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Abstract

The isoscalar giant dipole resonance (ISGDR) of the even-even Tin
isotopes 112:114,116,118,120,122,1245n hgs been investigated by using fully
self-consistent quasiparticle random phase approximation (QRPA)
based on Bardeen Cooper Schriffer-Hartree Fock (HF-BCS). We depend
on five sets of Skyrme-type interactions (T5, SKM, SLY4, SGll, and SKX)
with varying effective mass m*/m and nuclear matter incompressibility
coefficient Kyys. Furthermore, the calculations incorporate the effects
of several pairing force types, such as volume, surface, and mixed.
The calculated strength distributions, scaled energies E;, constrained
energies E.,, and centroid energies E., of the ISGDR for the
investigated isotopes are compared with the available experimental data.
Analysis is done on the relationships between Ky, and m*/m, and the
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estimated properties.

1. Introduction:

The goal of theoretical and experimental researches in
the field of nuclear physics was to develop a method that
could be utilized to precisely and universally describe nuclear
structure, as our current understanding of the structure is still
lacking and insufficient. A many-body problem exists in the
theoretical nuclear structure. It is impossible to compute the
complete model space since the quantum many-body problem
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is a computational problem for which there isn’t yet a fully
suitable answer. The Mean-field models with self-consistent
properties are suitable to describe the nuclear structure [1]
and [2].

In nuclei, the collective modes study was the subject of
extensive theoretical and experimental studies during many
contracts [3] and [4], where the Giant Resonances (GR) are
an example of collective modes in atomic nuclei. Giant reso-
nances (GR) are the high-frequency collective excitations of
finite nuclear systems [5]. Understanding the strength distri-
butions of these GR in a wide range of atomic nuclei yields
valuable information about the finite nuclei as well as about
the bulk nuclear matter [6] and [7]. The isoscalar dipole mode
is the “compressional mode” and is especially important be-
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cause its resonance energy is directly related to the nuclear
incompressibility [8].

For closed-shell and closed sub-shell nuclei, the Hartree-
Fock (HF) theory has previously proven to be an efficient
technique for characterizing the properties of ground states.
Microscopic models based on the self-consistent HF and Ran-
dom Phase Approximation (RPA) is appropriate for represent-
ing collective modes like ISGDR [9]. In open-shell nuclei,
nuclear pairing’s outcome is crucial. A simple description
of the ground-state pairing is provided by the HF+Bardeen-
Cooper-Schriffer (BCS).

Quasiparticle Random Phase Approximation (QRPA) is
an enhanced RPA model based on the HF- BCS model that
accounts for the pairing effect, which is assumed to be sig-
nificant for open-shell nuclei. This allows us to analyze the
nuclear structure of the complete nuclear chart. Furthermore,
relativistic methods such as Relativistic Continuum Random
Phase Approximation (RCRPA) [10] and Relativistic Quasi
Particle Random Phase Approximation (RQRPA) [11] exist.

Understanding the structure of nuclei and predicting the
exotic properties of nuclei far from stability valley can both be
done by studying the nuclear collective excitations. For model-
ing these collective excitations in open-shell nuclei with stable
mean-field solutions, the QRPA is a widely used technique
[12] and [13]. The nuclear compressional modes, in particular
the ISGDR, which provide the best method for determining
the nuclear incompressibility, are significant nuclear collective
excitations [14] and [15]. Nuclear collective excitations and
nuclear incompressibility have lately been studied using both
nonrelativistic RPA [16], [17], [18] and [19] and relativistic
RPA or QRPA [20] and [21].

Inelastic scattering of deuterons or alpha particles to mod-
est forward angles is the main experimental technique for
investigating the ISGDR. The methods created and put into
use in the RCNP at Osaka University, Texas AM University
Cyclotron Institute, and KVI in Groningen have made it pos-
sible to gather in-depth data on the ISGDR gross structure in
arange of nuclear systems, see review [22]. The experimental
data of ISGDR for Sn isotopes can be obtained in previously
published papers [23], [24] and [25].

The present study aims to investigates theoretically the
isoscalar giant Dipole resonance (ISGDR) in the isotopes
of 112,114,116,118,120,122,124g yi5ing the Skyrme QRPA method
and the HF-Bardeen-Cooper-Schrieffer (HF-BCS) theory. Five
sets of Skyrme parameters TS [26], SKM [27], SLY4 [28],
SGII [29], and SKX [30] of different values of nuclear matter
incompressibility Kyys and effective mass m* /m, as well as,
of different types of pairing forces (i.e., volume, surface, and
mixed) to be examined.

2. Theoretical Formulations:

The nuclear properties of both ground states and excited
states can be described by the Skyrme effective interaction

[311, [32], [33], [34] and [35],
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where ?]2 = —@,?]2 = —@, while ?i and
PP is the is the Pauli spin and spin-exchange operators, re-
spectively.

The total energy E of HF equations based on Skyrme’s
interaction as a result of single-particle functions¢ can be
calculated using the variational approach <8¢ |H(r)|¢> = 0.

The HF equations are coupled to the standard BCS equa-
tions, that in spherical symmetry the particle number n and
gap equation A, read as,
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where the tilde designates the time-reversal state, and E
and v are the typical quasi-particle energies and BCS ampli-
tudes, respectively. the matrix elements V., ; are calculated
using a zero-range, density-dependent pairing force of the

type,

Vpair(r2,12) =v0[1 +n(p(r;0;r2))5(r1—r2)} 3)

where the nuclear saturation density pg = 0.16 fm~!. For
the volume, mixed, or surface pairing interactions, the value
of Vp is regarded as 0,0.5, or 1, respectively. Table 1 contains
the values of Vj that we have determined by fitting the exper-
imental data of the mean neutron gap of '2°Sn (An = 1.321
MeV). Due to the closed proton shells associated with Z = 50
in these nuclei, there is only neutron pairing.

The total HF-BCS energy can be calculated directly from
the force, or energy functional,

E = Exg + ESkyrme + Ecou + EPpair 4

Where Exg, Esiyrme, Ecout  and — Epgr are the Kinetic,
Skyrme, Coulomb and Pair contributions to the energy, re-
spectively.

First, a solution is found for the Skyrme HF-BCS equation
for the ground state in coordinate space. The radial mesh used
to solve the equations has a coverage area of up to 18 fm and
a mesh size of 0.1 fm. This radial mesh is sufficiently large to
generate stable results for all the nuclei under investigation.

In closed shell and sub-shell nuclei, collective excitations
are usually described by means of the so-called RPA with
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Table 1. Our estimated pairing strength Vy to reproduce the empirical pairing gaps of '2Sn (A, = 1.321 MeV) for Volume (V),
surface (S), and mixed (M) types of pairing interactions.

TS SKM

SLY4 SGII SKX

Pairing strength Vo (MeV fm?3) of types: Volume (V), Surface (S) and Mixed (M)

v S M \Y% S M v

S M \% S M v S M

128y 227.0 689.0 343.0 231.5 741.5 3550 269.0

792.0 404.0 304.0 899.0 456.0 200.5 731.0 315.0

14sn 2375 716.0 358.0 2265 7280 3475 2720

799.0 407.0 3165 9450 476.0 2013 7335 3175

16gn  250.0 751.5 3765 224.0 725.0 3440 277.0

8155 4145 3155 9325 4735 2015 7385 3175

18sn 2595 7755 3905 2250 733.0 3450 282.0

8325 4235 3085 907.5 4620 200.0 736.0 316.0

1206 273.0 807.0 412.0 228.0 750.5 351.5 286.5

855.0 430.5 305.0 897.0 456.0 203.0 750.0 320.0

1229n 2745 823.0 4135 2340 7825 3620 2905

874.0 438.5 3035 898.0 456.0 207.0 770.0 328.0

1249n  276.0 816.0 4150 2450 830.0 381.0 2985

908.0 450.1 293.0 861.5 4395 2154 809.0 340.8

Table 2. Shows the effective mass m*/m, and the nuclear
matter incompressibility coefficient Ky, of the following
Skyrme-type interaction.

Type m*/m Kyy (MeV)
T5 1.0 201.7
SKM  0.79 216.7
SLY4  0.69 229.9
SGII  0.79 269
SKX  0.99 270

stable mean-field solutions. The particle-particle and particle-
hole channels are included in the extension of QRPA to open-
shell nuclei. In order to solve the self-consistent QRPA, the
Skyrme HF-BCS equations must be solved in order to obtain
the ground state characteristics. Based on the HF + BCS
ground state, the v — th excited state E) can be calculated
using the QRPA. The compact form of QRPA equations can
be written as follows: [36] and [37],
Bab,cd
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where XV and YV are the corresponding amplitudes. The
matrices A and B on the HF-BCS two-quasiparticle bases
have the form,
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Vil ,and Vapbh ., are matrix elements of particle-particle (pp)
and particle-hole (ph) effective interaction, respectively. The

ph matrix elements VH’ZTC , is defined as [16],

o oy fia eV
Vapb.,cd - _2(2‘, + 1) {ja jh ] } VaIZi[jcb
J/ c

(10)

The moments can be obtained using the following equation,

my = /EkS(E)dE (11)
where S(E) is the strength function [14],
S(E) =Y |<V|F)|0>|*pr(E — Ey) (12)

14
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associated with the monopole operator where the Lorentzian
function is defined as in the following,

r 1

:E(E—Ev)hr(%)2 (1

pr(E—Ey)

with I" is the smearing parameter.
Three ratios can be calculated using these different sum
rules: The centroid energy, Ec., = Z—(‘J, the constrained energy

Econ = \/mi/m_y, and the scaling energy Es; = \/m3/my,

(where m is the energy-weighted sum rule (EWSR), m_; is
the inverse energy-weighted sum rule, and m3 is the cubic
energy-weighted sum rule) [38].

3. Results and Discussion:

To study the isoscalar giant Dipole resonance (ISGDR) in
the isotopes of H2,114,116,118,120,122,1245y the static HF-BCS
equations were solved by using the Numerov method with the
radial mesh size # = 0.1 fm within a model space based on five
Skyrme interaction sets, namely: TS5 [26], SKM [27], SLY4
[28], SGII [29], and SKX [30] of the effective mass m*/m,
and the nuclear matter incompressibility coefficient Ky, are
presented in Table 2. Different types of pairing forces (i.e.,
volume, surface, and mixed) are used. The diagonalization
of QRPA matrix has been done in the selected model space
using the code Skyrme_qrpa, which is modified version of
the skyrme_rpa code [16].

In Figure 1, the calculated ISGDR strength distributions
for the examined !12/114.116,118,120,122,124g, jsotopes with the
five Skyrme sets (TS5, SKM, SLY4, SGII, and SKX) as a
result of volume pairing force (dark green line) are compared
with the available experimental data from Refs. [23] and [24]
(black error bars).

A peak at about 25 — 27 MeV is produced by the five
Skyrme interactions. The peak energy depends on the type
of interaction, where the lowest was for TS5, followed by the
SKM, SLY4, and SGII results, which are in the middle, and
the SKX result is remarkably similar to the experimental data,
which, in accordance with the associated incompressibility
values, is found at the maximum energy.

The calculated ISGDR centroid energy E..,, constrained
energy E.,,, and the scaling energy E; are presented in Table
3 isotopes by combining the mixed pairing interaction with
the parameter sets for TS, SKM, SLY4, SGII, and SKX. The
experimental data were obtained from Ref. [25]. The values
between parentheses represent the discrepancy between the-
oretical values and experimental data. All interaction results
underestimated the data, except using SKX. The peak energies
for the examined isotopes of Sn are better with the interaction
SKX, which closely fits the experimental data. In Figure 2, the
calculated ISGDR centroid energy E..,, constrained energy
Econ, and the scaling energy Eg, are plotted vs. mass numbers
A of the investigated !12114.116,118,120,122,1245y jsotopes and

compared with the available experimental data of Ref. [25],
the forces T5, SKM, SLY4, SGII, and SKX are adopted for
various types of pairing (volume, surface, and mixed).

However, it is also evident that the anticipated centroid en-
ergies produced using the SGII interaction do not correspond
with the experimental data, also, the T5, SKM, and SLY4 find-
ings underestimated the experimental data, even when pairing
effects were taken into consideration. The predictions using
SKX are significantly better. As a result, there is still some
mystery surrounding the difference between the values of the
nuclear incompressibility obtained from the Sn data. How-
ever, pairing effects must be taken into account to lessen the
difference between the values of the nuclear incompressibility
extracted from Sn data.

In Figures 3 and 4, the Ky, incompressibility coefficient
and the effective mass m* /m are displayed against the com-
puted centroid energies E.,, restricted energy E.,,, and scal-
ing energy Ey, of the ISGDR. The dashed lines define the ex-
perimental region obtained from the experiments [25]. Over-
all, we see a correlation between the E..,, and Kyy and m* /m
for various types of pairing (volume, surface, and mixed).

For the case of the E,,,, of 14116:118,120,124g "a1] Skyrme-
types interactions underestimate the experimental data ex-
cluding SKX as shown in Figures 3 and 4, associated with
a value of (Kyy = 201.7 — 269 MeV, m* /m = 0.69 — 1) that
reproduced the experimental result for E.,,,. The E,,, of ''2Sn
agree with the experimental data using the SGII and SKX
Skyrme-types, the Ec., of '2>Sn with all types of Skyrme
interaction are mostly smaller than the experimental result.

The E,, of Sn isotopes understudy with all types of
Skyrme interaction are mostly smaller than the experimental
result, except !'2114116Sn with the Skyrme interaction (SKX)
is in agreement with the experimental data, associated with a
value of (Kyy =270 MeV,m* /m = 0.99).

The E; values for 114:118:120.122gy are ip agreement with
the experimental data using the SKM and SLY4 Skyrme in-
teraction, with a value of (Kyy = 216.7,229.9 MeV,m* /m =
0.79,0.69), while its values for '>1141165n are in agreement
with the experimental data using the TS5 Skyrme interaction
with (Kyy = 201.7 MeV, m* /m = 1), The other interactions
are not agreed with the experimental data.
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Table 3. The calculated E,, E.,, and E; for ISGDR in the investigated Sn isotopes by combining the mixed pairing interaction
with the parameter sets for TS, SKM, SLY4, SGII, and SKX. The experimental information was collected from reference [25].
The difference between theoretical values and experimental data is shown by the quantities in parentheses.

Exp. TS SKM SLY4 SGII SKX
Ecen (MeV)
126n 262408 23.75(2.45) 24.54(1.66) 23.93(227) 25.38(0.82) 26.29(-0.09)
148n  26.14+0.8 23.49 (2.61) 23.62(2.48) 22.58(3.52) 20.97 (5.13) 25.99 (0.11)
11680 25.940.6 23.46 (2.44) 2422(1.68)  24.00(1.9)  24.66(1.24) 26.39(-0.49)
18Sn 26403  23.18(2.82) 23.31(2.69) 22.36(3.64) 20.73(5.27)  25.70(0.3)
1206n 26404 22.92(3.08) 23.26(2.74) 22.38(3.62) 20.96(5.04) 25.53(0.47)
1226n 263402 22.80(3.50) 2278 (3.52) 22.59(3.71)  21.23(5.07) 2521 (1.09)
1246n  25.740.5 22.64 (3.06) 23.42(2.28) 23.71(1.99) 24.76(0.94) 2537 (0.33)
Econ (MeV)
1290 262408 22.89(3.31) 23.17(3.03) 22.04 (4.16)  23.12(3.08) 25.06 (1.14)
48n  26.1+0.8 22.79 (3.31) 2231 (3.79) 20.83(527) 19.36(6.74)  25.07 (1.03)
11680 25.940.6 22.66 (3.24) 22.85(3.05) 22.24(3.66) 22.32(3.58) 2538 (0.52)
118Sn  2640.3 22.52(3.48) 22.01(3.99) 20.77(5.23) 19.07 (6.93) 24.81(1.19)
1208n 26404 2223(3.77) 21.96 (4.04) 2078 (5.22) 19.33(6.67)  24.60 (1.4)
1229n 263402 22.02(4.28) 21.38(4.92) 21.10(5.2)  19.76 (6.54)  24.25(2.05)
1248n 257405 21.82(3.88) 21.93(3.77) 22.16 (3.54) 22.76 (2.94) 24.27 (1.43)
E; (MeV)

12g9n 262408 25.89(0.31) 27.89 (-1.69) 28.13(-1.93) 30.41 (-4.21) 29.35(-3.15)
H4gn  26.14+0.8 24.90(1.2) 2639 (-0.29) 26.39 (-0.29) 24.96 (1.14)  27.86(-1.76)
16gn  25.940.6 2550 (0.4) 27.57(-1.67) 27.94(-2.04) 29.87 (-3.97) 29.11(-3.21)
1186n  26+0.3 24.58(1.42) 26.07(-0.07) 25.86(0.14) 24.91(1.09) 27.57(-1.57)
1208n 26404 24.38(1.62) 26.01(-0.01) 25.92(0.079) 25.06 (0.94) 27.48(-1.48)
1229n 263402 24.68 (1.62) 25.72(0.58) 25.97(0.33)  24.99 (1.31) 27.24(-0.94)
1246n 257405 2459 (1.11) 26.76 (-1.06) 27.27 (-1.57) 29.21 (-3.51) 28.01(-2.31)
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4. Conclusions:

A significant description of the collective low-lying IS-
GDR is done. The peak high, widths, and (smooth) profiles
of strength of the examined !'?Sn, 11%Sn, 12#Sn isotope with
SGII, SKX agree with the data. The E.p,, Econ, Es values that
are in agreement with experimental data are those that drop as
A increases and those that use interactions of Ky, between
269 and 270 MeV. The current investigation reveals that a
correlation between the calculated energies (Ecep, Econ, and
E;) and the nuclear incompressibility constant Ky, but there
is an effect of the effective mass m*/m. We concluded that
the gap between the nuclear incompressibility values obtained
from the Sn data is reduced with the use of pairing, and the
surface pairing generates results that are essentially closer to
the experimental data. We have also found that the change
of the ISGDR, energies by pairing correlations in !>~ 12Sn
is quite small. Pairing helps in reducing the discrepancy be-
tween the values of the nuclear incompressibility extracted
from Sn data. A small discrepancy of about 5% in Ky, be-
tween the conclusions drawn from Sn data remains and may
deserve further investigation. Since the size of this discrep-
ancy depends on the pairing force and the model to treat its
effects, one should better analyze whether we can constrain
the attractive particle-particle matrix elements that appear in
the QRPA calculations.
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