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INTRODUCIION
Th. th6r) of vibmrio of

U.omJ is b&r.d rpor $nc
a$Ln,prions sdch 6 s-.!l 4dmic
d.n.ctio,s Recedly Dan) adh6
hN. presFci a simpL fomtrhlioi
for non lineai vibdituns oi tc.mj
(surh 0s rE.tion linkag.s in iacto* )
by coisiderirg Ihe .xial rnd
tursvcne incdlas in rhc cqMlion of
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moton. In 1933. Na8.swtra .id
vcnklcstrum lrl obFineLl lhc
ibmn arion lor tho iH mode o,
librdio! ofr clmprd - lE unilom
b..6. -fhcn 6ulls cchpar. MU wnh
rh.l rieirurd in 1965 h) \asn6 [2]
T!io!8n the b.hNiour of rhe Jiur
mod. ol lib.rtion h ol h,denlig
rypc, dE aulhoE ..ticcd rhat ihe
beMviou of fic $.ond mode dr
vibolion is of $n rin8 typ.. An
.nmo ha ako been roil. b snldy
tlE hlE mplt{d. librationr ofnE
- fc unifom b.in bt folloRiry th.
anilrk as desc bed in Rca lll. rr is
foutrd th.t the lid mlurel Sequenc,
ol fE. fte bc.m d.*.i!es *nh
inoc.siD3 d€ lmpliddc of!ib6tin.
This ph.Memn ie obe^ed in
cxP.limotr p!-.fotud on larC.

A study on lhe lin.d
dynimiel behlvior oa non-unilm
.antil.v.r b.am sopp.tuJ br €l..ic
.nd .uppon ani s,bjet d 

'o 
ari.l

forc. lnd hFmruE Fdimr hat
t*n r.hi.vd i5l. th.r cMclrd.d
rh{ inresing rlF .nd su on
niiliE$ and tne rcnp.EruE sEdien.
shitu thc inshbili9 lequcncies to
ifths or loaer *luc! d.r.ndins dn
ih. c@pondinA niil.. Al$ rh€!
conclud.d lhai lh. reop.arurc
3i8di.nr hrs $r ctr n ot srtinB $e
b.8n nore snsniv. ro p.liodic l@ds
ad h.nce ihe beam nabiliry reduces.
Azdr, B,$m& & $hirc [b] srded
rh. non hnear dyiotr r{6Ee
poblcn of sinply - simply spp.n d
ari.hmFd cl Fd l$0s *hd
ih.y und&gcs hB. ompliruds ol
vibErion. ft.y used rh. sinsle node
apphach lor iiv.srigrtirs the

8.om.rnd no0'lin..riry on rcsomni

Fmm $. abo$ ald o e
lir.nBrc vtich. .h.( is tro *oll
doh Birh rh. Mp.drurc etlt6 on

try'beli!&vi|n'nEd..'mPd

nE ! ibstions of bar ms when u crgp
lrge amplitudes ofvibBrion. Ir lhis
PrFr the elldcl ol rhpedtuc
Sndi.nr od rh. lnB. mpliludc
vibElid of .inrilcver b.ams is

The elcnEnr of the delorm.d

be.m is shown in Figure (l). To
simpli& rhe .nlysh, rh. lolloeinl

. No danpins is ssideEd, i.c. th.

. nr rehp.Et!rc gradie along

rhe be.m is coBiderd 16 b€ lin..r
. Tlr Ush is ol unifoo co$

Gdon d f,.chei€l pop.ni.s,
t A€rdns ro HimilM\ princip!.

in i8 siflplifi.d fon4 tnekinclq
&d p.r.nli.l.!.rsies, e:

x = 41t,'* r'r,rz ,u

u -::- lt:c,ttdt tzt2l 
-where. a dor indidi.s din-@nri.tid

*nh esp.cr 
'o 'iru 

0d f,(t0 d.
cu^"rre of rh. entE lin. of lh.
b*m md il is gilm by w,Brtr [2]:

r(4,O = r(r'rr' -r'r,) (3)

dafa*ntiarion $irh rspet ro I ud

Th. LaEo8iai iricrion is:

L-T.U (4)

To lpply Hamilbnt pilciple, rh.
foliouirg condidon shold b.
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6lLn=o (5)

^''i'laa$l+t" 
FJltrf

ii- rr't'v4t
(6)

in unich ]\ sholld he mininm, he
wialioial ,\ ir qitEn 6[2]:

. ,jLFt 1,t,,t 1,t ), y(1,t ),
ii *. i, r' , y' , r' . y' )didt

IE orcspondanS Eulcr .quations

al a'ai' a!' d,'

il,-ar,*jlr94,=o ,e,4 d\' rCat dr

d d! Ai aE at'
a' dr a1 aF

az' 
I 

,,t') 
+ 

dta( d/)= 
o 
--let

The r.,Ntion b.t*.an x and y ie giv.D

l'+Yt = r' (lo)

0y .\.curing {E op€rdicds in ETi
(&9) wirh rtu E o{ Eq. (l0). .!{
.n . some dr.nirulation!, ltc
followiig equlion con b:

L4!Aitld&!ih'Ndcre.d

(r l)
The abov. equario. is a non-liDer
diffdcnti.l equation which c0nnot be

$lved simply br.' rhe conv.nioml

T. aEduit fd !h. hpdrut.nE|
fi. rcmp4idure tur.lion ba3.d on

r.an.nc. r.mpeBtuft, is [5]:

v ='!/,( t - l) (r2)

hence Yoqngt modul$ G [5]l

Et:)- Eo[1 ottt0(I - t )1
(rl)

Sohrion of Govcrtrins Equ.tlon:
The sollriM dr Eq. (r l) which is or

hien mnliia Daniil ditrcEmi.l
elhrion, c.n b. srcc.slul only by

meax of approxindc h.rhods,

shifting rh. r.m (l -;:f") lo lh.
righr sid. oiEq (ll) tud developing

ir inrd a poqerserie. givcs:

l*.,#\,,,*4'
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o\4\ - t

(ls)

", =io'h)aq tzot

=A--" r{-

t:!+)rL)

(14)
,4. 4preximalc solurior of Eq. (11)

t=@(t)f0) 15)
rhere, O(4) h a eilen spso
tuicrion and its ma\id!fr ralue r 1

e,=lqA"dq (2 r)

| 2@@ @'@" +)
d,..= 1't {2p lva' )

t22)

This equatio. can be

Emsfo,mEd by nems ol panial

l-l@o"'@'l:*)a =-)"1, I"' 
lt@ 

'@" de l
l?3)

It is knoan rh.t rhc eucr $lution of
Eq. (14) cannot bc or dr pDduct

Thus \re prftfrd o i'npo$ thc
lollovirg rcquncnenr ii Ine faclor ,-

!a(4 )N ttG.t ),14I = 0

crl
lIis inl%raiotr yi.lJs a nonliie.r
ordindy diiire idl equarion For r
antilev.r Led'n, Lhe boundary

o(0)= a\0 )= @'(1)= o"( t )
ll3)

Nov inseriig Eq. (1-<) i!1. Eq. (r7)

NONLIT-EAR FREQUENCY:
The .qualion ol molion ola

one nr.$ s)nem iith I norlinear

/ + t( l)-u ett
sherc F(n is a pollno,nial.f ,
Nos, aaordin3 to Alkinsont
sope, posirion merhod of rhe

frcluenci.s, lhe frequ.ncy ot the

po'iodic soltrtion ol(24), o, is:

. = 1",:
wh€rc o! is ihc frequenc, o, !
corfcslondi.g ne - r.m diifd.nlial



EE&I'drcloA,vol?.,N9,&:ooJ

I -a,f!'-t =0 \26)

Tfic niedl frequ.ncy corspoidirg
ro &. (251 is eiv- by MacDuf a

ti$,{rditodc viiDrroB d.htrEd

1'h. vibilaons ol cr'stc
6.!'m *idr clmped &c. ends

C.ll.diois trid.r rhe efc.r olrhsmal
SGLli{lr h3le bee. propo*n. The
rl{ii.r beNefl rhe vihralion
i plirudc at rhd beam tip ro beam
lorglh laLio on tlE tiequency rario is
dD*r i! Fig.(2) This figure sho*s
rlw rr enali anroLnudes rl'c lrcqEn.t
ruiio h Nbour unily 0d imrcaksvii\
ircrc$inE ihe amplnude ofvibntion.
llroughour rhe pEseated resuL$, a
lB.dlnillg lprin8 has cffeci ior rh.
,lEi node. wh.ras r solienin8 t pe
of noi'lin.arity is nored lbr rhc
selo''d mdd.. Ir k nori.cd rhar rh€
st'riig hrd.inE or soliening due b
rh. axial rn.ni. of rfie beam,

d.pending on rhe nod. ship.. It on
b+ *cn al$ ndnr rhd fu!rcs !h.r
ih. tbn-lind, &ndints s!E$ cxnibiB
. high.r imr.6. ne.r ft. sl,mpd
.J$. .o6pred \nt! fir exp€ccd in

Ih. .tred ol ..mrenniE
gmdi.ni on fic..tio of lfi€ nonlinetr
lEqueGl b rh. lift& arquefty is
rlNn ii [ig.(l) I.ei bc slDqn lhd
tr,o.lsing rhc t.n,ptmtore gndi.nl
rltrlugh tne b.!m lcn8rh will lead b
i"!,(rs.! in rh. ilquenc) mrio. This
.ltrr h incra*n wiih i.crers ig rhe

mplnud. rtio. In othc vords. !h.
r.Dp€!!rur. SBdie hs no .fiect ar

4!o mplnudeq bur a !.ry clcar

Th. cltn oi bnperaiurc
g{Ld.it otr rlrc rearion beNeetr the
( o ol'trotrllied p&iod to lh.linear

poriod voAos th. vibrction
omplnudc b beam lerylh Bri. is
!ho"n in Fis (a), It .an be comluded
lhar rhe rim. Btio dc.toas.s ,ith
i"creasiog th. temp.Bturc gBdient
ntr(f. ftr mod.. bur inc.e,s. ror rhe

*4oid trDd: Thir phcnontnon is

(2i)
rhcre ! is t\e mtlillld. .nd I' n
gans.-tuncliotr$hi.h is arin n rs:

r@+ 1)=i{e''d'Jd>a)
(21)

6-= !!i_f..tttZ0)

(29)

insnins Eq. {27) md Eq. (29) in'o

o'=d;rl,(I-/n,4 "

l'i;;'i ,.,,- rror

dd the Elio oa thc rorlirMr pcriod
T ro rhe lirea. p€riod T, c.n bs

Tll.=a(dr) (:f)
wltrc, 1r' a.d ! m nuDeric, vlhrs
depetuin8 otr lnd .ondidotu io,
clanpeLl t c. me foLloqi,rg vdlucr
ire r.!en l6'n sirriGu [0],
o-{ 13,1095 5, ll- L375 104l



duc io rtro @str: aBt!: rh.
lehp.r urc gBdienr cd *s r change
in nr modulu: of clEticit)
proponionll lo fic rilue of thc
tempcBrur. €ladienl. th! chrnEe oi
ii,c 

'nodulus 
of elrricir! .long ihe

b.an qlE !n inrehil iorce *hich
8fftcts boih of $e Friod and
fEqu crcy nr ios. Ihe sc.ord rcetr is
rho h. tcmpe,alurc eBdienr causes a
lleBEl slEs*s *hich lrave posniv.
.r n 8!riv. efr(i on lhe n qucicy
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figurc(2): Dlfecr rt arnDlilde maio on freqoe.cr_ aIio,
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