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Abstract :-

In this work , we introduce a new definitions for o *-Base for the & *-Neighbourhood
system of a point (o *- Local Base ) , o *-Base for a tritopology and ¢ *-sub Base for a
tritopology . And we gives the basic specifications for the new definitions .
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Introduction :-

Throughout this paper we adopt the notations and terminology of [1],[2],[3]and[4], X
and Y are finite sets and the following conventions :(X,T), (X,T,Q), (X,T,Q,p) will always
denot to Topological space , Bitopological space and Tritopological space respectively .

Let (X ,T) be a topological space , and let A be asubset of X, then A is said to be a « -open set

iff AcT-int(T—cl(T—int(A))) [1] ,and the family of all o -open sets is denoted by
a.O(X) . The complement of « -open set is called o -closed set .

Let (X,T,Q) be a Bitopological space , and let A be asubset of X, then A is said to be a o -
open set iff A < T—int(Q—cl(T—int(A))) [3] ,and the family of all & -open sets is denoted by
5.0(X) . The complement of & -open set is called o -closed set .

And let (X 1,0, p) be a Tritopological space , a subset A of X issaidtobe  J*-open set iff
Ac T-int(Q-cl(p-int(A))) [2] , and the family of all 5*-open sets is denoted by
5".0(X) . The complement of &*-open set is called a & *-closed set .
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And 5*.O(X)does not represent a topology ( not always represent a topology ) [ 2 ] ,

(X,T,Q, p) is called discrete tritopological space with respect to §*- open if §7.0(X) contains
all subsets on X.
(X,T,Q,p) is called indiscrete topological space with respect to 5*-open if §°.0(X) = { X,

o},

Let (X,T,Q, p) be a tritopological space , and let x € X . A subset N of X is said to be 5*-
nhd of a point x iff there exists & *-open set U such that x € U < N . The set of all 6*-nhds of a

point x is denoted by s - N(x) .

1- o ™*- Local Base at a point :

1.1 Definition :

Let (X,T,Q,p) be a tritopological space . A non empty collection  6*-B(x) of o*-
neighbourhoods of x is called a o*- base for the o *-neighbourhood system of x (o *- Local

Base ) iff forevery 6™ _neighbourhood N of x there isa Be 0*-B(x) suchthat BN .
We then also say that 6*- B(x) is a 0*- Local Base at x or a fundamental system of o&*-
neighbourhoods of x .
If 6*- B(x) is a 6*- Local Base at x , then the members of & *- B(x) are called basic &*-
neighbourhoods of x .

1.2 Remark :

If o*.0(X) represent a topology then every point x in X has a o*- local base in
tritopology .
Proof :
Clearly because the intersection condition of the topology definition is hold .

1.3 Example :

Let X = {a,b,c,d} , T={X,¢,{bcd}}.
. Q={X,0,{a}}
p={X,¢.{ay{c,d}{c}{b,c}{ac,d},
{a,c}{a,b,c}{b,c,d}}
(X, T) ,(XQ) , (X p)are three topological spaces , then (x,T,0,p) is a tritopological space ,
such that :

5*.O(X) ={X,p,{a}.{c,d}{c}{b,c}{ac,d}{ab,c}{ac}{a b} {ad}{ab,d}{b,c,d}}

Clearly that 6*.0(X) represent a topology . Then the &*- local base at each of the points a, b,

E,g}iigiven by o*-Blay={{at} ,6*-pb)={{bc}} ., 6*-Ploy={{c}} ,o*-B(d)={
c, .

Observe that here a 6 *- Local Base at each point consists of a single 6 *-nhd of the point .
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1.4 Remark :

If 6*.0(X) does not represent a topology then not every point x in X has a 6*- local base in
tritopology .
Proof :

Clearly because the intersection condition of the topology definition is not hold .

1.5 Example :

Let X={ab,c,d} , T={X 0,{c,d}}
~ 9={Xoed{abc}{a}}
and p={X,p,{d}{c,d} {a,d}}

(X,T), (XQ), (Xp) are three topological spaces , then (X,T,Q, p) is a tritopological space ,

such that :

5 O(X)={X,0.{a,d}{c,d},{a,b,d}{ac,d}{b,c,d}}
Clearly that 6*.0(X) does not represent a topology . Then the & *- Local Base at each of the
pointsa,b,c,d isgivenby:
6*-PBa)={{ad}} , 6*-Pc)={{cd} }
But there is no 0 *- B(b) because the intersection of {a,b,d} and {b,c,d} is {b,d} is not &*-
open set (not exist) , i.e. there is no set B such that B is a subsetof all  &*-nhds of b.
Again , there is no 6 *- B(d) because the intersection of {a,d} and {c,d} is {d} is not 5*- open
set (not exist) , i.e. there is no set D such that D is a subset of all ~ 6*-nhds of d.
Hence not every point X in X has a 6 * - local base in tritopology .

1.6 Remark :

All the following theorems and remarks is true in tritopology if 6*.0(X) represent a topology (
i.e. if every x has ¢ *- local base) .
Proof:

It is clear by the remarks and examples above .

1.7 Theorem :

Let (X,T,Q, p) be a tritopological space . And let xeX then the collection &*-B(x) of all 9 *-
open subsets of X containing x isa o*- Local Base at X .
Proof :
Let N beany o*-nhd of x. Then there exists a o *-open set G such that xeG c N , since G
iIsa o*-open set containing X , G € 6 *-B(x) .
This shows that 6 *-p(x)isa o *- Local Base at X .

1.8 Remark :

(1) In a discrete tritopological space the collection { {x} } consisting of a single member {x}
forms ao *- Local Base at xe X
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Proof :
for {x} isa o*-open subset of Xandsoitisa o0*-nhd of x and any other &*-nhd N of x
must contain {x} .
(1) In a indiscrete tritopological space , the set X alone forms a ¢ *- Local Base for every point
xeX .
Proof :
There isonly 6*-open X and ¢ in 6*.0(X) . and must be X .

1.9 Theorem :

Let (X,T,Q, p) be a tritopological space . And let 6*-p(x) be a & * - Local Base for every point

xeX . Then ¢*-B(x) has the following properties :

(1) o*-P(x)# ¢ forevery xeX .

(2) If Be 0*-B(x) ,then xeB .

() If Ae 6*-p(x) and B € 5*-p(x) ,then there existsaset Ce d*-p(x) suchthat C c A
NB.

(4) If Ae 6*-B(x) ,then there exists a set B such that X € B < A and such that for every point
y € B, there exists Ce 6 *-(y) satistying Cc B .

Proof :

(1) Since X is o*-open , it is o *-nhd of its point . Since 6 *-B(x) is o *- Local Base for every
point xeX and Xisa o*-nhd of x, it follows that there must exist a B € 6 *-p(x) such that B
cX.

Hence o*-B(x)#¢ forevery xeX .

2 If Be 6*-B(x) ,then B isa d*-nhd of x . So by definition of 6*-nhd xeB .

(3 If Ae 6*-B(x) ,then A isa o*-nhdof x . Similarly B isa 6*-nhd of x . It follows that A
N B is 6*-nhd of x . Since 6*-p(x) is 6*- Local Base at X, it follows that there exists Ce
0*-B(x) suchthat Cc AnB.

(4) Since A € 0*-B(x), A isa o*-nhd of x . Hence there existsa o *-open set B such that x
e Bc A.Since Bis o*-open set, itisa o*-nhd for every y € B . Again since ¢ *-B(y) is
o0*-Local Base at yand B isa o6*-nhd for every y € B, it follows that for everyy € B
there exists Ce 0*-B(y) suchthat CcB.

2- o0 *- Base for a tritopology :
2.1 Definition :

Let (X,T,Q, p) be a tritopological space . A collection 5*-B of subsets of X is said to form
a 5*- base for the tritopology (T,Q, p) iff:
(1) 6% c 6*.0(X) .
( 1) for each point xeX and each ¢ *-neighbourhood N of x there exists some Be o*-p
such that xe Bc N .

2.2 Remark :

If 5*.0(X) represent a topology then the tritopology (T,Q,p) hasa ~ §*-base .

Proof :
Clearly because the intersection condition of the topology definition is hold .
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2.3 Example :

Let X ={ab,c} : T={X,0,{ab}}.
o Q={X,9,{c}}

and  p={X,0.{a}{b}{ab}}

(X,T) ,(X,Q) ,(X,p) are three topological spaces , then (X,T,€, p) is a tritopological space
such that :

*
& .0(X)={X,¢.{a},{b} {a,b}}
Clearly that 6*.0(X) represent a topology .
Then the collection 6*-p ={X ,{a},{b}} isa 5*- base for the tritopology (T,, p) since :
(1) 6*p < 6*.0(X) . And
(1I') Each o&*-neighbourhood of a contains {a} which is a member of 6*-p containing a .
Similarly each of & *-neighbourhood of b contains {b} which is a member of &*-p
containing b . And X is a J*-neighbourhood of ¢ which is a member of o*-p
containing ¢ .

2.4 Remark :

If 6*.0(X) does not represent a topology then the tritopology (T,Q,p) hasnot a o*- base

Proof :
Clearly because the intersection condition of the topology definition is not hold .

2.5 Example :

Let X={ab,c,d} , T={X 0,{c,d}}
, Q={X ¢.{a,b,c}{a}}
ad  P={Xoe{d}{c.d}{ad}}

(X,T), (X9, (X,p) are three topological spaces , then (X,T,Q, ,o) is a tritopological space ,

such that :

5. O(X) ={X,0.{a,d}{c,d}{a b,d}{ac,d} {b,c,d}}

Clearly that 6*.0(X) does not represent a topology .

Then this tritopology has not a 6* - base because the second condition of the definition (2.1) is
not hold . because the intersection of {a,b,d} and {b,c,d} is {b,d} is not a & *- open set (not exist)
, 1.e. each o*-nhds of b contains {b,d} , but {b,d} is not exist in ¢*.0(X) because 6*.0(X)
does not represent a topology . .

Again , because the intersection of {a,d} and {c,d} is {d} isnota J*- open set (not exist) ,
i.e.each o*-nhds of d contains {d}, but {d} is not exist in & *.0(X) because ¢ *.0(X) does not
represent a topology .

Hence thereisnoa o *- base .
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2.6 Remark :

In the discrete tritopological space the collection 6 *-p ={ {x}: xeX } consisting of all singleton
subsets of X is a &*- Base for the tritopology (T,Q, p) .
Proof:

Because for each singleton set is 6 *- open sothat 6*-p < 6*.0(X) . Also for each xeX and
each 6*-nhds N of x ,{x}ed*-B issuchthat x e{x} < N.

2.7 Remark :

All the following theorems and remarks is true in tritopology if 6*.0(X) represent a topology (
i.e. if (T,Q,p) has 6*-base).
Proof :

It is clear by the remarks (2.2) and ( 2.4) and examples (2.3) and (2.5) .

2.8 Theorem :

Let (X,T,Q, p) be a tritopological space . A sub collection 6*-p of 6*.0(X) isa 6*- Base
for (T,Q, p) iff every o*-open set can be expressed as the union of members of 6*-p.
Proof :

Let 5*-p isa &*- Base for (T,Q,p) and let G € 5*.0(X) . Since G is &*-open set , it is a
o0 *- nhd of each of its points . Hence by definition of 6*- Base, to each xeG 3 a member B of
0*-B s.t.

xe BcG

It followsthat G=uU{B:Be 6*-p andBcG }.

Conversely, let 6*-p < 6*.0(X) and let every &*-open set G be the union of members of 5*-p

We have to show that 5*-p is &* - Base for (T,Q, p) \We have
(1) 0*-p< 0*.0(X) (given)
(2) letx eX and let N be any 6*-nhd of x . Then there exists a o *-open set G such that xe G
cN .

But G is the union of members of 6*-B . Hence there exists B € d*-f such that xe Bc G c
N . Thus 5*-B is &*- Base for (T,Q,p) .

2.9 Theorem :

Let (T,,Q,, ) and (T,,Q,,p,) be a tritopologies for X which have a common &*- Base
5*B . Then &*.0(X)= 6%,.0(X).

Proof :
Let G € 9*,.0(X) and xe G . Since Gis o* -open set,itisa o* -nhd of x and since 5*-f
isa 0*- Base for (T,,Q,, p,) , there exists B € 5*- such that xe Bc G.Since 5*-Bisa

5*- Base for (T,,Q,,p,) ,and B e §*-p it follows that B € §*,.0(X) . Hence G is §*,- nhd
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of x . Since x is arbitrary .Then G €0*,.0(X) bytheorem [G €o*.0(X) iff Gisa
o0*- nhd of each of its points ] . Thus 6*,.0(X) ¢ 6%*,.0(X) .By symmetry 6*,.0(X) c
0*,.0(X).Hence o*.0(X)=0%,.0(X).

® Properties of a o *- Base for a tritopology .

2.10 Theorem :
Let (X,T,Q, p) be a tritopological space . And Let 5*-B isa &*- Base for (T,Q,p) . Then
0 * -B has the following properties :
(1) for every xe X, there exists a Be 6 *-p such that xeB , thatis , X=u{B:B
€5*-p}
(2) for every Bieo*-B, Boe 0*-B and every point xeB1nB; , there exists a Be d*-f such that

xeB < BynB; , that is , the intersection of any two members of &*-f is a union of members
of 6*-p.

Proof :

(1) Since X isa o*-openset,itisa o*-nhd of each of its points . Hence by definition of 6 *-
Base , for every xe X, there exists some Be ¢ * - such that xeB < X in other words ,

X=u{B:Bed*p}.

(2) If Byeo*-p and B,eo*-B, then B; and B, are o *-open sets . Hence their intersection B;
N B, isalso 6*-open and therefore B1 n B, isa o*-nhd of each of its points . So by
definition of  &*- Base , to each xe B; n B, , there exists Be 6 *-f3 such that xeB < By n
B, , thatis, By m By is the union of members of 6*-p .

2.10 Theorem :

Let (X,T,Q,p) be a discrete tritopological space and let §*-B be the collection of all
singleton subsets of X , any class o*-B' of subsets of X is a o*- Base for the discrete
tritopology (T,Q, p) iff 6*-Bc 5*-p' .

Proof :

Let 0*-p' be a o *- Base for the discrete tritopology (T,Q, p) . Since each singleton {x} is 0 *-
open set , {x} must be a union of members of o*-p' . But a singleton set can only be the union of
itself or itself with the empty set ¢ . Hence {x} must belong to 6*-B'. It follows that o*-f <
o*-p .

Conversely , let 0*-B < 0*-f' . Now o0*-p ={ {x}: xeX } isa oJ*- Base for the discrete
tritopology (T,Q, ,0) by remark (2.6) . Also each member of 6*-f' is o *-opensothat 6*-B'

0*.0(X) .
Since o*-f < o*-p' it follows that if any o *-open set G is the union of members of 6*-f, it
is also the union of members of 6*-B'. Hence 6*-f' is also a o0 * - Base for the discrete

tritopology (T,Q, p) .

350



Journal of Kerbala University , Vol. 9 No.3 Scientific . 2011

3- o0 *- Sub base for a tritopology :

3.1 Definition :

Let (X,T,Q, p) be a tritopological space . A collection o6*-p, of subsets of X is called a
&*-sub base for the tritopology (T,Q, p) iff: 6*-p, < 6*.0(X) . And finite intersections of
members of 5*-B, forma &*- base for the tritopology (T,<, p) .

It follows that 5*-B, is a §*- sub base for the tritopology (T,Q,p) iff every member of

0 *.0(X) is the union of finite intersections of members of 6* -

3.2 Remark :

If 5*.0(X) represent a topology then the tritopology (T,<, p) has a O *-sub base .

Proof :
Clearly by using remark (2.2) .

3.3 Example :

Let X ={ab,c,d} : T={X,0,{acd}}.
o Q={X,09,{b}}

and  p={Xo,{a}}
(X,T) ,(X,Q) ,(X,p) are three topological spaces , then (X,T,(, p) is a tritopological space ,
such that :

5”00 ={X . p{a}{a.c}{ad}.{acd}}
Clearly that 6*.0(X) represent a topology .

Then the collection 6*-p ., ={{a,c}{a,d}} isa 5*- sub base for the tritopology (T,%, p)

since the family & * - of finite intersections of 0*-f , isgiven by :

o _B = {{a}’{a’ C}’{av d}}
Which is a 6 * - base for the tritopology (T,Q, ,0) .

3.4 Remark:

If 6*.0(X) does not represent a topology then the tritopology (T,Q,p) hasnot a o*-sub

base .
Proof :
Clearly by using remark (2.4) .

3.5 Example :

Let X={ab,c,d} , T={X,¢.{c,d}}
, Q={X ¢.{a,b,c}{a}}
ad  P={Xoe{d}{cd}{ad}}

351




Journal of Kerbala University , Vol. 9 No.3 Scientific . 2011

(X, T), (X,Q), (X,p) are three topological spaces , then (X,T,L, p) is a tritopological space ,
such that :

5. O(X) ={X,9,{a,d}{c,d} {a b,d}{ac,d}{b,c,d}}

Clearly that 6*.0(X) does not represent a topology .

Then this tritopology has not a 6*- sub base because it has not o *- base because 6 *.0(X)
does not represent a topology , then the second condition of the definition (2.1) is not hold .

Hence there isno a o *- sub base .
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