
Sliffr€ss Matrix for Hartrched Mclllbets With
In.luding Effect of T.2nsveise Sherr Deformations

Abbar Abdel-l[ljid Auiwir
R€oeiv€d onr 2219/200{
A.c.pt d on: 136/2ms

Thi ldl includ0! rh. (,. ulion of lhc slirlr.$ mn.dr lor r l'.uncn€d
m.mb(r nicg r $mpl€ ltrnditrg rhu..r.'tt. d.rivcd nifirB or.nt corcn
mon p6$ible gdndric sirpes 6r h.un(h.d n'.hb.n ud.r difli..nt
londirg.ses and combinrriois pilh in.luding !.!nsie6e shcrr defornrtions
.ffecI. ft. in,0orrlice oI rll. 1an!{E. she.. deforh.riod lo t.utrch.d
D.Db.6 $ilh high d.pil lo lpar n.i6 ir ehoro clilg ru6.ri..l.umpla
rlo ar.ur.cy rlri. prop0lcd.nalyslr l..bDiqu. k vetri.d by comp..ilgrte
rcsultsofthsnum.dotertrmplepilhthoseobul!.ilronth.g.rcBlrn Fi.
Irroghn SAPq)usir8rk+c.uhb.rof . .l6c.l*

Lierrs i!c! rs !rrEL!orBlsrd tusr'idrRAo

lix) moEn or ircnia rr i r6m

I. nin. mohe'r ol ircnii of member

I, .-r. intograk given in .q5(5) ind
o2)
L inlc8algive. jn$ (2sb)
xr,l! (i'Ine$ co.ff ror Ur=l

K,kllben sritrns *ilh
n.llcdin8 axial d€fo naiion
K mchbs $ifne$ robir

L,L, lctrsrh in v. lble left.nd rignr

L. lci$h in rh. conni mid-

.L:l.jlr & i-iirir i!j-1r)r rr! irL+r aJl4.r[^r1 di..d irJll 'nJt!*rr A- qll *f ia ! er} irL+r tJJr{4lJt"d ,!.Xr iNE oJ, rJJ:41

+J Jt r I J6rr; Jrrllrr J!.q:I olll ..in-, +ll: !- oJ.! 
'ja,i 

!-q,
!-i gl .!..i1r ,+ q-, !.r$ srrr 2fi L-r .'r .e,.r! .rr, lxrr

-i 4i . - n i,b !L.l -n &
c.ul rrs:,,4 J4r,! cra r. ir-!--n J! a",rfj J..! c.I3 irJU4 LJr.!

.rLr d. rrf s dlri,ri sar'90 JA:t

lE!-elsrglpE i
. ;uMniion Gneli (l;i& i)
A. B lei.nd righ suppon raclion
A, Ar so$ *rion.larea at I ardi

A{r) F$ staon !8. oarh. b..m
A" n,ii. .! ol iho oem60 sos

A0 min. iMal g rh. hngth f
C mat,r oirhecoafl io eq (6)

l,,l mon! [ rfided !.r, and / ctrds

https://doi.org/10.30684/etj.24.9A.11 
 2412-0758/University of Technology-Iraq, Baghdad, Iraq 
This is an open access article under the CC BY 4.0 license http://creativecommons.org/licenses/by/4.0



u(r) mmar tliclion or rhc b€m
vrl x, 

'no'netrr 
rundron drc rospri

toad (r) of simply suppqrcd b.'n
ni.m,,.nji,m'r li.'o^ of th. basic

frLL tud,tr oI rh. ri,nre$ .ocff llr
bngrh t
P h.nbc r fixed .n d nrces vector

q(r) addnloioiqr.idq2
q,,$ M{rYEl(r) funcrion d$ b kn

U m.n'ber displftoncnr vccbr

l,utrch.d mcmb.,s @ b. u*d
b !hrp. ir. m.mbe6 in accordanc.
wiih rhe dhklburion ol the inen.L
sirc$ B, tsing rhe 9p.s ol
me'rbks. oie .an !.hiev. the
rqtri'td iEtrgrh lnh ihe 

'ni',inu'n\re shr md.ral ,rd al$ ftay
erisb drohirecruhr or runctonrl
rcquircn.Dls. I. iodu{ial buildinxs,
brid8.s, .nd hign ri* buildings. non-
,nsn..i. m.mb.r' $idr wiable
deplh o. * drh aE usuBllyus.d.

Difisdr .pp.orl$ h.v. bs
dev.loped lor rhe anilysis ot noi.
p'is'nadc ft'hb6 (lncludina
haun.hed mmb.6) R.yiolds lid
SI.ednm (1933) published 6bles a
FsDh3 for !nal)5k @lDlB. Simile
cahul,rior. arc olso given in olhcr
rexrbo.ke. for .umplc 6Y
rino)lr.ilto and Young (1C65),

v rd.rhirr (r973) atrll rutrl ann
wrig (1933) .rcularud rh. niffn.$
marir and nx.d end lo.c$ b,

U$"' rotal dEr deaeclidn or ion-
p.isndic nEEber ,r riglt .nd

Vr(x)tundion or ,har rorco for

Vr .orst&r shnr foe. due to end

dloi hFrfrb,rr tu Lli diehr

0 . aL r,,rr shca consid.dio

AL 106ldhl elongtio. in le4rh L
& dLp of poi.l i dtr. lo th. &Ml

5tr disp of poin i dE 10 Pl
0', 0r rchti.is ar rhc |.fi ud rid(
suppons 01lh. sidply sdrp.ri b.!m
q, f!c6r &fin d in .{.( l6)

diliding fte non.prishriic omber

A Efin.d rnalysi cd be
perfom.d by d$iving lh. nifrn.$
mdrix md fix.d nd lors by
consido ia rhe cx&l vari.tio.s of rh.
geomcu, Al.Ganuni (1996) d.rir.d
rhe niff"c$ mdrii by using
diff.Enri:l .qhionr and &rcmi*d
fi:ed 6d f.r.r 16r di*ihutd dd

Timot.nro rd Yoms (1965)

conclud.d rh6t if fic vari.non of the
cms srio of a non+.irdic
membcr is not roo repid, n o.n he

.n.lyrd *nh slfaEG acudy h,y

usirg ftc prilDatic bcam equdions.
A]'M.zri hd Balkry. (1991)
dclMshrd .he pobldi de ro
di*oitiiuiry of m.mbd .xk ond
lEhin8 .fier in mlyzinC nd

rhe u$ ofhbl.smd graph. is iimired
ro cenrin crcs sccrio$ .nd spai
loads .nd k iho dir'ficuh if scv.ral
lordins nry h. considr.d. ln E



cas. of comp cr .pplioariors,
dividiry lhe tuib.6 inro
subcl.metu inceH rhe ntrhh€r or
equ.rions lnd Equn6 s l,ger
ooutrr of inpur diu. fhcrcfoE. mon
of ,.es srudies hiee focu*d oi I
$iftn.s fomulalion of,on.rrkm c
m.mb.6. which otrsid€EJ in. pird
sd driotr ofrlE BcotrNtD-.'lhe elTrcr
ol $car d.lbmdions o filed .nd
forccs has nor becn .onsiderd so lar
fu noLD.lsuari. ftnhos. Tlle
pu4,os. oa d'is sbd, ,! ro d.vcloP !i
c\acr soluliod usiq $e rimpi.
bendi.s thsry for no.,orismllic
mehbcs *ilh a *ide mngd or spln
lold voirriols a i frnn? elem.ft

The displaoelrrt melhod yield! l]rc
foll@ins l@b.r .quilibium

wi.r. K it rhe sedrl rifilN
h.dik of r non-rrkmarh m.db.r.
BNed on th. conju8li. bn'n m.rhod
(Nodirs d. .1. 193.?i X @n be
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S!i!D&!e!!.!d!:
Th. haundEl hcn,$uu $ith u

rdctungul cm$ srion sd l.n-q L
!s shou in FiB. I k asstr .d ro b.
made ol homogcncous, isotopi..nd
line&l!- .i6lic nircial. Sriftr$

Th. lEunch.d 'n.i$€s 
wirh .

rcEnsllar crss srion and lensrh L
s showtr i', fis I n assuB.d ro b.
mrd. of homaen ous, isrbpic ,nd
llne ly.lani! mderilh. t{c'nherc
displaccmnr. U, aorc.s F,.nd fix.d
.trd forc.s P arc stlrn in FiB. l.

*herc A. rDd l. e rhc lEa rnd
mom.rt ot irenia lo! fie prisnriric
pd ot haunched mcEb€. rsocdiv.ly
nd E irrhe nodulus.felaslicity.

Th€ citer of rhe vd.tior of rh.
c! r .\p6*d h &. cemci.nG
nii aod ihe vrridio' ofrheftomcnl oa
idi. by $. cEm.ie{s nii , mij .
ind mij wrcn 

'lE 
nemb€r is

plismllic, nii *r,n,ii - mij = 4 and mij
=:. Ih. frdor D . l l, n rnd fl
occotr'r for lhe lhear effic!. Io rhe

c!$ oi BedotrrriEdq ihcory, F = rl
- rl - a3 -l (no ransv.6c shc.r
ulT.N0 Hoq.\cr. csp..irlly lbr
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'ncmb.u 
{nh hiBtr d.pLtr ro so.n

Erio( rh.ir dcloh 
'ons 

shoutd b.
consideEd to ilcE.sr fi. ,eume

Thc GmchB mr ntr,ir' i
,rc dd.m'n d h 6ins |JE-MJuE ;em ftdbd and di is d. Ed 6M
dE f(.-d.fom,noi. Frg r, ,h.wr
0 e !orr\putrljiia ro,.e!.nd couDtcr
srctr P . O. tit =t. ard alt oih.r
Llirna(.m. s !rc zeo tr eqrt),
M(\)'El(r) is apphed :s to,d o ft.
.onju3.r. h{mdshoMrFiE rd

Fom rh..qurt'hriun,r rh;i,nd,
.nd5. 

'h. fono*m* <uxoB ;

,r . +'fqrl^L',: Elta

J.- -" o)

s,.".*i!-!::)* _ %
L. I Ekn

I- ,r,o

,,='i-:-*.,. =ir*
t = l:-,"

d'ef .quariois (l) and (q) catr bc

'€wrinei 
ii rhcfi,D.

$ih rErdiq Er-r orTBrd*

*h.E A = - I and 8,0 in rhis ce.
lnposin8 a uiir dtpt&oF.nl U6

= l, similar.quric co b. wieD iD
kms or mi tud n\ ,or G. .& of
A-0 eil B= t. oeDrinr rh. m&ix or
rh. cmcEnts in .q (61 by C rhd ror
U, =1. d U" =o.nd for Ur =0 , ud
u! :lj ure folloEnrn .y{.ms 4

. - tlt:-2d, - t,

*r,."a-r=fu,r,-rir (e)

When P.{, od U, -t ud .tt oltl.r
displiemenE sE Eo ,n .q. lt). an
.rirl lo(e or mssnirud. i,iAJL is
d.!e opd. Thei th. forcc

6l-r=431 ' d 
'ro'LlEt\
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;,," '

.l;;l 
L;,1

"l-,t=pr

t,l
)

I tl-j:l- Li\*:u,- \

"t " I



Dde0rination ol Ihe facto^ n, ,q and mr of the h6ic siiifne$
cocfficienb k btr*d oi rhe elaluarion
orlhe i,lesrals oieqs (5) sd (12).
Tho integraLs I'.lr , lr ann L lor (he

s.leccd membor tprs cm bc
calculated for differc hiurch sl'rp.s
a.co.di',9 to rhe tap$ f,.to6 ai and

o1 at edddsee ApPerdix {A)), A
h .chcd 6ei Er k a$uned to be
cotr s is.inS ol thrcc scgdcic as shoNi
ir rlg. I The nom.nt ol irenia.nd
the arr itr dE ilslons witlr lensri l-
ard Lj rre variablc ,nd in rhc .+ion
viti, leDgfi L. are mnshnr The
intcgrals I' lr. tr aM Ir rcpresc $c
sumhation ol dr.s*lree co mpo trenls
htr+.rk }n. the connanr ard lircfi
variations .an be pefoirned
rra)licaliy, *hile for ary crved
variotion. nunrcncal integurim n

sfl!4rs!-&s&4-&rslsdl&g
Negleotin8 axial defdrmations 

^ndpd'ri.idning rhc naticls inio iour 2 x
2 submaric.s, t|e bean slifne$
maxioes .in be reprcsenrd
Especiively in rhe lollorvins

Th. $iflies nabix ol Ihc h.mber
shown in Fig.,1 coresplnding ro fic

'"' ,-,,-t),rr,,

LrsnB rhe rclarioi b.Lrc.n lhc
tansv.is. shea !3 deaomarions dd
applied shearins foEes, shr.r
delection dG 1o utrithnslcse Load

.r cDd / d.n bc cxprc$ed as Popov

i . =g l-!d=str ,i5l

*herc G is thc shcarroiulus aid a h
$e shape factor of the cro$ seclioD

'lhc folloqire nolaiion is used:

dt,t ".,, 4)Et!

Sh.!r defonnrlior an be added to d'e
invcBe oleq (l.r), ic., fie nexibility
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.'r l,l. ;=l-,' a,l

rL1

!i'"
hiiL3t,q)-_
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k, inv.ning e'l (l7l Th. maria ,{. can

lie obraiicd lo rhe equilibrim
cordnidD olrhe memb*. Rep. ing
the ouilined plsedun lor ihe



clililevcr, by considdlig join! i as

fi\ed end and rslerinsjoiitJ i',,aid

i .ao be obhhcn simihrLy. Th!
mukiphcd.ioi hcb^ P, fr r:a d rr

lhing compatibiliiy at point, aid the
eqtrilihrn'tocondirion (eq (2?)), ther:

, at.

^=otL )

Fix.d End Forces Duo to tui,l

Irjxed end forc.s for the lxially
Loaded non prismatic member are
d*iv.d using rhe fl.xibiLny nethod
Refeirine ro Fig.5. $aric cquilibiiun

P+P,=-Q 122)

Choosine P' as a rcrlutad atu
oadlDg the pr marv *n,ctLre wrh the
idui lo.d Q, (hs displacernenr ol

P'Pl|,
"="1'..\-E
.ddrhr d kplacemcnr ol poi Idtre10

, = L=9!.
$h!r! ; is r!,e minio(fr arc, onC

lj

i

The rcn of rhe span loods
considered m pelpendicular to the
member *i!. theEfor. Pr = Pr = 0.
The force Pr dd Pi lre calculaied

wlreie 0 and 3, are rhe robions ,! fie
ends of fi. membor due to rhe span

lMd Q(r). Lrsitrs the coijue.re bcam
mclhod, lh{e .oktions, which ue
aho givei by Timolhenko and Youtr8
(rs65), cah be cxpre$ed c:

, iiir\ x r .),.

4 - | 'a!1!L&
ELl tt r

vhere MG) is .hc iDi,.nt luncrion

due ro spa. load Q(r) of rhc aimply
suppoded bc!n. The numeical
inremtion ir uled fo. the cal.ulations
of e rnd q i eq. (2e). Addlig

ii,l- *l::, ::l?)*,



nralioni for thd dilleronr tords A,d
slbiir ing ,nro .q. (23) )i.td! rtLc
fi\rd .nd fft4 a rni P. Ih.n P)
lnd Pr caf, b. cricul{ed by addina the
resp+div. siirplf $lpNdath.tun ond
end rolltions rd rhe r.acrions due io

Dcflrfuids o,'lne .r6s s.dion
dtre !o r.nsve6c lhcrr *ilt pmdoce
lddkloiol deuoc r whlch i!
cal.uldcd by uriDE rhe B.6otrtti-
Lil.r hrrtr' rrreJ4 T1. non-pismadc
in.tr'l,cr rho$n i'r tis I 6 sub ered

'u 
nrmber 10(6 Q(r,, Add ns +tur

derurdn'o s o\or rir l.arrh, rhe n
J€ .cnon end ./ $ t' ,6p4 ro
n,iqin , . rn hc .{E!!.d r\

, 
^.,. 

=:i'jrr,-d ool

*hee l(i)is rh. lurcrion of di.,r
forc. tbr rhc sidpty suproned b6m.
*hich ir ot{aind bt Ji6.Enri.rins
ft. r() i fun.rion \ nh resper 16 x .
aff vr i\ rlr nfthrn nEar ioto. dne
to cid iDnrnr. lion e,tuilibriu6,

1.--lrr !4 @ r 'r'atnt

Th.,rti'c. t,_. .dn 5. calcrld.d bJ

u ni! nu i'dn@ I itr r.8rdiotr
Addiriodal fix.d end r.rd!

cllsed by sh.ar.if.ds are d* tikd
.nd forccs rh{ wltl pr.vdt .,.* in
ih€ b.!m. If th. spu tord ind E
nor-prismaric m.mUcr &e ltmo.tlic,
rhen u,^._ = 0 .nd the addilMot
fired .nd lG6 srll rlso cquat @
zo. O tNi*. ! .d.c(ion f&&
due ro 3lHr can bc d.hined tDm
eq. (l)trld eq (2) is tollows:

.", [- tr.i.].ri
.\ -'lii -; _t4t -. ob
1..1.- r -i- I

tl'"]t'

FLnilly, th. lerd I is d.tcmin.d by
,signin8 E cor.+odirg
co',ponens ol ihe 6xcd cnd fods
due roakial forccs, henditrgaM sheqr.

For lh. fir.d ends hiundrn b.Am
Jrtri ir Fis 6, rh. dsric hodulus
olconsere, E, is kked is 30 CP.. thc
3l@ modul{! C, 6 12 cP!. .h.
$ap. f&br aq sli.rr,q .s t.2 (fd
@.ran8ul* oEss !.cli6n) and

The b..m is oolyEd by 6iig
rh. p6p.*d merhod td mdjFo,
h.ish(. h, ofo t 0.75.t.0.t15 

'nd1.5m. Fird oid nom.n$ lh; btt
.nd nghl ruppor ar. d.Emii.d
*ith md ririd $. r.6!ee srt{r
d.fom.tid.. The 6!1ts !E
co ,p cd $irh rh ohD md niingr)r
trrl.lnoqn fitriG
PmsBD SAP9O. F6r SAPSO an.I:sis,
d. be G dirid.d inb 4t
srh.l.o.nls h.ving consrini aE and
trrcmcnt of ln.nia defiigd ar mid-
s..rior ol .rch eledcnt wirh atrd
rirhod cosi&ritr8 rlr .fi€d of
kar$qs slE ddomrrior fh.
rcsull of rNlrsi is shorn in Tabl.
lA and rrbl. lB for borh ilaed of
rulyris. wlEn dsr d.aom{id i3
Msi&Ed. rh. .trd mm..le iml.e.
It h cla. th rn. .ficcr of shclr
d.ionMrlois liceas.s a. . d.prh to

,-The derivcd sifne$ hadx h
3..enl dd lpplioabl. !o simpi.
b.ndins Ihdn. Dd cdo a wid.
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