة

.المقترحة
1- Introduction.

We consider the unconstrained nonlinear optimization problem:
     Minimize f(x), nRxÎ (1)
where RRf n ®: is smooth, nonlinear function whose gradient will be
denoted by g. nonlinear Conjugate Gradient (CG) method is one of the
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effective methods for solving unconstrained nonlinear optimization
problem (1), its iterative formula is given by:
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î
í
ì

³+-
=-

=
+

+
+ 1

0

,1

1
1 kifdg

kifg
d

kkk

k
k b

(3)

Where kd  is the search direction, ka  step-length which is computed by
carrying out a line search.
The main step-length rules are as follows:
1. Armigo-Goldenstien rule. Find  an ka >0 such that

k
T
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2. Weak Wolfe-Powell rule (WWP). Find an ka >0 satisfying (4) and
)1,(,)( dssa Î³+ k

T
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T
kkk dgddxg (6)

3. Strong Wolfe-Powell rule (SWP). Find an ka >0 satisfying (4) and
)1,(,)( dssa Î-£+ k

T
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T
kkk dgddxg (7)

See  (Hong  &  et  al,  2009),  where kb  is a scalar and kg  denotes )( kxg .
There are some famous formulas for kb  such as
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where kkk ggy -= +1  and .  denote the Euclidean norm.
Hager-Zhang (Hager & Zhang, 2005) proposed a new formula as follows:
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Obviously, formula (12) can be rewrite as:
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With exact line search, the method reduces to a nonlinear version of the
Hestenes- Stiefel CG- scheme. Moreover, kd  satisfies 2

8
7

kk
T
k gdg -£ .

This method can be regarded as a modified HS method.
Hager and Zhang proved that this method with the Wolfe line search
converges globally (Hager & Zhang, 2006). Other interested results about
the global convergence of CG methods can be found in (Dai & Yuan,
1996),( Dai, 1988), (Sun & Zhang, 2001) and (Liu & et al, 1995).
   Our paper is organized as follows: In section 2 we defined the
memoryless BFGS method. In section 3 we first derived the new
modified of the HZ method and present a new algorithm, the sufficient
descent property of new algorithm is also proved in this section. In
section 4, we establish the global convergence of the new algorithm for
the convex and general functions. The preliminary numerical results are
contained in section 5.

2- The memoryless quasi-Newton method.
    In order to introduce our method, let us simply recall the well-known
BFGS quasi-Newton method. This type of method was suggested for the
first time by Perry (Perry, 1978), he noted that in eq.(3) the scalar kb  was
chosen to make kd  and 1+kd  conjugate using an exact line search, since, in
general, line search is not exact, Perry relaxed this requirement and he
rewrote eq.(3) where kb  is defined by (10) in an equivalent form, but
assuming inexact line search, thus he obtained:

11 ++ ú
û

ù
ê
ë

é
--= k

k
T
k

T
kk

k g
yd
yd

Id (14)

but this matrix is not of full rank; hence he modified (14) as:
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11 ++-= kk gQ (15b)
where kkk xxs -= +1 . Then  (Shanno, 1978) addressed the issue that (15b)
does  not  satisfy  the  actual  QN-  condition,  so  he  modified  it  in  order  to
make it do so, he then obtained
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This new form of the projection matrix /
1+kQ   has a special relationship

with the BFGS update formula which is defined by (Dennis & More',
1974, 1977) and (Al-Bayati,1996)
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It is easily seen that (16) is equivalent to (17) with kH  replaced by I (i.e.
if IH k º , where I is the identity matrix) then the above BFGS method
becomes the memoryless BFGS.
The CG-method, which is referred to as a memoryless BFGS method,
defined by

1
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The above equality can be rewritten in the following equivalent form:
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for more details see (Zhang, 2006) and (Zhang, 2009),
since kkkkk dxxs a=-= +1 , then (20) is equivalent:
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equation (21) introduce a new CG- method:
( )kkkkkkk sydgd -++-= ++ qb11 (22)

Where
( )

( ) ú
ú
û

ù

ê
ê
ë

é
-= ++

2
1

2
1

k
T
k

k
T
kk

k
T
k

k
T
k

k
yd

dgy
yd
yg

b (23)

 and
k

T
k

k
T
k

k yd
dg 1+=q (24)

If we use exact line search (21) reduces to the standard HS method.
(Zhang, 2009) replace term k

T
k yd  in (21) by ( )k

T
k gd-  and define a new LS

type CG-method defined by:
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he called the method (2) with (25) as a new LS (MLS) method.
It is clear that the MLS method reduces to the standard LS method if
exact line search is used since, this line search ensure 01 =+ k

T
k dg .
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3- A new Hager- Zhang conjugate gradient (MHZ) method.
    (Al-Bayati, 1991) investigated another family of QN- method for
which the updating matrix 1+kH  was defined by:
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The above updating formula generates positive definite matrices. If we
use memoryless (i.e. IH k º ) then the above matrix is defined by:
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equation (32) represent a new HZ type define by:
kkk

HZ
kkk ydgd qb ++-= ++ 11 (33)

where HZ
kb  is defined in (12) and
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(33) as MHZ.
  Now, we present concrete algorithm as follows:

3.1 Algorithm of the MHZ method.
 Step 1: set k=1, kkk ggd /-= .
Step 2: set kkkk dxx a+=+1 , where a is a scalar chosen in such a way that

kk ff <+1 .
Step 3: check for convergence, i.e. if <Î+1kg , where Î is a small positive
            tolerance, stop.
step 4: otherwise, if (k=n), or 111 2.0 +++ ³ k
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           Compute the new search direction defined by:
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          set k=1, and go to step 2. Else, set k=k+1.
Step 5: compute the new search direction defined in (33) and go to step 2.
Next, we will establish the search direction defined by (32) always yield
descent direction.

3.2 Theorem
      Let { } { }11 ++ kk dandx  be generated by the new HZ (MHZ), then we have
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Which satisfy the sufficient descent condition.

4- The global convergence of MHZ method.
   In order to establish the global convergence result for the MHZ, we will
impose the following assumptions of f, which have been used often in the
literature to analyze the global convergence of CG methods with inexact
line search.
Assumption (A):

(i) the level set { }nRxxfxfx Î£=W ),()(/ 0  is bounded.
(ii) In some neighborhood N of W , f is differentiable and its

gradient g is Lipschitz continuous, namely, there exists a
constant L>0, such that
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WÎ"-£- yxyxLygxg ,,)()( . (36)
The  above assumption implies that there exists 0>g , such that

WÎ"£ xg k ,g (37)

4.1 Theorem
   Suppose that the Assumption (A) holds and consider any CG methods
(2) and (3), where the direction 1+kd given by (32) is a descent direction
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Now to prove that the new algorithm is global convergence for general
function, we establish a bounded for the change ( )kk ww -+1  in the
normalized direction kkk ddw /= , which we will use to conclude, by
contradiction, that the gradients cannot be bounded away from zero
(Nocedal & Glibart, 1992).

4.2 Lemma
   Suppose that Assumption (A) holds, consider the method (2)-(3), with

0³kb , and the line search satisfying the Zoutendijk condition and the
sufficient descent condition if (37) holds, then 0¹kd and
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From (3), we have for 1³"k
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 Using the identity 11 ==+ kk ww and (43), we have

kkkkkkk wwrwrwu -=-= +++++ 11111 (44)
(the last equality can be verified by squaring both sides). Using the
condition 01 ³+kr , the triangle inequality, and (44), we obtain
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Now, using SWP and (37), we get
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Now, by taking the summation of the first part of equation (42),we
obtain
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The above inequality with (45) completes our proof.

Property (*):
   Consider a method of the form (2)-(3), and suppose that

gg ££< kg
_

0 , (46)
for all 1³k . Under this assumption we say that the method has property
(*) if there exists a constant b>1 and l >0 such that for all k:

,bk £b (47)
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s kk £Þ£- bl (48)

See (Nocedal& Glibart , 1992).
   We use this property to show that asymptotically the search directions
are generated by the Algorithm (3.1) where kb  is defined by (32) change
slowly.
4.3 Lemma
   Suppose that the Assumption (A) holds. Consider the CG-algorithm
(3.1), and ka  is  obtained  by  the  SWP,  and  for  all 0³k , there exists the

positive constant
_

g  such that
_

g³kg , then the new algorithm (3.1) has
property (*).
Proof:

  It follows from the definition of MHZ
kb , the second SWP and (46)
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Without loss of generality we can define b such that b>1. let us define
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Obviously, if l£-1ks , then from (49) we have
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Therefore, for b and l  are defined in (49) and (50), respectively, it
follows that the relations (46) and (47) holds.
    It is clear that many other choices of kb  give rise to algorithm with
property (*). For example, if kb  and { }0,max kk bb =+ .
The next Lemma shows that if the gradient is bounded away from zero,
and if  the method has property (*),  then a fraction of  the steps cannot be
too small. Therefore, the algorithm makes a rapid progress to the
optimum. We let *N  denote the set of positive integers, and for l  >0, we
define the set of index

{ }ll ³-D+££Î= -D 1
*

, ,1: kk skikNiK , (52)
the following Lemma is similar to Lemma 3.5 in (Dai, 2001) and Lemma
4.2 in (Nocedal & Glibart, 1992).

4.4 Lemma
  Suppose that all Assumptions of Lemma 4.4 are satisfied. Then there
 exists a l  >0 such that for any *NÎD and any index 0k , there is a greater
index 0kk ³  such that 2/, D>D

l
kK .
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The prove of Lemma is similar to Theorem 3.6 in (Dai, 2001) or to
Theorem 3.2 in (Hager & Zhang, 2005) and the proof is omitted here.
4.5 Theorem
  Suppose that Assumption (A) holds. Consider the method (2)-(3) with
the following three properties:
(i) 0³kb  for all k;
(ii)  the line search satisfies the Zoutendijk condition (38), and the
       sufficient descent condition (35);
(iii) Property (*) holds.
      Then 0inf =

¥® kk
gLim , for more details see (Nocedal & Glibart, 1992).

i.e.  the  new  algorithm  (3.1)  with MHZ
kb is satisfying the global

convergence.
5- Numerical results
     In this section, we compare the performance of the new method MHZ
on  a  set  of  test  functions.  The  cods  were  written  in  Fortran77  and  in
double precision arithmetic. Our experiments are performed on a set  of
(25) nonlinear unconstrained test functions. These test functions are
contributed in CUTE (Bongratz & et al, 1995) and (Andrei, 2008).
All these algorithms are implemented with strong Wolfe Powell line
search conditions (4) and (7), with 9.0001.0 == sd and .  In  all  these
methods terminate when the following stopping criterion is met:

5
1 101 -
+ ´<kg (53)

We record the Number Of Iterations calls (NOI), the Number Of Function
evaluations calls (NOF), and  the dimensions of test problems calls (N),
for the purpose of our comparisons.
    In Table (1), we compare some numerical results for Shanno and MHZ
methods. In order to summarize our numerical results, we are concerned
only with the total of N different dimensions, N=100, 500, 1000, 5000,
10000 and 50000.
  In Table (2), we compare the percentage performance of the new MHZ
against Shanno Methods for the total of our 25 test functions. While in
Table (3) we compare between Shanno ,  Hestenes and Stiefel (HS),
Hager-Zhang  (HZ) and Modified Hager- Zhang  (MHZ) methods for the
total of  N different dimensions [N=100,  1000 & 10000] for each test
function.
   From these three tables we see that for more test functions the MHZ
method are really much better than others.
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Table (1): comparison between Shanno and MHZ methods for the total of N different dimensions
                   [N=100, 500, 1000, 5000,10000 & 50000] for each test function.

Test
    functions

A 3-Terms
Method
(Shanno)

  NOI/NOF

A 3-Terms
   New
Method
  (MHZ)
 NOI/NOF

Test
      functions

A 3-Terms
Method
(Shanno)

  NOI/NOF

A 3-Terms
   New
Method
  (MHZ)
 NOI/NOF

Extended
Block diagonal 288/618 213/494

   Diagonal
        (5)  17/71 17/71

Extended
   Cliff  46/212   46/212

Extended
Trigonometric  66/195 67/197

Extended
    Beale 57/179  61/194

Extended
    PSC1  51/417   47/135

Generalized
Tridiagonal
       (1)

  114/266 120/277 Himmelblau
    (CUTE)

  100/1445   99/1442

QUARTC
    (QF2)
  (CUTE)

  34/121 34/121      Cubic   94/289 87/278

Strait   36/125 35/123        Fred 48/161 51/142
Extended
Tridiagonal
       (1)

  50/202   50/206
   Extended
White & Holst   94/289   87/278

Generalized
Tridiagonal
       (2)

   244/520   239/507   DQDRTIC
   (CUTE)

30/107 30/106

DIXMAANA
   (CUTE)   29/94 28/94

Diagonal
     (6)  12/63   12/63

DIXMAANB
   (CUTE)   30/110 30/110 Rosenbrock   179/467    173/464
 Diagonal
     (4) 12/63 12/63     Wolfe   374/814   370/801
    Cosine
    (CUTE) 50/139 50/139

Extended
Rosenbrock  179/476  173/464

Extended
  Powell 281/802 278/801   TOTAL 4720/12653 4651/12275

Table (2) :percentage performance of the new MHZ against Shanno
                                       Methods for the total of our 25 test functions.

     Tools Shanno method MHZ method
       NOI       100 %        98.5 %
       NOF       100 %        97.0 %

Table (3): between Shanno ,  Hestenes and Stiefel (HS), Hager-Zhang  (HZ) and Modified Hager-
                Zhang  (MHZ) methods for the total of N different dimensions [N=100,  1000 & 10000]

         for each test function.
Test
    functions   N

Shanno
    Method
 NOI/ NOF

HS
    Method
  NOI/ NOF

HZ
    Method
  NOI/ NOF

MHZ
      Method
  NOI/ NOF

Extended
Block diagonal (1)

100
1000
10000

  56/ 116
  51/ 107
  52/ 112

 57/ 118
 54/ 113
 52/ 112

 35/ 74
 59/ 123
 50/ 109

 52/108
 24/ 37
 17/ 48

Extended
   Cliff

100
1000
10000

   6/ 26
   7/31
   8/37

  6/ 26
  7/ 31
  7/ 40

  8/ 33
  8/ 36
  7/ 34

  8/ 33
  6/ 28
  8/ 35

Extended
    Beale

100
1000
10000

 10/ 32
 10/ 31
 8/ 28

 10/ 32
 10/ 31
 8/ 28

10/ 31
 10/ 31
 8/ 28

 9/ 27
  9/27
 8/ 28

Generalized
Tridiagonal (1)

100
1000
10000

19/ 42
19/ 44
19/ 46

20/ 45
20/ 47
19/ 46

19/ 42
19/ 44
19/ 45

20/ 44
20/ 46
20/ 47

  QUARTC (QF2) 100  87/ 179 81/ 168 78/ 161 83/ 171
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      (CUTE) 1000
10000

315/ 636
1131/2270

334/ 675
1093/2194

287/580
1049/2106

282/570
982/1972

    Strait
100
1000
10000

 6/ 18
 6/ 21
 6/ 22

 6/ 18
 6/ 21
 6/ 22

6/ 18
 5/ 21
 6/ 22

6/ 18
 5/ 21
 6/ 22

    Extended
Tridiagonal (1)

100
1000
10000

 9/ 30
 8/ 33
 9/ 43

 9/ 30
 9/ 31
 9/ 43

9/ 30
 8/ 33
 9/ 42

9/ 30
 8/ 33
 9/ 42

Generalized
Tridiagonal (2)

100
1000
10000

35/ 73
38/ 82
42/ 90

36/ 75
38/ 82
41/ 89

42/ 87
40/ 84
42/ 90

36/ 85
40/ 84
39/ 83

DIXMAANA
   (CUTE)

100
1000
10000

 4/ 12
 4/ 15
 5/ 17

 4/ 12
 4/ 15
 5/ 17

 4/ 12
 4/ 15
 5/ 17

 4/ 12
 4/ 15
 5/ 17

DIXMAANB
   (CUTE)

100
1000
10000

5/ 15
5/ 23
5/ 18

5/ 15
5/ 23
5/ 18

5/ 15
5/ 23
5/ 18

5/ 15
5/ 23
5/ 18

   Diagonal
       (4)

100
1000
1000

2/ 8
2/ 10
2/ 12

2/ 8
2/ 10
2/ 12

2/ 8
2/ 10
2/ 12

2/ 8
2/ 10
2/ 12

    Cosine
    (CUTE)

100
1000
10000

 8/20
 8/22
 9/ 25

 8/20
 8/22
 9/ 25

 8/20
 8/22
 9/ 25

 8/20
 8/22
 9/ 25

  Extended
    Powell

100
1000
10000

49/ 121
50/ 142
53/ 163

46/ 123
52/ 157
44/ 129

32/ 86
47/ 136
59/ 160

50/ 147
23/ 71
63/ 181

Diagonal
     (5)

100
1000
10000

 3/ 10
 2/ 10
 3/ 13

3/ 10
 2/ 10
 3/ 13

3/ 10
 2/ 10
 3/ 13

3/ 10
 2/ 10
 3/ 13

Extended
Trigonometric

100
1000
10000

11/30
11/ 32
11/ 34

11/30
11/ 32
11/ 34

11/30
11/ 32
12/ 36

11/30
11/ 32
11/ 34

Extended
    PSC1

100
1000
10000

8/ 21
8/ 22
8/ 24

8/ 21
8/ 22
8/ 24

8/ 21
8/ 22
8/ 24

8/ 21
8/ 22
8/ 24

Himmelblau
    (CUTE)

100
1000
10000

15/122
23/ 233
17/ 242

14/ 114
24/ 218
11/ 181

18/ 150
21/ 213
11/ 184

14/ 112
22/ 223
20/ 277

   Cubic
100
1000
10000

16/ 45
16/ 46
16/56

16/ 45
16/ 46
16/56

16/ 45
16/ 46
13/49

16/ 45
16/ 46
13/50

       Fred
100
1000
10000

 8/ 24
 8/ 28
 8/ 27

 8/ 24
 8/ 25
 8/ 27

 9/ 25
 9/ 25
 8/ 27

 6/ 17
10/ 26
 8/ 22

   Extended
White & Holst

100
1000
10000

16/ 45
16/ 46
16/ 56

16/ 45
16/ 46
16/ 56

16/ 45
16/ 46
13/ 49

16/ 45
16/ 46
13/ 50

  DQDRTIC
   (CUTE)

100
1000
10000

 5/ 15
 5/ 17
 5/ 19

 5/ 15
 5/ 17
 5/ 19

 5/ 15
 5/ 17
 5/ 19

 5/ 15
 5/ 17
 5/ 19

   Diagonal
       (6)

100
1000
10000

 2 /8
 2/ 10
 2/ 12

 2 /8
 2/ 10
 2/ 12

 2 /8
 2/ 10
 2/ 12

 2 /8
 2/ 10
 2/ 12

  Rosenbrock
100
1000
10000

30/ 78
29/ 77
30/ 81

30/ 78
29/ 77
30/ 81

33/ 83
32/ 85
32/ 88

30/ 76
27/ 73
30/ 82

    Wolfe
100
1000
10000

65/ 136
62/ 132
60/ 133

71/ 149
64/ 137
69/ 150

70/ 146
62/131
58/ 125

69/ 144
57/121
60/ 132

Extended
Rosenbrock

100
1000
10000

30/ 78
29/ 77
30/ 81

30/ 78
29/ 77
30/ 81

33/ 83
32/85
32/ 88

30/ 78
27/ 73
30/ 82
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