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ABSTRACT

Our aim in this search is to find the values of separation constant (A) for the complete

solution without using any conditions for some classified of the linear second order partial
: : : . : A’ ?

differential equations for all cases which contains the case A, =TZ or A, :AlT or

B . . . . .
B, = Tl since that is not easy to find the values (A) without using any conditions for an

application homogenous linear partial differential equations (L.P.D.Es) which is solving by
separation of variable method.
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1- INTRODUCTION

One of the power full methods of generating asset of solutions for a given homogeneous linear
partial differential equations is the method of separation variables.

The dependent variable in separation variable is assumed to be a product of functions and by
finding the partial derivatives in the original partial differential equations by this method we obtain
ordinary differential equations are independent of each other, and each ordinary differential
equation must be affixed to constant (separation of constant) which is supposed to be(A) and by
substituting initial and boundary conditions we obtain the values of separation constant (1) .

We could find in the complete solution order linear partial differential equations by using the
assumptions [2]:

YD gy v(y)dy u(x)dx+ Mdy
(X, y) = o ! 2(x,y) = eJ x and
J‘deﬂ.wdy
Z(x,y)=e * 7 ,
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which are converted linear partial differential equations of second order to linear ordinary
differential equations of first order, and classified linear partial differential equations to many cases.
A’ A

In this search we take all cases which is concerned the case A, = Ve or A = Ve or B,=—

for finding (A ) without using any conditions.

2- Basic Definitions [1]

2-1 Definition
A partial differential equation is an equation that contains partial derivatives.

2-2 Definition
The equation whose derivatives of the first degree are not multiplied together , is called linear
partial differential equation.

2-3 Definition

The equation whose partial derivatives are equal in the order , is called with homogeneous terms
linear partial differential equation.

3-Extension of Linear Second Order Partial Differential Equations

The linear second order partial differential equations, which have the general form

A(x,Y)z, +B(X,Y)z,, +C(X,¥)z,, + D(X,¥)z, + E(X,¥)z, + F(X,y)z=0...(1),

where some of A(X,y), B(X,¥),C(x,y),D(x,y),E(x,y) and F(x,y) are functions of x or y or
both x and y .

In order to find the complete solution of the equation(1), in[2] search function u(x)

and v(y) such that the assumptions

LICIF v(y)dy u(x)dx+ Mdy
(X, y) = e ! ,oz(xy)= eJ " and
J.Mdmjwdy
z(x,y)=e % 7 ,

represent the complete solution of the equation (1).

4- Classified and Complete Solution of Second Order Linear Partial Differential Equations

Case 1:
Ax*z, +Dxz, +Cz, +Ez, +Fz=0---(2),

(ieB=0)
>A,D,,C,E and F are constants and not identically zero.
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dex+jv(y)dy
The assumption  Z(X,y) =e" * .3,

represents the complete solution of equation (2),
this assumption will transform the equation(2), to first ordinary differential equation by finding

ZyyZy,Zy and z,, from the equation (3), and substitution the above partial derivatives in
equation(2), we get

A (Xu’(X) +Uu?(X) —u(x)) + Du(x) + C(v'(y) +V>(y)) + Ev(y) + F =0...(4)
the equation (4), is of the first order ordinary differential equation and contains two independent
functions u(x) and v(y), then the complete solution of equation(2),is given by :

B / ,/7, [ [
i) z(X, y)—x 2 e |ax +a2 (d Cc0s,/B, ——y+d sin,| B, ——y}f

A’ B,
—F and B,  —
4 A 27 4

ﬁ _Bl ——A3 _ Aiz_
ii) Z2(x,y)=x2e?’ ax'* o +ax '

(y—c,)

2

A’ B,
If —2— % and B, =—*
4 A 24

e By B, B,
iii) z(xy)=x?e?"\d,cos /B, = -y+d,sinyB, -~y (n(c,x)) , (c,x)>0

2 2

A B
If —2-=A and B, %
4 A 274

iz il
iv z(X,y)=kx 2 e ? (y—cz)ln(c4x) , (€,x)>0

2

2
If AZT:A3 and B, =

_ 92 2
whereAZ:%—l,AS:T}L,BZ:FJCF:/1 and Blzg

and 4,a,,d;,(i=12),k, =e%,c, and c,are arbitrary constants
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Case 2:

Az, +Dz,+Cy’z, +Eyz, + Fz=0---(5),
(ieB =0)

> AB,C,,E, and F are constants and not identically zero.

.[u(x)dx+jwdy
The assumption z(x,y)=¢e y ...(6),
represents the complete solution of equation (5),
this assumption will transform the equation(5), to first ordinary differential equation
then the complete solution of equation (5) is given by :

B A, 5 g, _ EL,
2(x,y)=y % e 2 i +a,y N {d cos,/A x+d sm,/Az—xJ

2

E--8,)20

i)

2 2
Az;tAiT and BTl;t B,

iy Z(xy)= y?e:1 dlcos]/A2 —Aszx+d2 sinW/A2 —Aisz](ln cy);(cy) >0

2 2
If A2¢AiT and BleBZ

a8

iii) 2(X,Y) = yzez (X Cy) ay

2
If AZ:AlT and ——#B,

B A
iv) zZ(x,y)=ky?e? (x c,)(Incy); (cy) >0

A’ B,’
fA=—"-— and =B
A, 4 L B
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2 Y
where Alz%,Azz%,BzchﬂL and Bl=%—l
1 1

and 4,a,,d,,(i=12),k, =e%,c, and care arbitrary constants

Case 3:

AX?z, +Dyxz, +Cy*z, +Eyz, +Fz=0---(7),

(i.eB =0)
> A,B,,C,,E,,andF are constants and not identically zero.

[4 %, [ YD)y

The assumption  Z(X,y) =€  * Y (8),

represents the complete solution of equation (7),

this assumption will transform the equation(7), to first order ordinary differential equation,
then the complete solution of equation (7) is given by:

i)
Y A7 N B g, N
zZ(x,y)=x 2 yz(alx 4 A3+a2x 4 AGJ(dly a +d,y "4 B}
2 2
(ATZ—AS)ZOand(BTl—BZ)ZO
2 2
IfA3¢AZT and BTl;tBZ

i) z(x,y)=x2y?

_ _ Azz_ ~ /.\272_ 2
2 B1(alx“4 & +a,x !¢ AaJ(Incy);(AzTA3)>0and(cy)>0

A2 B’
If A, #—=2 and — =B
A 4 4 2

ﬁ ﬂ 8712732 _ i2782 B 2
i) z(x,y)=x?2y?|lay'* +ay'’ J(In(czx));(Tl—Bz)20;(czx)>O
2

A’ B,
If A, =2 and —#B,,
4 4 2

iv) z(x,y)= kx% y% (In(c,x))(In(cy)); (c,x) > Oand(cy) >0

2 2
If AS:AT2 and B—lsz.
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2 a2
Where A, :%—1,A3 =%,B2 = FCA andB, =%—1
1 1

and 4,a,,d;,(i=12),k =e%,c, and c are arbitrary constants

Case 4:
Ax’z, +Dxz, +Cy’z, +Eyz, +Bxyz,, +Fz2=0,(B=0) ...©9)

5>A,D,,C,,E,,B, and F are constants and not identically zero.

dex+_[@dy
The assumption  Z(X,y) =¢e" * Y ...(8),

represents the complete solution of equation (9),
this assumption will transform the equation(9), to first order ordinary differential equation,then the
complete solution of equation (9) is given by:

) z(xy)_x2 [ax“Az +a,X “7_ }(AZ )>0
If AZTZ;tAS
A

2_
WhereAQ—D;lBi “yanda, = SV zi:El,HF

and 4,a,,(i=12),k =e? and c, are arbitrary constants .

5- How to Find The Separation of Constant( A ) For Linear Partial Differential Equation
Case 1:

AX?z, +Dyxz, +Cz, +Ez, +Fz=0,(i.eB=0)

AZZ BZ
i) If — =« and B, =——
) 4 A 4
2
When BZ:FJ”1 andB, 5
Proof :

B 2
Since B, =Tl hence
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then the complete solution becomes

L

E2_4ACF _\/1(|31_1)2+EZ_4CF

ey
YAy -cy)

A0y € J
Z(x,y)=x>" e laxth A pax

A’ B,
i) If —= and B, # —
) I = 2 *

2

When A, = %—1andA3 =

Proof :
2

Since ATZ:A3 hence

92
1(&—1)2= LI
4 A A
fzi(&_ly

4 A
then the complete solution becomes
;1(&_1) -E _ _ 2 2 . . 2 2
2(6,y)=x2 * ezx’| d, cos AAF-(D, -A)" E2y+d2sin AAF -(D,—A)® L
4AC 4C 4AC 4C
Case 2:
Az, +Dz,+Cy’z, +Eyz,+Fz =0,
(i.eB=0)
. A’ %
iNif A=—— and —=B
)If A= : -8,
_ 12
When BZ=F A and 31:5_1
C

Proof:
2

. B
Since — =B, hence

12
F-r_LE
C, 4°C,
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ZZ — F _ (El_(:l)2
4C,
then the complete solution becomes
LBy -D 2 2 2 2
D x 4FC, - (E, -C . |4FC, - (E, -C
2(x,y)=y*“ e2~|d, cos =& -C)° D2x+dzsm Tl i sz (Incy)
4C, A 4A 4C, A 4A
2 BZ
i) If AZ:T and Tl;t B,
D i
When =—and A, =—
A=A 2 A
Proof:
A12
Since A, = hence
D* X
ANT A
=2
4A

then the complete solution becomes

LE ) -D 1(571)274AF—D2 ~ 1(571)274%-02
4'c 4AC 4'c 4AC,

2°C, oAt
Z(X' y)=y e’ (X_Cs) ay +a,y
Case 3:
AX’z, +Dyxz, +Cy*z,, +E yz, +Fz=0,(ieB =0)
N A’ B,
iIf A, —— and B,=——
) I A= .=
2

When B?_:F_/1 and 81:5—1

1 Cl
Proof:

B 2
Since - =B, hence
4

F-2 1,

= (=2-1)*=
¢, —ag Y

2==% (5—1)2 +F
4 °C,

then the complete solution becomes
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;1(&_1) ;1(5_1) Jl(&_l)Z_w _\/1(
Z(x,y)=x2" y2a jax'th GA L g x A

2 2
i) IfA3=AQT and BZ?&BTl

2

When A, =%—1 and AS:%

Proof:
2

. A
Since AS:T2 hence

Dy 2 4CF~(E-C,)’

4C A

E(&_l)zzi_zj
4 A A
2’2:&(&_1)2

4 A
then the complete solution becomes

1D, . -1E 1 E 2 4AF-(D-A)
2GR0 S \/4(0_1) ToAc J
2(xy)=x*" Ty S lay ey
Case 4:
Ax’z, +Dxz, +Cy’z, +Eyz, +Bxyz,, +Fz=0,(B=0)
2
i) If A _
4
2_

When A = 2B 4 g8 G0 i')A:El}HF
Proof:

A2
Since TZ:A3 hence

D, + B,A C,(#*-A)+EA+F

1( 1 + B _1)? - 1 )+EA+ —0=
4° A A

A+ pA+y=0 ..(11)

(ZDlBl B 2AlBl +4A1C1 _4A1E1)

where S = and
Blz _4A101
2 2
y= DL ZZDA A ZAAR - pe 4ea 40
B,” —4C. A

and by solving the equation(11) we can know the value of (1).
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6- Examples :

Examples 1: To solve the partial differential equation

X’z +x2,+2, +42,+32=0,

by using the (case(1),ii) then A% =1, thus the complete solution has the form

z2(x,y)=e (a,x+a,x ") (y—c,)

Examples 2: To solve the partial differential equation
2 2
X2, +3xz, +y°z, +3yz, +2=0
by using the (case(3),iii) then 4> =1, thus the complete solution has the form
z(x,y)=x"y (ay +a,y)In(c,x)

Examples 3: To solve the partial differential equation

X7, +5x2, +2y°z,, +5yz, +2xyz,, +42=0
by using the (case(4),ii) , we get (A* — 1 =0), thus either 1 =0 or A=1.

If 4 =0 ,then the complete solution has the form
2(x,y) =kx?In(c,x)

If =1, then the complete solution has the form
2(x,y) =kxyIn(c;X) .

References

1- Stanley J.Farlow, "Partial Differential Equations for Scientists and Engineers”, New York,
1989.

2- Wafaa Hadi Hanoon, "On The Solutions of Special Cases of The Linear Homogeneous
Second Order Partial Differential Equations and Some Physical Applications”, Msc,thesis,
University of Kufa, College of Education, Departmant of Mathematics, 2009.

188



