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Abstract— In most applications, electric drives are actuated using on/off 

devices due to their low cost and also due to the relatively high power 

consumption of the electric drives which make applying linear power amplifiers 

very costly. In this paper, the operation of PMDC motors under discontinuous 

control action is analyzed. In addition, to reduce chattering, boundary layer 

solution has been addressed. Both suggested control techniques have been 

applied to a PMDC motor model in a software simulation using MATLAB. The 

results show better performance of boundary layer technique due to the reduced 

chattering. 

 

Index Terms— PMDC Motor, Discontinuous Control, Boundary Layer. 

I. INTRODUCTION 

DC motors are widely used in many applications to provide rotational mechanical 

motion. Due to their direct linear relation between the armature voltage and angular 

velocity, the DC motors are considered to be easier to control and the actuating circuits are 

less expensive [1]. 

Due to easy design, PMDC motors are commonly controlled by PID controller. To 

adjust PID parameters, it is required to do some experiment or to determine the best way 

mathematical model of the system. However, conventional PID does not work attractively 

in applications of nonlinear, complex and of which system model cannot be defined 

precisely [2,3]. A speed control of separately excited DC motor using various PI, PID and 

Ziegler Nichols methods was performed in [4]. Classical methods such as Ziegler Nichols 

which are used to adjust parameters of PID controller can help for determining of these 

parameters just during design stage. However, they cannot be provided to online adjusting 

of controller parameters [5,6]. Because PID controller with constant coefficient cannot 

show a good performance, until now, various modified PIDs such as Adaptive and self-

tuning have been developed to cope with these effects [7]. In addition, traditional PID 

controllers cannot provide steady state error of time varying systems to desired value [8]. 

Therefore, iterative learning PID control (IL-PID) is proposed to eliminate deficiencies of 

traditional PID methods [9,10]. A control of a permanent magnet DC motor (PMDC) is 

realized by using PI and fuzzy logic control in a simulation study [11]. A speed controller 

for a PMDC motor via self-tuning PID control method and also use fuzzy logic for a self-

tuning is designed in [12]. Velagic et al. in [13] carried out speed control of a PMDC motor 

by fuzzy logic controller, Comparisons are made between PID and fuzzy control under 

disturbing Effect in both simulation and real time application. Kumar et al. in [14], Ziegler 

Nichols, modified Ziegler Nichols methods and PI controller which are designed via 

Particle Swarm Optimization (PSO) are used for speed control of DC motor.  
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An LQR method to optimally tune the PID gains was presented by Yu et al, [15]. In 

this method the response of the system is near optimal but it requires mathematical 

calculations and solving equations. Lin et al, [16] have applied GA based PID control for 

brushless DC motor. Genetic algorithm is originally motivated by the mechanism of natural 

selection and evolutionary genetics. 

Methodologies such as nonlinear control [17], optimal control [18], variable structure 

control [19], adaptive control [20] and particle swarm optimization strategy [21] have been 

widely proposed for linear brushless permanent magnet DC motor. 

In most of the previous works mentioned above, practical implementation of proposed 

controllers may have some cost. In addition, for those controllers to operate properly, an 

additional estimation of performance variables other than the output measurement are 

required, which adds an extra cost and complexity for the implementation. 

The main contribution of this work is to develop a low-cost control algorithm that is 

able to control the speed of PMDC motors depending only on velocity measurement. For 

this reason, in this work, a discontinuous controller is proposed for the problem of speed 

control of PMDC motors using only output measurement. In addition, the problem of 

chattering is discussed and a solution of boundary layer is proposed in order to reduce 

chattering and improve performance. 

This paper is organized as follows: the mathematical model of PMDC motor is 

introduced and a model reduction is discussed in section II In section III, the application of 

discontinuous control for the problem of speed control of PMDC motors is discussed and a 

boundary layer solution is introduced for the chattering problem in section IV. Numerical 

simulations are performed in section V and conclusions are presented in section VI. 

II. REDUCED MODEL OF PMDC MOTOR 

In this section, a reduced mathematical model for the PMDC motor is introduced since 

it plays rule in designing an adequate control law. In general, the PMDC motors consists of 

two coupled electrical and mechanical systems defined by Eq’s (1) and (2). 
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𝐽
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Where the above model variables are defined in Table I below. 

   

TABLE I. PMDC MODEL VARIABLES 

Symbol Description Units 

𝑤 Armature Angular Velocity 𝑟𝑎𝑑/𝑠𝑒𝑐 

𝑖𝑎 Armature Coil Current 𝐴𝑚𝑝 

𝐽 Armature Plus Load Moment of 

Inertia 

𝑘𝑔𝑚2 

𝐿𝑎 Armature coil Inductance 𝐻 

𝑅𝑎 Armature Coil Resistance 𝑂ℎ𝑚 

𝑏 Armature Plus Load 𝑁𝑚𝑠/𝑟𝑎𝑑 

𝑘𝑡 Motor Torque Constant 𝑁𝑚/𝐴𝑚𝑝 

𝑘𝑏 Back emf Constant 𝑣𝑜𝑙𝑡 ∙ 𝑠𝑒𝑐/𝑟𝑎𝑑 
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As seen from Eq’s. (1) and (2) above, the PMDCM model constitutes of two 

distinguished time constants: the electrical time constant (La/Ra) and the mechanical time 

constant (J/b). 

In many practical applications, its considered that the electrical time constant (La/Ra) is 

much smaller than the mechanical time constant (J/b), i.e., the time response of the motor 

electrical circuit is much faster than the mechanical dynamics. For this reason, the electrical 

circuit of the PMDC motor can be written as: 

                                                       𝑣𝑎 = 𝑖𝑎𝑅𝑎 + 𝑘𝑏𝑤                                                                    (3) 

 

From the above equation, the armature current can be written as 

 

𝑖𝑎 =
𝑣𝑎

𝑅𝑎
−

𝑘𝑏

𝑅𝑎
𝑤                                                                                (4) 

 

Substitute for 𝑖𝑎 from Eq. (4) above into Eq. (2) results in  

 

�̇� =
𝑘𝑡

𝐽
(

1

𝑅𝑎
𝑣𝑎 −

𝑘𝑏

𝑅𝑎
𝑤) −

𝑏

𝐽
𝑤 −

1

𝐽
𝑑                                                           (5) 

 

Arrange the above equation results in 

 

�̇� = − (
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The equation above represents the reduced PMDC motor dynamics. It can be written as 

 

�̇� = 𝑎𝑤 + 𝑏𝑢 + ℎ𝑑                                                                             (7) 

Where  

 

𝑢 = 𝑣𝑎       ,        𝑎 = − (
𝑘𝑡𝑘𝑏+𝑏𝑅𝑎

𝐽𝑅𝑎
)          ,        𝑏 =

𝑘𝑡

𝐽𝑅𝑎
          ,        ℎ = −

1

𝐽
 

 

III. DISCONTINUOUS CONTROL ANALYSIS  

A.  Discontinuous Control Design 

In this work, the main objective of the controller is to enforce the PMDC motor to run 

at a desired angular velocity 𝑤𝑑 even in presence of external disturbance torque. 

The first step is to define the tracking error 𝑒 as  

 

                                           𝑒 = 𝑤 − 𝑤𝑑                                                                          (8) 

 

where 𝑤𝑑 is the desired angular velocity (rad/sec). 

Differentiate Eq. (8) above  

 

                                           �̇� = �̇� − �̇�𝑑                                                                          (9) 

 

Substitute for �̇� from Eq. (7) into Eq. (9) above results in  
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                                �̇� = 𝑎𝑤 + 𝑏𝑢 + ℎ𝑑 − �̇�𝑑                                                                 (10) 

 

From Eq. (8) we get 

                                          𝑤 = 𝑒 + 𝑤𝑑                                                                            (11) 

Substitute in Eq. (10)   

 

                             �̇� = 𝑎(𝑒 + 𝑤𝑑) + 𝑏𝑢 + ℎ𝑑 − �̇�𝑑                                                        (12) 

 

Eq. (12) above represents the error dynamics of the PMDC motor and the main aim of 

the controller is to make the tracking error 𝑒 reach zero which results in 𝑒 = 0 → 𝑤 = 𝑤𝑑. 

     In this work, the control action is defined by discontinuous control law in Eq. (13) 

below 

                    𝑢 = 𝑢𝑜𝑠𝑖𝑔𝑛(𝑒) = {
𝑢𝑜      𝑒 > 0 (𝑤 > 𝑤𝑑)

−𝑢𝑜   𝑒 < 0(𝑤 < 𝑤𝑑)
                                              (13) 

 

To find the stability criteria of Eq. (12), the Lyapunov stability criterion can be applied 

as follows: First, Define a positive definite Lyapunov function candidate as 

 

                                      𝑉 =
1

2
𝑒2     ∀𝑒 ≠ 0                                                                (14) 

 

According to the Lyapunov stability criterion, the system of Eq. (12) achieves an 

asymptotic stability if and only if the time derivative of the Lyapunov is positive definite, 

i.e. 

                                  �̇� = 𝑒�̇� < 0     ∀𝑒 ≠ 0                                                             (15) 

 

Substitute for �̇� from Eq. (12) into Eq. (15) above results in 

 

                         �̇� = 𝑒[𝑎(𝑒 + 𝑤𝑑) + 𝑏𝑢 + ℎ𝑑 − �̇�𝑑] < 0                                       (16) 

 

Substitute for 𝑢 from Eq. (13) into Eq. (16) above 

 

                     𝑒[𝑎(𝑒 + 𝑤𝑑) + 𝑏𝑢𝑜𝑠𝑖𝑔𝑛(𝑒) + ℎ𝑑 − �̇�𝑑] < 0                                 (17) 

 

Rearranging and using the fact that 𝑒 ∙ 𝑠𝑖𝑔𝑛(𝑒) = |𝑒|, then Eq. (17) above can be 

written as 

                        𝑎𝑒2 + 𝑒[𝑎𝑤𝑑 + ℎ𝑑 − �̇�𝑑] + 𝑏𝑢𝑜|𝑒| < 0                                         (18) 

Divide by |𝑒| 

                     𝑎|𝑒| + 𝑠𝑖𝑔𝑛(𝑒)[𝑎𝑤𝑑 + ℎ𝑑 − �̇�𝑑] + 𝑏𝑢𝑜 < 0                                    (19) 

Which results in  

                             𝑢𝑜 < −
1

𝑏
𝑠𝑢𝑝(𝑎𝑤𝑑 + ℎ𝑑 − �̇�𝑑)                                               (20) 

 

The result of the inequality of Eq. (20) above gives sufficient condition for the 

proposed control law to stabilize the dynamical system of Eq. (12). 

A Block diagram for the control system along with the proposed control algorithm is 

described in Fig. 1 below. 
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FIG. 1. BLOCK DIAGRAM OF PROPOSED CONTROL. 

 

B.  Chattering Reduction Using Boundary Layer Method 

From the discussion in the above section, the control action u was introduced as a 

discontinuous function of the error e (Eq. (13), Fig.2.a). The resulting control signal will 

change its value between its min and max values (uo and -uo) in order to keep the error as 

small as possible since the signum function is undefined at e=0, that phenomenon is known 

as chattering phenomenon (Fig. 2.a). A drawback of chattering is energy losses and/or 

components damage due to the fast switching of the control action. 
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FIG. 2 (A). EXPLANATION OF CHATTERING PHENOMENA.( B). EXPLANATION OF BOUNDARY LAYER SOLUTION. 
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To find a suitable evaluation for the boundary layer value, the following assumption is 

considered: assuming that the tracking error 𝑒 rises or decays, then the rate of change of the 

error, �̇�, must not be greater than 
∆

𝑇
, where 𝑇 is the system sampling time (sec). Fig. 3 below 

shows an illustration for this assumption 

 

 
 

FIG. 3. GEOMETRICAL REPRESENTATION OF BOUNDARY LAYER. 

 

A mathematical representation for this problem can be formulated as 

�̇� <
∆

𝑇
 

Which leads to  

                                                     ∆> 𝑇�̇�                                                                      (22) 

 

Eq. (22) above shows that the larger the sampling time and the rate of change of error, 

the larger boundary layer required to prevent chattering. 

In order to apply the above condition for  

 

              ∆> 𝑇 ∙ 𝑠𝑢𝑝(�̇�) = 𝑇 ∙ 𝑠𝑢𝑝[𝑎(𝑒 + 𝑤𝑑) + 𝑏𝑢 + ℎ𝑑 − �̇�𝑑]                          (23) 

 

IV.  SIMULATIONS RESULTS 

In this section, the proposed control method is applied to the PMDC motor in software 

simulation using MATLAB. In the following simulations, the digital sampling time was 

considered to be 1ms. The motor parameters were considered for general purpose industrial 

PMDC motor from Moog Components shown in Table II below: 

 

TABLE II. PMDC MOTOR PARAMETER VALUES [5] 

 

Parameter Value Units 

𝐽 6.63×10-3 𝑘𝑔𝑚2 

𝐿𝑎 0.012 𝐻 

𝑅𝑎 0.7 𝑂ℎ𝑚 

𝑏 0.37×10-3 𝑁𝑚𝑠/𝑟𝑎𝑑 

𝑘𝑡 0.1413 𝑁𝑚/𝐴𝑚𝑝 

𝑘𝑏 0.1412 𝑣𝑜𝑙𝑡 ∙ 𝑠𝑒𝑐/𝑟𝑎𝑑 

 

The motor was considered to be supplied by a 24 volt power supply. 

Two performance indices are considered in this work, error and control action. For the 

error, the performance index is defined as the integral of the error square as in Eq. (24) 

below 
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                                            𝐽𝑒 = ∫ 𝑒2𝑡

0
𝑑𝑡                                                                      (24)  

  

In the same manner, the performance index of the control action is defined as  

 

                                         𝐽𝑢 = ∫ 𝑢2𝑡

0
𝑑𝑡                                                                      (25) 

     Also, the total performance index 𝐽𝑇 of the system can be defined as the sum of both 

the error and the control action performance index 

 

                                                           𝐽𝑇 = 𝐽𝑒 + 𝐽𝑢                                                                        

 

The simulation results of both discontinuous and boundary layer methods were plotted 

together to show the difference between the two schemes. 

A.  Constant desired velocity with no external disturbance load 

In the first simulation, the motor is desired to run at a constant desired angular velocity. The desired 

angular velocity is assumed to be 𝑣𝑑 = 100 𝑟𝑎𝑑/𝑠𝑒𝑐. In order to determine the value of the boundary 

layer ∆, the values in Table II were applied to Eq. (22) and the boundary layer value was found to be 

∆= 0.45 𝑟𝑎𝑑/𝑠𝑒𝑐 assuming that the sampling time for the simulation was taken as 0.001 sec and the 

maximum disturbance value is 1 Nm.  

According to Eq. (23), the minimum control action that stabilizes the system was found to be 19.27 

volts using the parameters given above which is below the 24 volts supply voltage which means that 

the controller with supplied voltage should be able to drive the motor at the desired velocity even in 

presence of the external load torque. 

Fig.’s 4-10 show the simulation results. Fig. 4 below shows time response of the motor angular 

velocity. It shows how the motor speed starts from zero value to the desired speed. Fig. 5 below shows 

the external disturbance load that exerts on the motor. It can be seen how the motor keeps running on 

the desired angular velocity even when disturbance load is applied to the motor. 

 

 

 

 

 

 

 

 

 

 

                                   FIG. 4. ANGULAR VELOCITY.                                                             FIG. 5. DISTURBANCE LOAD TORQUE. 

Fig. 6 shows the control action of both discontinuous and boundary layer controllers. It can be seen 

how discontinuous control action chatters between its min and max value to keep the error value as 

close to zero while in the boundary layer control the control action it only changes its value between 

zero and its max value. For demonstration purpose, the discontinuous control action is filtered using a 

low pass filter to show its equivalent DC value and plotted in Fig. 7. The equivalent control action 
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represents the required continuous control action which if replaced instead of the discontinuous one will 

give the same results. Also, Fig. 8 shows armature current. Fig. 9 shows the power consumption of the 

motor for both discontinuous and boundary layer control actions which shows that the boundary layer 

results in a notable reduction in power consumption which is very important aspect.  

 

 

 

 

 

 

 

 
 

                                               FIG. 6. CONTROL ACTION.                                                           FIG. 7. EQUIVALENT CONTROL ACTION. 

 

 

 

 

 

 

 

 

 

 

 

                                                FIG. 8. ARMATURE CURRENT.                                                            FIG. 9. POWER CONSUMPTION. 

Fig. 10 shows the performance indices of both discontinuous and boundary layer controllers. It can 

be seen how that the error and control action performance indices in boundary layer control is notably 

less than the discontinuous control action which definitely means less tracking error and also less energy 

consumption. 

 

 

 

 

 

 

 

 

 

     FIG. 10. PERFORMANCE INDICES. 
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the motor has an average value of about 200 watts which is notably less than when the sole 

discontinuous control action is applied where the power consumption has an average value of 550 watts. 

Also, Fig. 10 shows the performance index of each controller where it can be seen that the performance 

index for the boundary layer is about half of that in case of discontinuous control action which means a 

less energy spent during the operation of the motor.  

In addition, Fig. 4 shows how, due to the discontinuous control, the angular velocity oscillates 

between ±3 rad/sec (3%) of the desired angular velocity while in the case of boundary layer it oscillates 

only about ±1 rad/sec (1%) of the desired velocity which indicates an improvement in performance. 

Also, Fig. 8 shows that the armature current oscillates between (7 – 7.8) Amp. While in the case of 

boundary layer it only oscillates between (7.3 – 7.4) Amp. Which indicates less chattering in armature 

current. 

B.  Variable desired velocity with external disturbance load 

In the second set of simulations, the motor is tasked to run at a variable desired angular velocity. 

In these simulations, the desired angular velocity is assumed to be in the form 𝑣𝑑 = 100𝑠𝑖𝑛(10𝑡). In 

this case, the control action required to drive the motor was found to be 22.42 volts which is still below 

the supply voltage and the controller should be able to drive the motor at the desired velocity. Fig.’s 

11-17 show the simulation results. 

As in the previous simulation, Fig. 11 shows the motor angular velocity. Fig.’s 13, 15 show the 

control action and armature current respectively. Fig.’s 16, 17 show the power consumption and 

performance indices respectively of both discontinuous and boundary layer controllers. 

 

 

 

 

 

 

 

 

 

 

                                          FIG. 11. ANGULAR VELOCITY.                                                           FIG. 12. DISTURBANCE LOAD TORQUE. 

 

 

 

 

 

 

 

 

 

 

                                                  

                                                 FIG. 13. CONTROL ACTION.                                                     FIG. 14. EQUIVALENT CONTROL ACTION. 
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                                                 FIG. 15. ARMATURE CURRENT.                                                      FIG. 16. POWER CONSUMPTION. 

 

 

 

 

 

 

 

 

 

 

 

 

 

                                                                                                 FIG. 17. PERFORMANCE INDICES. 

From Fig.’s 16, 17 above, it can be seen that how the boundary layer method consumes a considerably 

less power than the discontinuous control action. Also, the performance index is much less in the case 

of boundary layer method than the one in the discontinuous control action which indicates a less energy 

spent to drive the motor. A final note can be stated about the increasing performance index value which 

is due to the varying desired velocity which enforces the control action to reverse its polarity in order 

to keep tracking with the desired one. 

V. CONCLUSIONS 

In this work, a discontinuous control is proposed for the problem of speed control of PMDC motors. 

The aim of this paper is to introduce an inexpensive control methodology which reduces the control 

circuit complexity and cost. Also, a boundary layer solution is proposed for reduction of the chattering 

problem which presents in applying the discontinuous control action. The results show that the proposed 

discontinuous control law introduced in Eq. (13) works as desired in tracking the desired angular 

velocity in presence of external disturbances. Also, the proposed control method proved to be able to 

reject the external disturbances exerted on the motor. In addition, the boundary layer technique succeeds 
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in reducing the chattering in the control action which results in less oscillations in output signal and 

hence an improved performance. An important indicator for the proposed control method are the 

performance indices shown in Fig 10, 17. The performance indices show the boundary layer has notably 

less performance index values which is a desired aspect in evaluation of control systems since it means 

less error and control action is required to stabilize the system, hence, a less energy consumption and 

loss are presented. Finally, the most important aspect can be seen from the results is that the power 

consumption when applying the boundary layer solution is less than when applying the discontinuous 

control action which is a very important aspect in real life meaning less energy consumption and more 

saving. 
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